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where a and b are rationsl mumbers. (Note that = / bn because 7 is irrationsl, 50 the denominator of £,
does not cqual zero for all b and n.)

) Show that if b # 0, then the limit. lim s cxists. Explain how the Limit Laws for scquences we
discussod on the last Iecture can be applisd fo compute it.

b) For what values of  and b docs the it i yn exist, where o = 2227
) For what valucs of a and b docsthe it Jim » exist, where 3 =217

2. Sometimes wo are unablo to dircetly apply the Limit Laws to a soquence, but noed to algebraically
transform the formula for the generic term. Lot ay = AT — n. Clearly, lim v/®+n = oo and

0, 50 wo say that in tho case of {an] wo have an indeterminate form of iype 50 — 0.

2) Use the identity

. VATRAn (TR _n) (TR 4n) B
o= (VATFR-n) T FEvin ~ T

tofind im an

) Lot L~ Jim a et by = iy — L. The soquenc [ ) i a procuct of an infitely lacge () and

an infnitely small (b} soquences. The Limit Law for the products of sequences is not. dircetly applicable
here: we havo an indeterminate form of type o0 x 0. Find lim by by further algobraic transformations in

line with the shove identity for .

) Give example when the product {zoyn) of a infiitely small ) and an ininitely largs sequences
s infitely small. Give anothor cxample when the product. { ) i nfitely large.
@) Find Jim " Hint: usothe formula forthe sum of s asthimeti progression
R TR D) ‘progre
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3. Consider three scquence limits with similar looks:

i (I Lo O a1y
e\ T a2 e\ T e W\ T

2) Which ane of the three cannot be deseribod s an indeterminate form of type 17 Apply the
Squecze Thoorem to find this it

0o comp e o v i v e el e e i, (1) —
o he el 2.4 o 10fthe Jlls etk

) Let 4 < B bo two real mumbers. The sequences
Ul and {ra} are deind by the following rcurret formalas
Hiin  bin Zatra bir
b p RO . R, s = AT,

) Explain why {1n} is an increasing soquence while {r,] is & decreasing one.
b) Explain why {1} and {ra) aro bounded. By rocalling an appropriate theorem, doduce that both
soquences are convergent.
) Show that the difference soquence {rn — I} i & convergent geomotric sequence
@) Apply the Limit Laws to demonsrate that lim, ln = lim ro = C, where 4 < C < B.

) Compute C for the case A — 0, 5 — 1.
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Example 2.4. Find the following limits.

n 2 n
o () o ()
n—yeo n n n n

Solution. a) We have

n 22
fim ("*2) — lim (1+3) &,
n—seo n n—seo n

)

because (using a change of variables m =5

2\% "
lim (1+7) = lim (|+7) =e.
n—seo n == m

b) In the same way,

. 2ont 1\ 2n T T
lim | —— =lim (| -—5——
noe \n?+n+1 e n’+n+1

)

-




