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Henb3d BbIyduuTh MaTE€MaTHKY,
TOJBKO CIymIas JIEKUWHA, TOYHO TaK ke
KaKk HENIb3s BBIYUYUTBCS UIPE Ha
MMUAHUHO, TOJBKO CIIylIas MUAHUCTA.

K. Pynre (1856-1927),
HEMEIIKMU MaTeMaTHK.

NMPEANCAOBMUE

[lo muenuto napeBHekutaiickoro wmeiciutens Koudyuws (551479 no
H.3.), TPU TYTH BEAyT K 3HAHUIO: MYTh Pa3MbBIIUICHUS — 3TO MYTh CAMBIH
0JIarOpOJIHBIN, MYTh MOJIPAXKAHUS — HTO MYTh CaMbIN JIETKUN U MYyTh ONbITA —
3TO MyTh caMmblil TOppkul. lIpeanaraemas KHUra Mo3BOJSET MOWTH MO CAMOMY
nerkoMy nytd. IlyTh 3TOT COCTOMT B TOM, 4TOOBI, pa300paBIINCh B PEIICHUU
TUIOBOTO MPUMEPA, BOCHPOU3BECTU PACCYX ICHHS U BBIUYHCICHUS B MOXOXKEU
3amaqe.

3agauyHuk [l] mo cmenkypcam BBICHIENM MAaT€MaTUKU ISl THUIOBBIX
pacueToB ObUT1 co3gaH Ha Kadeape Beicuielt MaremaTuku MOCKOBCKOTO
AHEPreTUYEeCKOro UWHCTUTYyTa (HbiHE HanuoHanbHOrO uCCIEA0BATEIBCKOTO
yHuBepcurera «MOW») erie B BOCBMHUIECITHIE TObI MPOILIOTO CTOJIETHUS.

Jler nsATHanuate Hazajg OblUIa OCO3HAHA HEOOXOAMMOCTH 3HAUUTEIBHO
pacuIMpuTh 3TOT 33aJaYHUK, T.€. (PAKTUUYECKHU CIeNIaTh HOBBIN 3agauHuK. OaHAKO
3TOT 3aMbICeNl YAAJIOCh BOIUIOTHTh B JKU3Hb JMIIb B HEJAaBHEE BpEMs.
Hacrosiee w3nanue sBISIETCS TPETbe KHUTOM B MPEAIOIaraeMor Cepuu
3anayHuKoOB. IlepBbie nBe kHuru [2] u [3] yxe yBugenu cer B 2011 u 2012
rojax.

IIpennaraemplil 3aJaYHUK C PELIICHUSIMHU COAEPKUT 3aJa4u IO pas3jesiaM:
KOMOMHATOpUKa, TEOPHUSl BEPOSTHOCTEH, MaTeMaTHYeCKas CTAaTUCTUKA, TEOPHs
CIydaHbIX mporeccoB. Kaxnapii Tum 3amad  mpeaBapseTrcs IMOApOOHO
pazo0OpaHHbIM cTaHAapTHBIM nOpumepom. Ilocime storo Qopmynupyerca 30
BAPUAHTOB 3a/1a4u. Takas CTpyKTypa 3alauHUKa MMO3BOJISIET UCIOJIb30BATh €0 B
MEPBYIO OYepeab ISl TUIOBBIX PAacyeTOB, JUISI MHIMBHUAYAJIbHBIX JTOMAIIHUX
3aJJaHAM, U1 TPOBEACHUS KOHTPOJIBHBIX MEPOIIPUSITUH.

bena coBpemeHHoro ydeOHOro mpoiecca B TOM, 4YTO B HM300WIUU
MH(QOPMAIIMOHHBIX MOTOKOB CTYJIEHT HE BCErJa MOXKET JAOKHBIM 00pazom
COPUEHTUPOBATHCS, & YacTO MPOCTO HE HMMEET BPEMEHU COOpaTh HYKHYIO
uHpopmanuio. [loaToMy B IensIX SKOHOMHU BPEMEHHM CTYIEHTa B KaXJIOM
paszmene, Hapsay € pa30opoM THUIOBBIX 3a7ad, HPUBEICHBI HEOOXOIUMBIE
TeopeTuueckue cBeqeHus u Gopmyibl. TeopeTtrndeckue GpakTsl U POPMYIIbI JaHbBI
B pELENTypHOM BuJe 0€3 MOAPOOHOTO OOCYXKJIEHHS U BBIBOJA, YTO BIIOJIHE
MIPUEMIIEMO TTPU IEPBUYHOM 3HAKOMCTBE C IIPEAMETOM.



B 3amaunHuke mpencTtaBieHbl 3alaud, BXOJISIIME B CTAaHIAPTHBIM Kypc
TEOPUU BEPOATHOCTEM W MaTEeMaTUYECKOW CTAaTUCTUKU, W 3aJaud U3 psaa
CIELIKYPCOB, YATAaeMbIX Ha pa3HbIX (hakynbrerax MOU (ciy4yaliHble MPOIIECCHI,
Teopusi pemarmux (GYHKIUA U T.A.). 3HAUUTENbHAs 4acTh 3aJay 10 TEOpUU
BEPOSITHOCTEN CBSI3aHA C TaK HA3bIBAEMOW «YPHOBOM CXEMOW», UYTO IMO3BOJISIET
0e3 M3IMUIIHUX MOAPOOHOCTEH, BBIIBUTh KOJWYECTBEHHBIE COOTHOILICHUS H
OCOOCHHOCTHU T€X WJIM UHBIX MOJIEEH CIIy4alHOTO SKCIIEPUMEHTA.

Jlns GonpIIMHCTBA 3a7ay, KpoMe MMEHHBIX (3amaua broddona, 3amada
banaxa u T.71.), eaBa JM BO3MOXHO YCTAHOBJIGHHE aBTOPCTBA, TaK Kak
oOCyXJieHHe CTaHJIapTHBIX CUTyalluid KOUYyeT W3 3aJlayHuKa B 3aJaYHUK.
@opMyIUPOBKM MHOTHX 3aJa4 3aMMCTBOBAHbI U3 Pa3HBIX M3BECTHBIX YUEOHBIX
nocobuit wu cneunanbHo sureparypbl  ([1]-[11]), ecTtpb u 3agaum
chopMyIHpOBaHHbBIE 3aHOBO.

Hywmepaius npuMepoB U 3a7a4 BEJETCS BHYTPU KaXK10U TJIaBBbI.

ABTOpHBI 04eHb OnarogapHsl perieHzeHTam bapaimikoBy A.C. u Tyran6aeBy
A.A. 3a BHUMATEIbHOE MPOUYTEHUE PYKOIMHUCH, 32 MHOTHE TOJIE3HbIE 3aMEUaHUs
U TIOKEJTaHusl.



OCHOBHbIE OBO3HAYEHUA

A" — umcno pa3MeleHNi u3 1 3JeMEHTOB 1O 77

C’ — 4KCI0 cCoOYeTaHUM U3 71 DJIIEMEHTOB IIO 7

n

n! — YUCJI0 IEPECTAaHOBOK U3 71 DJIEMEHTOB,;

A, B, C, D, ... — cinyualinble COOBITHS;

A — cobbiTHe, MIPOTHUBOIIOJIOKHOE COOBITHIO A ;
() — JI0CTOBEPHOE COOBITHE;

P(A) — BeposiTHOCTB COOBITUSA 4;
P(B/A) — BeposTHOCTH COOBITUS B, BBIYUCIIECHHAS MPU YCIOBUH, YTO COObITHE A
pou301uI0 (YCIOBHASI BEPOSITHOCTH COOBITUSA B);
X, Y, Z, ... — ciay4ailHble BEJIUYUHBL, A X, ), Z, ... — OTACJIBHO B3SThIC 3HAUYCHHUS
ATUX BEJIMYUH;
N(m;6°) — HOpPMAaIBHBIH 3aKOH PACIIPEICICHHS C MATeMaTHIECKUM

O’KHIAHUEM m U AUCHepCHel G° ;
X ~ N(m;6°) — cnydaiinas BemnunHa X UMeeT HOpMaIbHbIH 3aKOH

pacrpeieNleHus ¢ MAPaMETPAME /M U G~ ;
F(x) — ¢dyHkus pacnpeneneHus ciaiydyalHOW BeMUYUHBI X (11O OMpPEACICHUIO

F(x)=P(X <x));
f(x) — byHKIHUS TUIOTHOCTH BEPOSTHOCTH CITydYallHON BETHMYUHEI X ;
M (X) — maremaTH4eCcKOe OXKUJaHUE CTyYallHOW BEJIMUYUHBI X ;
D(X) — nucnepcust caydaifHOM BEIMYUHBL X
cov(X,Y) — koapdunneHT koBapualuu crydailHbIX BeTuduH X u V;
W — BBIOOpOUYHOE MTPOCTPAHCTBRO;
Wy, — kputnueckas 00J1acTh B BHIOOPOYHOM MPOCTPAHCTBE;
N — MHOeCTBO HaTypaJIbHBIX YHCE;
7, — MHOECTBO IIEJIbIX YHCEIT;
®(x) — dbynkuus Jlannaca;

1, — KOO(QUIHEHT KOPPENALHMH CIyYailHbIX BenuInH X u Y

Hy — HyneBas runoresa;
H| — anpTepHaTuBHAS TUIIOTE3A;
X(t) — cnyyaiiHas (yHKUIHS WU CIIyYailHbIA IPOLIECC;
K(t1,to) — KOppensMrOoHHAs (aBTOKOPPESALUOHHAS) QYHKIUS CIIy4aitHOTO
nporecca;
k(t) — xoppensaLroHHas (aBTOKOPPENIAMOHHAS ) QYHKINS CTAIlMOHAPHOTO
CIIy4alHOT'O MPOLECCa;



1. KOMBUHATOPUKA

[TycTh nMeeTcs HECKOJIBKO MHOYKECTB 3JIEMEHTOB:
{a,,a,,...,a,}, b,b,,....b },....{c,,Cpy..cC; }yenn .
Bompoc: ckompkuMHM  crioco0aMHd  MOXHO COCTaBUTh HOBOE MHOMXECTBO
{a,,b,c,...}, B31B U3 KaXXJOTO0 HUCXOJHOTO MHOECTBA 10 OJHOMY JJIEMEHTY?

OTBeT Ha ATOT BOIMPOC JAAIOT CIAEAYIOUINE PACCYKIACHHUS.

DNeMEeHT a W3 TEPBOTO MHOXKECTBA MOXHO BBIOpaTh ¢ crmoco0amu,
AJEMEHT b W3 BTOPOro — § cnoco0aMM, S3JIEMEHT ¢ MOXHO BbIOpaTh k&
cnocobamu u T. 1. [lapy aneMeHTOB ab MOMXHO COCTaBHUTH f-S§ CIIOCOOaMH. ITO
crenyet u3 Tabma. 1.1, B KOTOpOIi epeynCIIeHbl BCe CIOCOOBI TAKOTO BHIOOpA.

Taoauua 1.1
a
a a cee a
b 1 2 t
b, ab, a,b, e ab,
b, ab, a,b, e ab,
bs albs a2bs tee atbs

Cnioco0OnI BBIOOpa TPEX IJIEMEHTOB abc TiepeduciieHsl B Ta0. 1.2,

Taoaunma 1.2
ab
ab, a,b, asb, e ab,
C
¢ abc, a,bc, abc, e abc
¢, abc, a,bc, asbc, e abc,
Cr abc, a,bc, asbc, e ab.c,

B artoii Tabnuue k cTpok u f-s cTONONOB. [lo3TOMYy HMCKOMOE YHCIO
croco00B BeIOOpa TpeX 3MEMEHTOB abc paBHO -5 -k . [Ipomomxas paccyXnaTh
1oT00HBIM 00pa30M, MOTYYUM CIEAYIOIIEEe YTBEPKIACHHE.

OCHOBHOII KOMOMHATOPHBIN NPUHLMIL. Eciiu HeKomopblil nepeviii 8b100p
MOJICHO coenamb t cnocobamu, OISl Kaxicoo2o0 nepeoco 6vbloopa HeKOMOpblll
B8MOPOL MOICHO cOelamsb S CNOcobamu, Ol KadcOOU Napvl Nepevix 08yX —
mpemuii 8b100p MOXMCHO coelams k cnocobamu u m.o0., mo Yucio cnocooos o
noCc1e008amenbHOCIU MaKux 8b100pos pasHo t-s-k - ...



KoMOunaTopHbIe (hOpMyIIBI B MPUKIIATHBIX 33a9aX TEOPUH BEPOSITHOCTEH
OOBIYHO CBSI3BIBAIOT C BBIOOPOM 7 DJIEMEHTOB («8blOOpPKOU 0OBema r») W3
COBOKYIHOCTH, COCTOSAIIEH W3 K DIEMEHTOB (DJIEMEHTOB «2eHEepalbHOll
cogoxkynnocmuy). Paznuyator q8a cnoco6a BeIOOpA:

a) noemopHulll 66100p, TIPU KOTOPOM BBIOPAHHBIN 3JIEMEHT BO3BpaIllaeTCs
B TCHEPAITbHYIO COBOKYITHOCTh i MOXKET OBITh BEIOpaH BHOBB;

0) OecnosmopHbvlili 6b100p, TPU KOTOPOM BBIOPAHHBIM JJIEMEHT B
COBOKYITHOCTh HE BO3BpaIlacTcsi W BHIOOPKAa HE COMEPKHUT TOBTOPSIONTUXCS
AJIEMEHTOB.

[Ipy TOBTOPHOM BBHIOOpPE KK MO TOPSIKY 3JIEMEHT MOXKET OBITh
BbIOpaH n criocobamu. CoriiacHo KOMOMHATOPHOMY MPUHIIUITY, TAKYIO BRIOOPKY
MOXXHO caienath n' crmocobamu. Hampumep, mOBTOpHYIO BEIOOPKY 0Obema 2 w3
Tpex 2MeMeHToB {a,b,c} MOXHO cienaTh 3° =9 crocobamu: aa, ab, ba, bb, bc,
cb, ac, ca, cc.

B ciyyae GecrioBTOpHOM BBIOOPKH MEPBBIM 3JIEMEHT MOXKHO BBIOpaTh #
crioco0amu, sl BTOPOTo OCTaeTcsi # — 1 BO3MOXKHOCTH BHIOOpPA, TPETHIA STIEMEHT
MOXKHO BBIOpaTh n—2 cmocobaMu W T.A. DJIEMEHT BBIOOPKH C HOMEPOM 7
MOXXHO BbIOpaTh n—7+1 cnocoboMm. CorgacHO KOMOMHATOPHOMY HPHHIIMILY,
oO11ee yncao 6eCOBTOPHBIX BEIOOPOK 00beMa 7 paBHO

A =n(n-1)(n-2)(n-3)-...-(n—r+1). (1.1)
Yucno A Ha3BIBAIOT YUCIOM pasMeujeHull U3 n 21eMeHmos no r.

Hanpumep, cymectByer A; =3-2=6 pasMelleHUH U3 TpeX 3IEMEHTOB
{a,b,c} no nBa: ab; ba, ac; ca; bc, cb. OTmMeTHM, UTO U B IEPBOM CJIy4ae U BO

BTOpPOM BI)I60pKI/I OTINYAIOTCI UOO CcOCMAasom JIEMEHRMO8, aubo I’lOpﬂaKOM
6bl60pa IJIEMEHMO8.

Boigenum 0co6o cimydaii, Korja ofuH 3a APyTUM BBIOpAHBI BCE 71 DJIEMEHTOB.
B »3TOM cnyyae BBIOOpPKM MMEIOT OAMH U TOT K€ COCTaB (BCE 7 DJIEMEHTOB) U
OTJIMYAIOTCS TOJIBKO MOPSAKOM BBIOOPA AsieMeHTOB. [1oaTomy umncio
A"'=n(n-1)(n-2)-...-3-2- n!
Ha3bIBAIOT YUCIOM NEPECMAHOBOK U3 N INEMEHMO8.
Hamnpumep, nsaTe yenoBek MOryT BcTaTh B ouepeab 5!=5-4-3-2-1=120
cnocobamu. Tpu osnementra {a,b,c} MoxHO mnepecTtaBuTh 3!=3-2:-1=6

cnocobamu. abce, ach, bac, bca, cab, cba.

ITogcunTaeM KOJIMYECTBO OECIIOBTOPHBIX BBIOOPOK 00BEMa 7, KOTOpHIC
OTJIMYAIOTCS JAPYT OT JApPyra TOJBKO COCTaBOM 3JieMeHTOB. Ilyctb X — umcno
TaKUX BBIOOPOK. JI71s kaxoro Habopa U3 » AIJIEMEHTOB MOXKHO BBIOpATh MOPSIIOK
ux pacnosnoxenus r! cnocobamu. Torga X -r! paBHO uncny criocoO6OB BHIOpaTh
7 Pa3IUYHBIX 3JIEMEHTOB W BBIOpATh MOPSAIOK HX PACIOJOXKEHHS, T.€. PaBHO
YUCITy pa3MelleHUu U3 7 SJIEMEHTOB MO 7



n(n—l)(n—2)'---~'("—”+1). (1.2)
r.

OTO YHUCIO HA3bIBAIOT YUCIOM COYEMAaHuil U3 N I1eMeHmOo8 No r |
ob6o3nayatror yepe3 C . Ecim B ¢opmyne (1.2) yMHOXHUTh YUCIUTENb U

X-rl=4=X=

3HamMeHarelnb Ha (n—r)!, TO

Cr:n(n—l)(n—2)-...-(n—r+1)-(n—r)!:
! r! (n—r)!
~n(n-)(n-2)-...-3:2-1 n!
- rl(n—r)! _r!(n—r)!'

Hampumep, coueranuii u3 deTwhlpex 3jeMeHTOB {a,b,c,d} 1o 1Ba

41
cymectsyer C, = T 6. D10 ab, ac, ad, be, bd, cd.

Tak Kak M3 n 3JIEMEHTOB BI:I6paTI> n 3JIEMCHTOB MOXKHO C€AWHCTBCHHBIM

., n!
obpaszom, To C = 1ol =1, otkyna caenyert, uto 0!=1.
n!0!

Bemnuunsl C| Ha3bIBalOT OunoMuansHuimMu kKodgguyuenmamu. Hazpanue
cBsi3aHO ¢ hopmyinoi 6unoma Hetomona

(a+b)' =) Cra'b"™. (1.3)
k=0
N3 dopmyns (1.3) cnenyer, 4to
1+)" XEC11rE Y e 2
k=0 k=0
bunomuaneapie  k03GduIMEHTHI  00pa3yl0oT  TaKk  Ha3bIBAEMBI
mpeyzonvnuk Ilackansi, KOTOPbIA UIMEET BU:

2 1 2 1 r=>5
n=3 1 3 3 1 r==6
n=4 1 4 6 4 1 r=7
n=>5 1 5 10 10 5 1 r=28
n==6 1 6 15 20 15 6 1 r=9
n="7 1 7 21 35 35 21 7 1
n=2_8 1 8 28 56 70 56 28 8 1
n=9 1 9 36 8 126 126 85 36 9 1

B n-it ctpoke TpeyronbHuka [lackans pacnosnaratotcsi K03(p(UIIMEHTHI,
COOTBETCTBYIOIIME TIpeacTaBieHuto (a+ b)" mo ¢opmyne (1.3). TpeyroapHUKOM

8



yI0o0HO TIONB30BaThCsA JJI HaxokAeHus 3HadeHud C). DOTo 3HayeHUe
HaxXOJIUTCSI Ha MEPECEUYCHUM n-U CTPOKU W r-TO HAKIOHHOrO psiga. Hampumep,
C; =56.

bunomuansabie K03GGUITMEHTH 007aaI0T CBOMCTBOM CUMMETPHU:

C =C"". (1.4)

OTO HArisiHO JIeMOHCTpupyeT TpeyronbHuk Ilackans. PaBenctBo (1.4)
MOATBEPKIAET TOT OYEBUIHBIN (PAKT, YTO BBHIOOP ¥ IEMEHTOB U3 7 PABHOCUJICH
BBIOOPY TE€X 7 — 7 3JEMEHTOB U3 1, KOTOPBIE CIEAYET yIaIUTh, YTOOBI OCTAIUCh
7 JIEMEHTOB.

[Ipu moBTOpHOM BBIOOpE W3 7 DJIEMEHTOB YHUCIO BBIOOPOK oObema r,

KOTOpBIE OTIWYAIOTCS TOJBKO cocTaBoM paBHO C

.1+ Ellle pa3 MOAYEPKHEM,
YTO peub UJAET O BIOOPKAX, KOTOPBIE OTINYAIOTCS XOTS OBl OJTHUM 3JIEMEHTOM, a
HOPSAZIOK BBIOOpA ITUX 3JEMEHTOB BO BHUMAHHUE HE IPUHUMAETCS. Yncno Takux
BBIOOPOK MOXKHO HOJCYMTATh CIEAyHIUM oOpa3oM. Mexay 3ieMeHTaMu

a,;,a,,...,a MMOCTABUM  Pa3rPaHUYUTEIBHBIE 3HAKHW, HANpuMep, HYyJU:

n

a,0a,0...0a,. Takux 3HaKkoB (HyJed) nmoHagoburcs n—1. Ha mecTte kaxmoro

AJIEMEHTa MOCTaBUM CTOJBKO €JMHUI], CKOJIbKO pa3 Mperoyaraercsi BolIOpaTh
3ToT 3nemeHT. Hanpumep, komOuuanus 111101001110 ... 011 o3nauaer, uto

AJIEMEHT a; BbIOpaH YeThIpE pasa, 3JEMEHT a; BBIOPAH OJMH pa3, AIEMEHT d; He
BBIOpAH, ..., 3JIEMEHT a, BBIOpaH ABa pa3za. 3aMEeTHM, YTO B TAKOW 3allUCHU YHCIIO
€IUHUIl paBHO 00bemy BbIOOpkU 7. [ mnepebopa BceX BO3MOXKHBIX
KOMOUHAIMN HYXHO U3 ¥+ n —1 MecT BbIOpaTh # —1 MECTO ¥ MOCTaBUTh HA HUX
HYJIY, @ Ha OCTAJIbHBIX MECTaX PA3MECTUTh €UHULBI. DTO MOXKHO CIENaTh
n—1 :(I’l+r—1)': r (1 5)
n+r—1 (I’l _ 1)' I/'! n+r—1° .
crocobamu.
COBOKYIIHOCTb M3 7 JIEMEHTOB pazdeiums HA m TPyHI 10 Kk ,k,,....k

n!
AIIEMEHTOB COOTBETCTBEHHO (k, + k, + ...+ k = n) MoxHO PRTROTE CIIOCOOaMH.
1 . 2 .. RO * .

m

[TopsAnOK 571EMEHTOB BHYTPH KAXKIOU U3 ITUX m TPYII HE UMEET 3HAYECHHUS.
ITycte A, A4,,...,4, — MHOXECTBa, YHCIO DIEMEHTOB B KaXKIOM H3

KOTOPBIX PAaBHO COOTBETCTBEHHO 71,M,,H,,...,H,. COCTABUTh MHOXKECTBO B U3 m;

AJIEMEHTOB MHOXECTBA Aj, M, DIEMEHTOB MHOXECTBA Ay, ..., My DIEMEHTOB
MHOeCTBa Ay, MOXHO, COINIACHO OCHOBHOMY KOMOWHAaTOPHOMY MPUHIINILY,

CrCpe - O (1.6)

criocobamu.
Jlnst 6e30mub0YHOr0 BhIOOpAa KOMOMHATOPHOW (POPMYJIBI JOCTATOYHO
MOCJIE0BATEIBLHO OTBETUTh Ha BOIIPOCHI B CIAEAYIOIIEH CXEME:



Ymo nac unmepecyem Kaxoti evibop?
npu evibope?
Becnopropupii  C!
OTtkyna BeIOOp? Cocras
(n-?) [10BTOpHBII , C.
CKOIIBKO BecrnoBTOpHBI C
BbIOMpaeM? CocTtaB M mopsaoK
(r=7 IToBTOpPHBII n
BecrnoBTOpHbIi n!
ITopsnox
n!
IToBTOpHBIN .
kb k!
m

Hampumep, uncio cioBapeil, HEOOXOIMMBIX [Jii HEMOCPEICTBEHHOTO
MepeBoJia C OJTHOTO Ha JPYTOW, IS MATH A3BIKOB OMPENENsAeTCS U3 CIETYIOMUX
paccyxnaeHuit. Jlns coctaBiieHUs CioBapsi BHIOMpaeM W3 MSATU A3BIKOB (11=135)
moObie Ba (7 =2). BeiOOop OecrmoBTOpHBIN, MpUYeM MpU BHIOOPE BAXKEH U
cocTaB BbIOOpa U Mopsiiok BeiOOpa. IloaToMy MckOMoOe 4HCiIo cloBapell paBHO

A =5-4=20.

Ipumep 1.1. CkoabkuMu crnocobaMu MOKHO BbIOpaTh MyTh U3 Hayaia
koopauHat O(0,0) B Touky B(6,4), ecnu KaxIbli 1Iar paBeH eAUHUIE, HO €ro

MOYKHO COBEpIIATh TOJBKO BOPABO WIH BBEpX? CKOJIBKO TaKUX ITyTEH MPOXOIUT
yepe3 Touky A(2,3)?

Pewienue. Becy mnyth 3anumaer 10 maroB (4eTblpe BBEpX U IIECTh
BIpaBo). JlJisi TUIaHUPOBAHUSI MYTH CIIEYET PEIIUTh, KAKUE UMEHHO IO CUETy
YeThIpe I1ara ciaeAyeT cienaTh BBEpX, a OCTaJbHbIE 1IeCTh — BIpaBo. BriOop
OCCIOBTOPHBI W HAC MHTEpPECYyeT TOJbKO cocTaB BbiOOpa. I[loatomy B
OMMCAHHBIX YCIOBHUSAX Bcero nyred u3 Touku O B TOuky B Oyjaer

. 10!

=——=210.
416!
Paccyxnasd mooO0HbIM 00pa3oM JIErKO BUAETh, YTO MyTed u3 Touku O B
5!
Touky A cymectsyer C. =ﬁ=10, a NMyThb U3 TOYKU A B TOYKY B MOXKHO

BpIOpaTh C, =5 crnocobamu. 1o KOMOMHATOPHOMY HPUHIIMITY BCETO IMyTek

yepe3 Touky 4 cymectByeT 10-5 =50.
Omeem. 210; 50.
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3apmaya 1.1. CxoiapkuMu criocoO0aMM MOKHO BBIOpaTh MyTh M3 Hayaia
koopauHat 0(0,0) B Touky B(m,n,), €CIM KaXKObld IIar paBeH 1, HO ero

MO>KHO COBEpIIIaTh TOJBKO BITPaBO WK BBepxX? CKOJIBKO TaKUX IMyTEH MPOXOIUT
yepe3 Touky A(k,,k,)? (Cm. npumep 1.1 u ucxonHble JaHHBIE.)

Hcxoonvie oannvie k 3a0aue 1. 1.

Ne np ny kl kz Ne np ny kl kz Ne np ny kl kz
1 4 8 3 2 111 ] 6 9 | 2 2 121 6 8 4 5
2 8 4 3 2 1121 9 6 | 4 | 2 |22 8 6 S 2
3 4 8 2 4 113 | 9 5 4 3 123 | 5 8 2 3
4 5 8 3 2 114 ] 9 6 3 4 124 | 5 8 3 2
5 8 3 2 3 ]15 ) 6 | 10| 2 4 125 | 8 6 5 3
6 8 6 3 4 116 | 6 9 3 2 126 8 6 2 | 4
7 8 5 4 3117110 6 | 4 | 2 |27 | 6 7 2 3
8 4 8 2 3 |18 | 10| 4 4 3 128 | 7 6 2 3
9 6 8 2 3119 | 5 6 | 2 3129 | 8 7 3 4

10 | 6 7 3 2 120 6 5 3 2 130 | 8 7 3 5

IIpumep 1.2. B ropoae ¢ uneanbHON NpsIMOYTOJIbHON TJIAHUPOBKOU (CETh
VIMII B 3TOM ropoje m3o0paxkeHa Ha puc. 1.1) u3 mynkra 4 Bexomar 2
yenoBeK. [lonoBMHA W3 HHMX HIET NO HANPaBICHUIO @, IOJOBHHA — IIO
Harnpasiienuto b. Jloiiast 10 mepBOro nmepekpecTka, Kaxjaas rpyrra pa3aeisercs
TaK, YTO MOJIOBHHA €€ UAET MO HAMPABICHUIO @, MOJOBHHA — IO HAIIPABIICHUIO
b. Takoe ’xe pa3neneHue MPOUCXOJUT Ha KaxJAOM Inepekpectke. TpeOyercs
MEPEUUCIIUTD MTEPEKPECTKHU, HA KOTOPBIX OKAXKYTCS JIOH MOCIE MPOXOKICHUSI N
yiull (OTpe3KOB Ha puc. 1.1), U CKOJIBKO JIOJIEH OKaXEeTCAd Ha Ka)XXOM U3 3THUX
IIEPEKPECTKOB.

M(0.6)

&

4 . M(6,0)
a

Puc. 1.1

Pewenue. Kaxnpiii yenoBek npouger N yiuIl U OKaKETCS HAa OJHOM U3
nepekpectkoB M (0,N), M(I,N —-1), M(2,N -2), ... , M(N,0). KoopauHatsl
NEPEKPECTKOB YKa3aHbl B NPEANONIOKEHUH, YTO TOYKa A CIY)KUT HayalioM
KOOpJIMHAT.
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Ha kaxxgom nepekpecTke sl KaXJ0ro 4e0BeKa MPOU3BOAUTCS BBIOOD U3
JBYX BO3MOKHOCTEH: MATH B HANpPABJICHUH a WU B HampasieHuu b. [lortomy
BCEro BO3MOXKHBIX myTeit Oymer 2" . M3 3Toro ciemyer, 4To KaXIblii MyTh
MPOUJET TOJIBKO OJIMH YEJIOBEK.

B nyukre M (k,N —k), okaxercs CTOIBKO YEJIOBEK, CKOJIBKO Pa3TUYHBIX
IyTed BeJET B ATOT MYHKT U3 TOUkH 4 . UToObl nonacts B nyHKT M (k,N —k),
HeoOxoquMo u3 N ynull BbIOpaTh OECHOBTOPHBIM CHOCOOOM K yiHIl B

N!
k(N —k)!
Omeem. M(0,N), M(1,N -1), M(2,N =2),...,M(N,0); Cy.

HAIIPABJIEHAH d. DTO MOXKHO caenath Cy = CIIoco0amu.

3agaya 1.2. B Hauwame KoopaWHAT Ha TpAMOH Haxomutcs 2" gacTw.
[TooBHHA 3TUX YaCTUIl CABUTACTCS HAa €IWHHUILY BIIPABO, Ipyrasl MOJIOBUHA — Ha
EAVHUILY BIJICBO. Uepe3 eIMHHUIly BPEMEHW KaKJas IpyIa JIEIUTCsS MOomnojam, U
MOJIOBUHA CHIBUTAETCsl HE €JIMHUILY BIPABO, a JIpyras MOJOBHHA — BIIEBO. Takoe
pasaeneHure MPOUCXOINUT KXY eAUHUIYy BpemeHu. [lepeuncimre TOUKM Ha OCH,
B KOTOpbIX OyzaeT XoTs Obl O/JHa yacTuila uepe3 N eauHull BpeMeHu. Haitnure
YKCIIO YACTHUI[ B TOUKE C KOOPAUHATON N —2 B BapuaHTax C MEPBOIO MO JECITHIM,
B TOYKE C KoopauHaTo N —4 B BapuaHTax C OJWMHHAAIATOTO MO JBAJATHIN, B
TOUKe ¢ KoopauHato N —6 B BapuaHTax ¢ JBajlaTh MEPBOrO IO TPHUALIATHIMN.
(Cm. mpumep 1.2, yucno N paBHO nocieaHe nudpe BapuaHTa Iioc 5S.)

Hpumep 1.3. CKOIbKUMH CITOCOOAMH MOKHO 7 OJIMHAKOBBIX MPEIMETOB
pacrpenennuTh MEeXy K JIMIIaMU TaK, YTOObI KaXK/IbIM MOTY4YusI HE MEHEE OJHOTO
npeamera?

Pewenue. lloctaBum 3tu mpeamersl B paa. Mexny Humu Oyner n—1
MPOMEXKYTOK. B mro0bie &k —1 W3 3THUX MPOMEKYTKOB TOCTABHM DPAa3IENISIONINEC
neperopojiki. Torma Bce mpeaMeTsl paszfensTcs Ha k HemycThix yacted. [lepByro
9acTh TIEpeAaIuM TMEPBOMY JIUITY, BTOPYIO — BTOpOMY M T.1. BeiOpats xe k —1

npomMexyTok U3 n—1 npomexyrka moxkxo CY| criocobamu. 3amernm, uTO

BOOOIIIE 7 TIPEMETOB PACIIPEIEIIUTh MEXKTY & JTUIIAMHA MOYKHO k" criocobammu.
Omeem. C*.

3amaua 1.3. CkoapkuMH cnocoO0aMHd MOKHO IIOCTABHThb 7 KHHT Ha k
MOJIOK (Ha KaKIIYIO TOJIKY MOTYT IIOMECTUTHLCS BCE 71 KHUAT U 1 > k )? CKOTBKAMHU
CII0CO0aMM MOJKHO ITOCTaBUTh KHUTH TaK, 4TOOBI HHU OJIHA ITOJIKA HE OCTalach
nyctoit? (Cm. mpumep 1.3 U ucxoaHbIEe TaHHbIE. )

Hcxoonvle oannvie k 3a0ave 1.3.
Ne | m k | Ne | n k | Ne | n k | Ne | n k | Ne | n k
1 4 3 7 8 3 13 | 7 5 19 |11 25 | 14
2 5 3 8 8 4 14 |10 | 3 20 |11 | 5 26 |14 | 4

N
w
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3 |6 |3 19 |8 |5 15|10 |4 21|12 |3 27|15 |3
4 |7 |3 1109 |3 16|10 |5 22|12 |4 |28 |15 |4
S |6 |4 119 |4 (17|8 |6 |23 |13 |3 |]29]|16 |3
6 |7 |4 12|19 |5 | 18|11 |3 |24 |13 |4 30|16 |4

IIpumep 1.4. CkoJIbKUMHU CIIOCOOAMU MOXKHO pacupenenutb 6 0ok, 8
rpymr 1 10 cnuB Mexay Tpemst aAeTbMH? CKOJBKMMH CHOCOOaMHU 3TO MOYKHO
cAenaTh TakK, YTOObI KaXIbIi PEOCHOK MOTYUYUIT IO MEHBIIIEH Mepe OHO sI0JI0KO,
OJIHY CJIMBY U OJIHY TpyIry?

Pewenue. S16moxu B cootBeTcTBUU € (hopMyioit (1.5) MOXKHO pacrpenenuThb
C)1,=C; =28 cnocobamu, rpynm — C;, =45, a cimusbel C, =66 criocobamu.
[lo xoMOMHAaTOpHOMY MPHUHIMITY BCEro crnocoboB 28-45-66=83160. Ecmu
HEOOXOJMMO, YTOOBI KaX/IbIii peOCHOK MOJIyYuIT [0 MEHbIIEH Mepe OJIHO S0JI0KO,
OJIHy Tpylly U OJHY CIUBY, TO B COOTBETCTBUU C (POpPMYION MpeAbIAyIIEro
npumepa umeem C.C:C; =10-21-36=7560 croco6os.

Omeem. 83160; 7560.

3anaua 1.4. Vmeercs n; KpacHBIX, 1, CHHHX, M3 OCNBIX U 714 YEPHBIX
1apOB.

a) CKOJIBKMMH CIOCOOaAMHU 3TH IIapbl MOKHO Pa3OXKUTh B Kk SIITUKOB?
CKOJNBKMMH CIIOCOOAMU 3TO MOKHO CHENaTh, €CJIM B KaXJOM SIIHUKE JOJKHBI
MPUCYTCTBOBATH IIAPhl BCEX LIBETOB?

0) CKOJIBKUMU CIOCOOaMU MOYKHO BBIOPATh MO OTHOMY I11apy KaXKJI0ro 1[BETa?

B) CKOJIBKUMH CIOCOOaMH MOKHO BBIOpaTh MO k MIapOB KaX0ro 1[BeTa?

(Cm. npumep 1.4 u uCXOIHBIE JaHHBIE.)

Hcxoounvle oannvie k 3a0aue 1.4.

No ny | Ny | N3 | Ny k | Ne ny | np | N3 | Ny k | Ne ny | Ny | N3 | Ny k
114|546 |4 |11|4 |5 4|54 (213]6|5]|5]|3
2 14 /4 |53 |3 )12/4|3]4|3[3)22/6|5]6|4]4
31314453 )13/6|54|5[4)23/6|3 4|3 |3
4 14|54 ,6|4 /14|56 |5 |43 /247|514 |4]4
515|134 |3 |3|15]/5|4 4|3 [3|25/5]|6 /|3 |4]3
6 | S| 446|416 6 | 4|6 |5|4)26]7 |64 |54
714513143176 /|54 |5[4127/6|7 |3 |4]3
8 | 6 3|4 |3 |3/18/ 6|3 |4 ,4|3)28/7|6]6|4]4
91 6 1443|3196 |46 |4[4129/3 6|7 /|53

10, 6 |3 |44 3120046 |5 |3 330,37 ,61|4]|3

Ipumep 1.5. Ckonbko mudp B NMEpPBOM ThHICAUE HE COJEPKAT B CBOEH
3anucu uudpsr 57?
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Pewenue. Jnsa 3amucu mobort w3z mmdp 000, 001, 002, ..., 999
HEOOXOJMMO TPHK/bl BHIOpPaTh MOBTOPHBIM CIIOCOOOM OJIHY U3 JecAaTH Hudp,
o3TOMy U mony4daercst Beero 10° uncen. Eciu nudpy 5 MCKIIFOUHTB, TO BBIGOP
MOXHO MPOU3BOAUTH TOIBKO U3 AeBatu uudp: 0, 1, 2, 3,4, 6, 7, 8, 9. [loaTomy
BCEro TONyduTcs 9°=729 umcen B MepBOil THICSYE, B 3aIHCH KOTOPHIX HET

uudpsr 5.
Omeem. 729.

3amaya 1.5. CkoJbKkO yHceNl B MEPBOM MHILUIMOHE COJEPKAT XOTA OBl
onny uudpy Bamiero Bapuanta? (Cm. npumep 1.5.)

B KOMOMHATOpHBIX pacuerax YacTo UCIOJB3YETCS TaK Has3bIBaeMas
«popMyra BKIIOUEHHUN U UCKIIOUYEHUI» (BBIBOJ (hOPMYJIbI MOKHO HalTH B [4]).
[lycts umeercss N mOpeaMeTOB, KaXIblii M3 KOTOPBIX 00JagaeT HEKOTOPBIM
HaO0OpOM M3 CBOMCTB O,,Q.,,...,0.,. B TOM 4HCI€ UMEIOTCS NPEAMETHI, Y

n

KOTOPBIX BOOOIIE HET TMEPEUYHCICHHBIX CBOWCTB, WJIM TOJBKO OJHO U3 ITUX
CBOJCTB, Wi JiBa U T. 1. Ob03Haunm vepe3 N(o,,d ,...,0, ) YUCIO MPEIMETOB,

00JIaIatOIIMX CBOMCTBAMU O, 0L ,...,0, (OCTAIbHbIC CBOMCTBA 3THX HPEAMETOB

Hac He uHTepecyroT). OTCyTCTBUE CBOMCTBa O, OyaeM 0003HayaTh 4epe3 O, .
Hanpumep, N(o,0t,,0,) O3Ha4aeT 4YHUCIO IPEAMETOB, Yy KOTOPBIX €CThb
CBOMCTBA O, U Ol;, HO HET CBOMCTBA O,. Toraa

N(a,,a,,...,a,)=N—-N(a,)—N(a,)—...— N(a,) +
+N(o,,0,)+ N(a,a,)+...+ N(o,,a,)+...+ N(a, ,,o,)— (1.7)
-N(a,,0,,0;)—...— N(at,_,, 0., )+...+(=1)"N(a,,0a,,...,0).

Hpumep 1.6. CkoONBbKO MIECTU3HAYHBIX YHCEN COAEPkKAT B 3alIMCU POBHO
TP PA3IMIHBIX TUPPHI?

Pewienue. 3aMeTHM, 9TO BCErO MIECTH3HAYHBIX umcena uMeercs 9-10°, Tak
Kak mepBas mudpa MoxeT ObITh 000N (MCKIIIOYasi HYJb), @ OCTaJbHBIC MSTh
MOTYT OBITH BEIOpaHBI 10° crioco6amu.

BriOpaTh TpM HeHyJeBbIX HUPpel MoxHO C, =84 crnocobamu. M3
BEIOPAHHBIX TPEX (P MOXHO COCTAaBUTH 3° IIECTH3HAYHBIX YHCEN, U3 IBYX —
2%, a u3 omHoit — 1°=1 mecrusnaunoe uucio. o dbopmyne (1.7) monygaem, 4To
cymectsyer 3° —C; -2° + C, -1° =540 ImecTM3HAYHBIX YHCEN, B 3aIIMCH KOTOPHIX

€CTh TOJIBKO TpH 3ajaHHble HUGpPHL. [loaToMy oOllee 4YMCIO IMIECTU3HAYHBIX
9yucesl, B 3aliCU KOTOPBIX UMEIOTCS TPU OTJIMYHBIE OT HYyJS LU(PBI, paBHO

84 -540 =45360.

Y4yrem Temeph BO3MOXKHOCTh HCIIONIB30BaHUS Hyms. K Hymo HyXHO
n06aBUTh JBe UU(pPH, 4TO MOXKHO caenath C, =36 cnocobamu. Eciu,
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HarpuMep, Obutd BeIOpanbl 1udpsl 0, 2, 5, To nepBoit Mudpoil 1omkHa ObITH 2
uwmu 5. K sroit mepBoit mudpe B coorBerctBUU ¢ (opmynon (1.7) MOxHO

100aBUTh 3 —C; :2°+1=180 KOMOHWHAIIMA OCTAIBHBIX IISTH uudp. Torma

BCEro IMIECTU3HAYHBIX uuncel, cocrosumx u3 0, 2, 5 6yner 2-180=360. Bcero
KE IIeCTU3HAYHBIX YHUCEN, 3alUCaHHBIX TpeMsl MUPpPaMH, CpPeaud KOTOPBIX
BCcTpeyaeTcs Hynb, poBHO 36-360=12960. Bcero uucesn, yaoBIETBOPSIOMIUX
ycioBusIM 3aaaun, umeerca 45360 +12960 =58320.

Omeem. 58320.

3agaua 1.6. CkoabKO #-3HAYHBIX YHCEN COJEpPXKAaT B 3alUCH POBHO k
paznuuHbix nudp? (Cm npumep 1.6 u ucXoaHbIE TaHHBIE. )
Hcxoonvle oannvie k 3a0aue 1.6.

Ne|n |k |N|n|k|N|n|k|N|n|k|N|n|k|N|n|k
1 /51216 84119 616|114 21|10 3 26| 9 | 7
216 4177|3112, 7|5(17|10(2 (229 |51]27|10|5
3|53 |8 (8|2 |13|/8 |5 18/9 |3 23102 28|11 5
4 16219 |7 |4)14| 8|6 119|113 1249 |61]29|10]| 6
51712110 8 [3]15]/9 22019 |4 |25/104 30|11 6

IIpumep 1.7. B cany ecTb LIBETHI 1€CSITH HAUMEHOBAHUMU (PO3bI, PIOKCHI,
POMAIIIKU U T. [1.).

a) CKOIbKUMHU CITOCOOAMU MO>KHO COCTaBUTh OYKET W3 ISITH LIBETKOB (HE
NpUHKUMAsT BO BHUMAaHHE COBMECTHMOCTh PACTEHUH U XYyJ0XKECTBEHHBIC
cooOpakeHus)?

0) CrobKrMH crIoco0aMi MOYKHO COCTaBUTh OYKET U3 ISITU PAIUYHbIX IIBETKOB?

B) CKOJIbKUMU CIOCOOAMH MOXHO COCTaBUTh OYKET U3 MATU I[BETKOB TaK,
4TOOBl B OyKETE HENPEMEHHO OBLIO XOTS OBl MO OJHOMY ILBETKY JBYX
ONpeIeICHHBIX HAUMEHOBAHU I

Pewenue. a) Ecnu 3amnpera Ha MOBTOpPEHHE IBETKOB HET, TO Mbl UMEEM

JIeJ0 C TIOBTOPHBIM BBIOOPOM M HAC MHTEPECYET TOJIbKO cocTaB. [loaTomy 1o
14!

dopmye (1.5) nonyuaem C;, ., =C., o1 2002 cmocoba.
0) Ecam uBersl J0KHBI OBITH pa3HBIMH, TO CIOCOO BBIOOpA
GeCHOBTOPHBIN 1 OyKeT MOKHO cocTaBuTh Coy =504 croco6amu.

B) OrbepeM 1O OJHOMY LBETKY KaXIOrO0 M3 JIByX Ha3BaHHbBIX
HarMeHOBaHWH. TpH OCTaNbHBIX I[BETKa MOXKHO BBIOpaTh M3 10 BO3MOXKHBIX

C; ., =220 crocobamu.
Omeem. a) 2002; 6) 504; B) 220.
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3anpaua 1.7. [IpogaroTcst BO3AYIIHBIC MIAPUKHU # PA3TUYHBIX [[BETOB
(KpacHble, CUHUE, 3€JIEHBIC U T.1I.).

a) CKOJIbKUMH CIIOCOOaMU MOXKHO TPUOOPECTH k 1IapUKOB?

0) CKOIBbKUMU CITOCOOAMU MOXKHO MPUOOPECTHU k IAPUKOB PA3IUUHBIX
IBETOB?

B) CKOBKUMH CIOCOOAMH MOKHO MPUOOPECTH k MIAPUKOB TaK YTOOBI
Cpeau KyIUICHHBIX ObLIO HE MEHEE JIBYX KPACHBIX M OJTHOTO CHHETO HIapuKa?

(Cm. nmpumep 1.7 1 UCXOHBIE JaHHBIE.)

Hcxoonwvie oannvie k 3a0aue 1.7.

Neln | k| N|n|k|N|n|k|N|n |k |N|n|k|N|n| |k
1646 8|4 /11| 9 616|114 121|126 |26/|14 | 4
27517 /851210417115 22|12| 7 27|14 5
3174|886 |13[10]5 18|11 |6 |23 |13| 4 |28|14]| 6
4165199414106 19124 24|13 | 5|29|15]| 4
5,8 (41109 | 5|15]10 7 (2012|5125 |13]6 30|15 5

Ipumep 1.8. Mmeerca n; g010K, n, Tpyml U 13 0epcukoB. CKOIBKUMHU
croco0aMu MOKHO MX Pa3fioXHUTh MO IBYM Kop3uHaMm? CKOJIBKUMH CHOCOOaMHU
MOXHO 3TO CHI€NIaTh, €CJIM B K0 KOP3UHE JIOJKHO OBITh XOTs OBl IO OJTHOMY
GpyKkTy BCeX Ha3BaHHBIX BHUJOB (mojaraeM, 4YTO (PYKTOB KaxJAOro
HanMEHOBAaHUS JIBa WX 00JbIie)?

Pewenue. $IcHO, 4TO [0JI0OKM MOXKHO pas3loxurh n,+1 cmocobom (B

MEPBYIO0 KOP3UHY MOXXHO HE IMOJOXKUTH I0JOK COBCEM, MOJOXKUTH OAHO 0JI0KO,
nBa s0mo0ka, ..., Bce A010ku). Te ke paccyXIeHHs B OTHOLUEHUU TPyIl U
IEPCUKOB  JAIOT COOTBETCTBEHHO n,+1 wu n,+1 komOuHammid. Ilo
KOMOMHATOpPHOMY IpUHIUIY Bcero oyner (n, +1)(n, +1)(n, +1) cnoco6os.

[Ipu oTBeTe Ha BTOPOIl BOMPOC yUYTEM, YTO CIEAYET MO OJHOMY SIOJIOKY
Cpa3y MOJOXHUTb B KaXAyl0 M3 KOpP3HH, a OCTajJbHble n, —2 s0J0Ka
pacKJIa/IbIBaTh MPOU3BOJILHBIM 00pa3oM (B MEPBYIO KOP3UHY MO0 HE 100aBIisieM
010K, MO0 no0aBisieM OAHO, TMO0 — 1Ba, ..., TM00 — Bce n, —2 s010Ka).
Bce a0 MoxkHO cnenate n, —2+1 =, —1 cnocobamu. Te xe paccyxaeHus
HacueT Jpyrux QPYKTOB U KOMOMHATOPHBIM NPUHIUI JAIOT CJEAYIOIIHNI
pesyabTar: (n, —1)(n, —1)(n, —1).

Omeem. (n, +1)(n, +1)(n, +1); (n, =1)(n, —=1)(n, —1).

3agaua 1.8. Mmeercsa n; mnpeamMeToB MNEpPBOro BHUIA, 71, MOPEIAMETOB
BTOPOT'O BHJA, M3 TPEThEro W 14 4YeTBEepTOro Buaa. CKOJBKUMH CIIOCOOaMH
MOXHO PACHpPENeNUTh 3TH MNPEIAMEThl MEXAY IBYMs JOAbMU (HE HCKIIIOYast
Cily4asi, KOrJla OJTHOMY M3 HHMX Heuero He aocrtaercs)? CKOJIBKUMU COCOOaMHU
MOXHO PacHpeAesuTh ATU MPEIMETHI TaK, YTOOBI KaXJOMY J0CTAIOCh HE MEHEE
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JIBYX MPEAMETOB KaXKJ0ro BHujaa (mojiaraeM, 4To MPEIMETOB Ka)XJOro BUIA HE
Menee detbipex)? (Cm. npumep 1.8 u ucxoHbIE JaHHEIE.)

Hcxoonvie oannvie k 3a0aue 1.8.

Ne np ny n3 ng Ne np ny n3 ng Ne np ny n3 ng
1|5 6 7 8 |11 | 7 9 6 8 121 | 7 9 |12 | 5
2 | 7 9 8 6 |12 | 6 |10 |12 ] 5 |22 | 6 S |11 ] 12
3 | 8 7 9 | 6 |13 ] 5 7 8 6 123 | 8 7 110 |12
4 | 6 |[10] 7 5114 6 5 9 7 124 |11 ] 6 9 8
519 6 8 7 101519 10| 7 8 125 6 |12 | 7 5
6 |10 9 8 5116 | 8 9 7 6 126 | 10| 9 8 | 11
716 7 8 S 1171 9 8 7 11027 | 5 7 110 9
8 | 7 9 6 |10 ] 18 | 10| 5 8 6 12819 |10 7 8
9 |11 ] 8 9 [10] 19| 8 6 |10 |12 ]29 | 7 8 6 9
10| 5 8 6 | 7 ]20] 6 9 5 112130 6 |10 9 5

Ipumep 1.9. TpeOyercs HAWTU 4YUCIO HATypaldbHBIX JCJIHUTENEH
HaTypaJabHOro 4ucia N.
Pewenue. Paznoxum N Ha IPOCTBIE MHOKUTEIIN:

N=p'py-....ps (1.8)
Tae p,,Pss---»P,  — pazauusble npoctele uucna. (Hampumep, 84672 =
=20.3°.7°)
3ameTuM, 4TO MpHU pasfenaeHuu yuciaa N Ha Jo0ble 1Ba MHOXUTENS N U
N, IpoCTBIE COMHOXKUTEIN pacupenenstes Mexay Ny u N,. Ecau COMHOXKUTEND
p;» J=L2,...,k, Buucino Ny BXoqut my, To pasnoxenue (1.8) mpumer Bux:

—my .

m, m m n, —m, n n, —m
]\[:(]7111722'---'pkk)(pl1 Dy et Dy k)a
TaK qToO pa3HO)KCHI/Ie N Ha I1Ba COMHOXHUTECJIA CBOAUTCA K paB,Z[eJIeHI/IIO KaxXJa0ro
W3 uucen  n,M,,...,n, Ha JIBE HYACTH, a OTO MOXHO CJIeJaTh

(n, +D(n, +1)-...-(n, +1) cnocobamu.
Omeem. (n, +1)(n, +1)-...-(n, +1).

3agauya 1.9. Haiigute 4ucio HaTypajdbHBIX AEIUTENCH HATypaIbHOTO
gucna N. (Cm. mpumep 1.9 u ucxonHble JaHHBIE.)
Hcxoonvle oannvie k 3a0aue 1.9.

Ne N Ne N Ne N Ne N Ne N

1080 7 3024 13 5292 19 3600 25 2376

1440 8 1008 14 2475 20 1260 26 4752

900 9 1764 15 7425 21 3465 27 6048

720 10 3528 16 4312 22 3080 28 4320

2880 11 756 17 2400 23 5544 29 8400

QN A (W |-

2700 12 2352 18 1485 24 6160 30 6300
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2. TEOPUSl BEPOATHOCTEM

2.1. Knaccuyeckoe onpeaAeAeHne BEPOSITHOCTHU

Kaaccuueckoe onmpeaecjaeaue BECPOATHOCTH. Ecim wmcxombl  ombITa
PABHOB0O3MOIHCHbI, TO BECPOATHOCTBIO CcOOBITHSA A Ha3BIBACTCS OTHOIICHHE YHCIIA
HnCcxoaos, 6ﬂa20npuﬂmcm6yr0u4ux JaHHOMY CO6I)ITI/IIO, K 9UCJIy BCCX BO3MOKHBIX
HCXO0O0B OIIbITA, T.C.

P(4)="",

rac m — 4YHMCJIO UCXOA0B OIIbITA, 6J'IaFOHpI/ISITCTBYIOH_[I/IX CO6I)ITI/IIO, a n — 4YHucCJio
BCEX BO3MOXKHBIX UCXOOA0B.

CgoiicTBa BepOSTHOCTEH.
1. BeposiTHOCTB J1IF0OOTO COOBITUSI — €CTh YHUCIO, 3aKIIOUEHHOE MEXKITY
Hynem u eaunuuen, T.e. 0< P(A)<1. BeposITHOCT HEBO3MOXKHOTO COOBITHUS

paBHa 0, a BEpOSITHOCTb JOCTOBEPHOTO COOBITUS paBHA 1.
2. Ecnu co6witust A u B necoemecmust, 10 P(A+ B) B(A)+ P(B).

3. BeposiTHOCTB 711000r0 COOBITUSI A B CyMME C BEPOSITHOCTHIO MPOTUBO-
MOJIOKHOTO cOObITUSI A paBHa egunuue: P(A4)+ P(A)=1.

Ecau BeposATHOCTP MHTEPECYIONIETO HAc COOBITUSA A MO KaKUM-JHOO
MPUYAHAM BBIYUCIUATH TPYIHO, TO MOKHO IOMBITATHCS BBIYUCIUTH BEPOSITHOCTH
MPOTUBOMOJIOKHOTO COOBITHSI, a 3aT€éM C MOMOIIBI0 CBOWCTBA 3 BBIYUCIUTH
HUCKOMYIO BEPOSITHOCTH COOBITHUS A.

Hpumep 2.1. bpomiensl aBe wurpanbHble KocTU. HaliTh BeposiTHOCTH
CJIETYIOIINX COOBITUI:

A — Ha 00euX KOCTSX BBINAJIO OJIMHAKOBOE YUCIIO OYKOB;

B — cymma uncna oukoB He MeHb1Ie 11;

C — 4mCI0 OYKOB Ha MEPBOI KOCTH OOJIBIIIE, YEM Ha BTOPOH;

D — cymma 04KOB YeTHas;

E — cymma 4uciia 04koB OOJIbIIIe TPEX.

Pewienue. Yncino o4ykoB, OJaronpusiTCTBYIOIMX Ka)XJAOMY M3 Ha3BaHHBIX
COOBITHH, JIETKO MOACUYUTATh, €CJIM BCE BO3MOXKHBIE UCXObI OMbITa IEPEUUCIIUTD
B Bujie Taba. 2.1.1. B kax ot kiaeTke TaOauIlbl epBasi udpa yka3bIBacT YUCTIO
OYKOB HA MEPBOM KOCTH, BTOpast — HA BTOPOU KOCTH.

Taoaunua 2.1.1

11 [ 12 | 13 | 14 | 15 | 16
21 |22 |23 |24 | 25 | 26
31 132 |33 |34 | 35| 36
41 | 42 | 43 | 44 | 45 | 46
51 | 52 | 53 | 54 | 55 | 56
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|61 | 6263 ] 64]65] 66 |

Ecnm xocTH cMMMETPUYHBI i OJHOPOJIHEI, TO BCE MEPEUHCIICHHBIE NCXOBI
ompiTa paBHOBO3MOXKHBEI. Torma P(A4)=6/36=1/6 (OIaronpusTCTBYIOT
ucxonsl: 11, 22, 33, 44, 55, 66), P(B)=3/36=1/12 (GmaronpusTCTBYIOT TpH
ucxona: 56, 65, 66) HemocpeacTBeHHBIN MOACUYET YKcia OJIaronpusiTCTBYIOMINX
ucxonoB maer P(C)=15/36=5/12, P(D)=18/36=1/2, P(E)=33/36=
=11/12.

Omeem. P(A)=1/6, P(B)=1/12, P(C)=5/12, P(D)=1/2,

P(E)=11/12.

3agaua 2.1.1. bpomensl aBe urpanbHble KocTh. [ns BapuantoB 1-10
HaWTHU BEPOATHOCTHU CIAEAYIOIIUX COOBITHI:
A — cymMa 4yuciaa O4KOB HE IPEBOCXOINT N;
B — nipou3sBeieHNe Ynciaa 0YKOB NPEBOCXOAUT NV,
C — npou3BEAEHUE YKCIIa OYKOB JICJIUTCS Ha N.
(Cm. mpumep 2.1, N paBHO nocieaHel nudpe HoMepa BapuaHTa IUIIOC 2).
Jlnst BapuanToB 11-20 HaliTH BEpOSITHOCTH CJIEAYIOIIMNX COOBITHIA:
A — cymma yuciia O4KOB HE MEHbIIE N;
B — npousBeneHue ynciaa 04KOB MeHbIIE NV,
C — cymMa 4ncia OYKOB JIEJIUTCS Ha N.
(Cwm. mpumep 2.1, N paBHO nociennei mudpe HoMmepa BapuaHTa 1iroc 3).
Jlnst BapuanToB 21-30 HaliTH BEPOSITHOCTH CJIEAYIOIIMNX COOBITHIA:
A — cymma yucia O4KOB paBHa NN,
B — npousBeneHue ynciaa 04koB Ooibliie N;
C — cymMa 4ncia OYKOB JIeJIUTCS Ha N.
(Cm. mpumep 2.1, N nocneausia uudpa HoMepa BapuaHTa Iitoc 4).

3apaua 2.1.2. U3 yucen 1,2,3,...,n Hayraj B3sUIM OJAHO YHUCIO, 3aT€M
BTOPOE.

KakoBa BepoSITHOCTb TOTO, YTO MIEPBOE YUCIO MEHbIIIE BTOPOTO?

KakoBa BeposTHOCTH TOTO, 4TO 00a yucia oosblie 7/2?

Haiinure BepoATHOCTb TOTO, YTO OyyT BHIOpaHbI paBHBIC YKCIA.

KakoBa BepOsSITHOCTb TOT'0, YTO CyMMa 3THUX YUCET OKAXKETCSI MEHBIIE 717

KakoBa BepOSITHOCTH TOr0, YTO MEPBOE UYUCIO OKAXKETCS HAa 2 OOJbIle
BTOpOTO?

KakoBa BepOATHOCTH TOTO, YTO MEPBOE UUCIO OKAXKETCS MEHbIIE 3, a
BTOpOE OoubIne (n—3)?

Pemure 3agauy B ciiydae OE€CIIOBTOPHOIO U B CiIyyae TOBTOPHOTO BhIOOpA.

(Cm. mpumep 2.1, n — HOMED BapHuaHTa IUTIOC 3).
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IIpumep 2.2. a) B ypHe conepxutcs N mapoB, u3 HUX R KpacHOTO IIBETA.
Hayran BeiOpano n mapoB. KakoBa BEpOSATHOCTb TOTO, UTO 7 U3 HUX OKAXKYyTCS
KpacHoro 1Beta? KakoBa BEpOSTHOCTh TOTO, YTO CPEAH BHIOPAHHBIX IIAPOB XOTS
Obl O1IMH OyZIEeT KpaCHBIM?

0) W3 maptuu, conepxamedt 10 wu3genuii, cpead KOTOPBIX TpH
OpakOBaHHBIX, HayraJ W3BICKAIOTCS TpU U3AENUs s KoHTpoisis. Haiitu
BEPOSITHOCTH CIEAYIOIINX COOBITHI:

A — cpeau BbIOpaHHBIX U3JIENIUNA POBHO JBa OpaKOBaHHBIX;

B — BbIOpaHbI TOJIbKO OpakOBaHHBIE U3JIEINS;

C — cpenu BEIOpaHHBIX U3JIEIHIA COJIEPIKUTCS XOTSI Obl OTHO OPaKOBAHHOE.

Pewienue. a) Ecnu mapel THIATENBHO TNEpeMENIaHbl W BBIOUPAIOTCS
Hayraji, TO PaBHOBO3MOXEH BBIOOp HIOOBIX 7 mapoB. [loaToMy HnpuMEHUMO
KJIACCUUECKOE OmpejiesieHre BeposTHOCTH. [10CKOIbKY BHIOOp OECIOBTOPHBIN U
Hac HMHTEpecyeT TOJIbKO COCTaB, TO BbIOpaTh JtOObIe 7 IapoB MOxHO Cy
criocobamu. ChopMupoBath BEIOOPKY TpeOyeMOro coctaBa MOXKHO, €Clu U3 R
KpacHBIX IIapoB BBIOpATH JII0ObIE 7 MIApOB (3TO MOXKHO crenats C, crnocobamu)

U K HUM J100aBUTH (1 —r) JIOOBIX HE KPACHBIX MIAPOB (3TO MOXKHO CHENATh
C, 'z crocobamn).

[To koMOMHATOPHOMY MPUHIIMITY YUCJIO OJAronpUsITCTBYIOIIUX UCXO0B
paBHO C,C} ;. Ickomas BEpOSTHOCTb paBHA

r n—r
n,r:%. (2.1.1)
N

[lycth A; 03HauaeT HaIM4KWe B BBHIOOPKE I KPACHBIX 1IapoB. BeiOOp XO0Ts
Obl OJIHOTO KpPACHOTO Ilapa PaBHOCWIECH TOSIBICHUIO XOTsI OBl OJIHOTO U3
HECOBMECTHBIX COOBITHUH A; win A, wid ... uin A,. 1loatoMy BeposiTHOCTH
BBIOOpa XOTs OBl OJTHOTO KPACHOTO IIapa paBHA

Cy s
Cy

6) Bei6paTh 066X Tpu m3aenus u3 10 moxuo Co crnocobamu. [TosTomy

Pn,1+Pn,2+"'+Pn,n IEP}'I,O 1=

umeeM C;, =120 paBHOBO3MOMKHBIX HCXOJIOB.

CobObiTi0 A ONMArompusATCTBYIOT T€ HWCXOMABI, MPHU KOTOPBIX W3 CEMU
TOJHBIX M3JIENIHi BHIOUpPAETCs OMHO (3T0 MOXKHO caenath C; =7 crnocobamu) u
U3 Tpex OpakoBaHHBIX — JBa (3T0 MOkHO caenath C; =3 crocobamu). ITo
KOMOMHATOPHOMY IPUHIUITY YKUCIIO OJIArONPUSTCTBYIOIIUX COOBITUIO A UCXOA0B
pasno C,C: =7-3=21. [lostomy P(A4)=21/128 7/40~1/6, T.e. mpuMepHO
OJIMH TITAHC U3 TIECTH.

CoObITHio B OnaronpusiTCTBYeT BCETO OJIMH UCXOJl M €r0 BEPOATHOCTH
P(B)=1/120.
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BepositHocTs  coObiTusi C  Tpollle BBIYUCIUTH, OINPESIUB CHavaida
BEPOSITHOCTh COOBbITUSI C, KOTOPOE COCTOUT B TOM, YTO BHIOpaHBI BCE TOAHBIC

u3zienust. BIOpaTh TpM TOAHBIX U3eus U3 ceMu MoxkHo C) =35 crmocobamH.
[ostomy P(C)=35/120 u
P(C)=1-P(Q 1- 35/120 17/24~2/3.
Omeem. a) % —%'
Cy Cy
0) P(A)=7/40=1/16, P(B)=1/120, P(C)=17/24=2/3.

9 b

3amaua 2.2.1. I3 N m3genuit M umeroT ckpbiThiii gedext. Hayran
BbIOpaHoO # u3nenuil. Haligure BeposITHOCTH CIIEAYIOIIMX COOBITHIA:

A — cpeau BEIOpaHHBIX M U3ACIUN UMEIOT CKPBITBIN Je(eKT;

B — cpean BBIOpaHHBIX €CTh XOTA OBl OJIHO W3JEIHE CO CKPBITHIM
nedexTom;

C — cpenu BbIOpaHHBIX HE Oosiee ABYX U3JEIHUM CO CKPBITBIM Je(hEKTOM.

(CMm. nmpumep 2.2 ¥ UICXOJHBIE JaHHBIE.)

Hcxoonvle oannvie k 3a0aue 2.2.1.

N | N\ M| n | m | N | N| M| n | m | N | N | M| n | m
1 [ 10| 3 4 2 |11 |12 | 4 3 2 121 9 5 4 2
2 |10 3 5 2 112 (12| 4 4 212219 5 4 3
3 110 4 3 2 113|121 4 4 3 12311 3 3 2
4 |10 | 4 4 2 114 12| 5 3 2 124 |11 | 3 4 2
5 10| 4 4 3 015112 5 4 2 12511 3 4 3
6 |12 | 3 3 2 116 | 9 3 3 2 126 |11 | 4 3 2
7 |12 | 3 4 2 1171 9 4 3 2 127 |11 4 4 2
8 |12 | 3 4 3 118 9 4 4 2 128 |11 | 4 4 3
9 |12 | 3 5 2 119 9 4 4 3129 |14 3 3 2
10 | 12 | 4 5 3120 9 5 3 2 130 14| 3 4 2

3agaua 2.2.2. B ypHe coaepxKuTcs 2n mapoB, U3 KOTOPBIX JIBa YEPHBIX, a
octanbHble Oenble. Hayrag BoiOupaercss n miapoB. Haiinute BeposiTHOCTH
CJIETYIOIINX COOBITUI:

A — B ymucie BRIOpAHHBIX 0KA3aJIUCh 00a YEPHBIX I1apa;

B — HUM 0JIUH U3 YEPHBIX IIAPOB HE BHIOpaH;

C — cpenu BbIOpaHHBIX MIAPOB TOJIKO OJIMH YEPHBIH 11ap.

Haitnure 3HadeHus 3TUX BeposATHOCTEH mpu n —>oo. (Cm. mpumep 2.2,
n=k+2, rae k— HOMep BapHaHTAa.)

3apmaua 2.2.3. B ypHe comepxutcsa n; OelnbIX U n, 4epHBbIX mapoB. U3
YpHBI HayraJl BEIOMPAIOT JiBa mapa. YTo BeposiTHee — BBIHYTH JiBa OEbIX I1apa
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WU BBIHYTH OJIUH O€NbI U OJuH uepHbIi map? (CM. npumep 2.2 ¥ UCXOJHBIC
JTaHHBIE. )
Hcxoonwvie oannvie k 3a0aue 2.2.3.

Ne n | np Ne n | np Ne n | np Ne n | np Ne n | np Ne n | np
14|26 |6 |3 117|316 8 |3 ]21]9|4]26|10] 3
214 (3176|4127 4178|5229 |5 27|10| 4
3|52 8|6 |5)137 5|18/ 8|6 (23|96 |28|10|5
4 |5/3]9|6 6147|6199 |2 ]24|9 |7 29|10| 6
51621107 |2 158 |2 ]20|9 |3 |25|10|2 30|10 7

3anaua 2.2.4. B ypue m; 6enbix, m, CHHUX U m3 KpacHbIX mapoB. Hayran
BbIOUpatoT 6 mapoB. Haiinure BEpOSITHOCTH CIIENYIOMIUX COOBITUN: A — cpeau
BBIOPaHHBIX TOJBKO O€Jible Maphl; B — cpelid BEIOPAHHBIX HET KPACHBIX IIapOB;
C — cpeau BbIOpaHHBIX MOPOBHY IIAPOB BCEX I[BETOB; 1D — Ccpelu BHIOpaAHHBIX
TOJILKO OJIMH KpacHbIH 1map. (Cm. mpumep 2.2 U UCXOAHBIC TaHHbIE. )

Hcxoonvle oannvie k 3a0aue 2.2.4.

No mp|myp|msj Ne mp|\my|ms No mp|myp|msj Ne mp|my|msj Ne mp|myp|msj
18314177 |3[5]13/9[4 3198 |5|3]25/9 |52
28143 /8|7[5|3]14/9|3]3]20]8]2|6126/9 |54
3181251974 [4]15/9 |3 |5]21|8[6 (227945
41652110082 [3]16/9|5[3]2219[3[4)28/9 |3 |6
51712611194 |2]17,8|4[41]23]/9]2[5]29/9 |63
6 | 7162121934188 |3 [51]24]9 4 |3]30/9 2|7

3apaua 2.2.5. U3 N 6unetoB ¢ Homepamu oT 1 10 N oaun 3a apyrum (6e3
BO3BpallleHus) 0epyT ABa Ouineta. Haliure BEpOSATHOCTU CAEAYIONIUX COOBITHI:

A — 00a HOMepa OUIIETOB YETHBIE;

B — 00a HoMepa HeUYeTHBIE;

C — HOMEp MEePBOTo OUJIeTa YETHBIM, a BTOPOTO HEUYECTHBII;

D — HOMEpP OAHOTO YETHBIN, @ APYTOrO HEUETHBIN:

E — "HoMep BTOpOro OuseTa YeTHBIM.

(Cm. mpumep 2.2, N — HOMEp BapHaHTa IUIIOC S.)

3apaua 2.2.6. B ypHe conepxatcs mapsl ¢ Homepamu 1,2,3,...,n. Hayran
0e3 Bo3BpalleHusi BbIOUpalOT k mapoB. KakoBa BepoOSTHOCTH TOTO, YTO OYIyT
BBIOpaHbI TOJIBKO MIAPhI ¢ HOMepamu Oodblie k? KakoBa BEpOSITHOCTH TOTO, UTO
JUISL KaXKJIOTO M3 TMEPBBIX K 1IapOB HOMEpP IlIapa COBHAAET C €ro HOMEPOM IO
nopsiAKy u3Bneuenusi? (CM. npumep 2.2 1 UICXOHBIE JaHHBIE.)

22



Hcxoonvie oannvie k 3a0aue 2.2.6.

Nl n | k|N|n|k|N|n|k|N|n|k|N|n|k|N|n|k
1|7 (3]6 (103 |11|11|4 16|13 | 3 |21|14| 4 |26/|15]| 5
2 8317|1014 12|12 3 17134 122|145 |27|15]6
3 /8|4 )18(10]5 13124 |18|13| 5 |23|14| 6 [28|16]| 3
4 19319 (113 14|12 519|136 (24|15 3 ]29|16| 4
51914 101151512 6 |[20|14 | 3 |25|15| 4 30|16 5

Ipumep 2.3. IIpu paznaue TIaTeapHO NEPEMEIIAHHBIX KapT (B Koioje 36
KapT) UIPOK IMOJydaeT IIecTh KapT. KakoBa BEpOSTHOCTh TOrO, YTO HIPOK

MOJIYYHT J1Ba Ty3a, IBa KOPOJIS U JIBE J1aMbl JIFOOOW MacTh?

6
Pewenue. lllecTb KapT NaHHOMY HI'POKY MOXHO cmate C; crocobamu,

TaK KakK BHIOOp OECIIOBTOPHBINA M HAC MHTEPECYET TOJILKO COCTaB BbIOOpa. BriOpath
JBa Tysa, JBa KOpoJsA M jBe AaMbl MoxkHo C,C;C. =6"= 216 cnocobamu.

[To3TOMY HcKOMas BepOsTHOCTh paBHa P =216/ Co= 9/2618~0,003.
Omeem. 9/2618 ~0,003.

3apmaya 2.3. B ypHe cmemansl N; miapoB Oenoro 1Bera, N, apos
yepHoro 1sera, N3 — cuHero u Ny — KpacHoro. Hayrag BeiOpaHo n 1mapos.
KakoBa BepOATHOCTH TOTO, YTO Cpeid BHIOPAHHBIX POBHO 711 OCIBIX, 71; YEPHBIX,
N3 CUHMX M N4 KpPacHbIX IIApoB (n=n, +n,+n,+n,)? (Cm. npumep 2.3 u
HCXOJHbIE JJAHHBIE. )

Hcxoonvie oannvle k 3adaue 2.3.

Ne N1 Nz N3 N4 ny | Ny | N3 | Ny Ne N1 N2 N3 N4 ny | Ny | Ny | Ny
124131212163 |4 |2 |3 |2 |2]|1]2
2 (2413|131 ]|2|17[4 |3 2|3 [2]1]1]2
3|22 14|31 122182 |4 |2 |3 [2]3|1]2
4 (2214|3112 12192 4|2 |3 [1]|1|2]2
5121243 (1222202 (4 ]2 |3 |1]2]|1]2
6 | 2|4 |2 (3|1 |22 |2|21|4 |2 |3 |2 |2]|1]|1]|1
7121412 (322122214232 |3 |]1]|1]2
8 |24 |2 (3|2 |12 |1]234 |3 (3|2 |2]|1]2]|1
9 |24 |2 (3|1 (3|1 2244 |23 |3 |2]|1]|1]2

102 (412 (3121212543 |32 |3 2|12

1m|3 (174 (2211211264 4|3 |22 |2]1]1

12|13 |1 (42|21 |3 |1}127,2 |3 |3 |5|1]2]|1]2
13|31 (422122283 |23 |5|1]2]|2]2

142 423|122 2293|524 ]2]1]1]1

15|12 (4231312303 3|2 |5|2]1]1]3
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IIpumep 2.4. B TeueHue Henenu He3asucumo APyr OT APYyra MPOUCXOISAT
4yeThipe coObITHs. HaliiuTe BEpOSATHOCTH CIAEAYIONINX COOBITHI:

A — Bce ueThIpe COOBITUSI MPOU3OUIYT B pa3HbIE JHU HEEIH;

B — Bce yeTbipe cOOBITHS TPOU3OMAYT B OJUH JCHB;

C — Bce 3TH COOBITUS MPOU30UTYT B MOCIEAHUE TPU ITHS HEIEIH;

D — X015 Obl B OWH JIeHb HEJAEJIH MPOU30UIYT JBa WM OOJee U3 ITUX
COOBITHH.

Pewenue. Jlan HEAeIM MOXKHO TIPEJCTaBUTh B BUIE SITUKOB, a COOBITHS B
BUje mmapukoB. Torga pacnpeneneHue COOBITUA TO AHSAM HEACNIH MOXKHO
CUUTATh PACKIIAJKON MIAPUKOB IO SIIUKAM.

Tak kak KaXAbld U3 YEThIPEX IIAPUKOB MOXXHO MOMECTUTH B JIOOOH U3

CeMH SIIUKOB, TO CymiecTByeT 7' =2401 paBHOBO3MOKHBIH CIIOCOO Pa3OKHTh
YeTbIpe IIapuKa MO ceMu AmukaMm. M3 Hux coObiTuio 4 OIaronpusiTCTBYIOT
7-6-5-4=840 cnocoboB, Tak Kak I KaXJIOTo MOCIEAYIOIIEro IIapuka

840 ~0,35.
2401

CoObITHi0 B OnaronpusiTCTByeT Bcero ceMmb crnoco0oB. Ilostomy

7 1
P(B)=— =—~=0,003.
) 7t 343
Bce ueThIpe COOBITHS MOTYT IIPOM30HTH B TIOCIEIHNE TPH JHA Hexend 3°
4
criocobamu. [Toaromy P(C) = 3— ~0,038.

4

OCTaeTcs Ha OAMH MyCTOM siuK MeHsble. [loatomy P(A4) =

CobbiTe D npoTuBOMNON0KHO coObITHIO 4. [loatomy P(D)=1-P(A4)=

212380 1 0.3520,65.
2401
4
Omsem. P(A) =20 0,35, P(B)=——~0,003, P(C)=—~0,038,
2401 343 2401
P(D)=0,65.

3apmaua 2.4. B mudt k-3TaxkHoro goma cend m maccaxupoB. Kaxmwrii
MacCaKUpP HE3aBUCUMO OT APYTUX C PaBHON BEPOSTHOCTHIO MOKET BBIUTH Ha
M000M 3Ta)ke, HaYMHas co BTOporo. HaliTu BepOSTHOCTH CIEAYIONIUX COOBITHI:

A — Bce maccaXuphbl BBIILIM HA Pa3HBIX dTaxkax;

B — Bce BBIIIUIM BBIIIE YETBEPTOTO ITAXKA;

C — HHKTO HE BBIIIEN Ha MSATOM ITaXKE;

D — xoTs Obl J1Ba BBIILIU HA OJHOM ITaXe.

(CMm. nmpumep 2.4 1 UICXOJHBIE JaHHBIE.)
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Hcxoonvie oannvie k 3a0aue 2.4.

Nl kim|Ne| bk |m|N| k| |m|[N| bk |m|N| k |m|N| k |m
1|8(3]6 |9 |4 |11|10|5 )16 7 |5 (21|12|5 26|16 4
2 (8140719 |5]12]10]6 17| 6 |5]22|14|3 |27|16]|5
3851896136 |4 ]18|12|3|23|14|4 28|16]|6
4 18|69 103|147 | 4]|19]|12|4 124 (14| 529|114
51913110104 (15| 7 |3 20|12 |5 |25|14]6 (30|11]|5

Hpumep 2.5. 10 KHUT, U3 KOTOPBIX YETHIPE UMEIOT KPACHBIA MEPEILIET,
Hayraj CTaBIT Ha MOJKYy. B mpeamosioxkeHWH, 4TO BCE PAaCCTAaHOBKM KHUT Ha
MOJIKE PABHOBO3MOXHBI, HAWTH BEPOSITHOCTh TOTO, YTO KHUTU C KPACHBIMH
neperyieTaMyi OKaXXyTCs CTOSIIUMHU MOJIPS/I.

Pewenue. 10 kHUT MOXXHO Ha TOJKe paccTaBuTh n =10! crocobamu. s
nojcyeTa ONaronmpuUsITCTBYIONIMX KOMOMHAIMKA MpEACTaBUM CHayajua, uYTo
KpacHbIe KHUTH CBSI3aHbl B OJIHY MAauKy U MEPECTABIISIOTCA KaK €IMHAs KHUTA.
Torpa mepecTaBUTh 3Ty MAYKy U OCTAJIbHBIE IIECTh KHUT MOXHO 7! cmoco0amu.
[locne Toro, Kak 3Ta MepecTaHOBKA COBEPIUINIACH U KPACHBbIE KHUTH OKa3aJIUCh
CTOSIIIUMU TOJPSAN, Pa3BsHKEM TMMAauykKy M Ha 3aJaHHBIX YETBIPEX MECTax
MEepPEeCTaBUM KPACHbIE KHUTU MEXAY cOO0M. DTO MOXKHO caenars 4! cnocobamu.
[lo kKOMOMHATOPHOMY TMPHUHIMIY BCEro OJArONPUSATCTBYIOMIUX CIOCOOOB
m =4!7!. TloaTomy uckomasi BeposiTHOCTh paBHa (4! 7!)/10!=1/30.

Omeem. 1/30.

3agaua 2.5. 13 n xkHHUT k| UMEIOT KpacHBIE TEpeIuieThl, a k, — CHHHUE.
Kuauru nayrajg craBar Ha noJiky. [lonaras paBHOBO3MOKHBIMU BCE PACCTAHOBKU
KHUT, HAlJIUTE BEPOSTHOCTh TOTO, YTO BCE KPACHbIE KHUTU OYAYT CTOSITh MOAPSA
u Bce cuHue Toxe. (CM. mpumep 2.5 1 UCXOAHBIC TaHHbIE. )

Hcxoonvle oannvie k 3a0aue 2.5.

Ne | n kl kz Ne | n kl kz Ne | n kl kz Ne| n kl kz Ne | n kl kz
1813121711014 |3 )13/ 842 19|11/4]2]25|11]4]5
2 18122 8]10/3[|2]14|10]5 3 ]20[11|2 226|115 ]3
319131219 1]10(4 (21592 521|113 |2)27|12]3]3
4 1913 |3/10]10/2|5]16/10]16 |2 |22|11|3 |3 ]28|12]3 |4
5191412111712 [2]17]10]4 423|114 3129|1252
6 |10/ 3 312|622 (18632241152 )30]12/3]5

3ameuanne. ITycTh 77 OIMHAKOBHIX TIPEMETOB HEOOXOAUMO PACIIPEIETHTh
Mexy k moasMu. D10 MoxkHO caenate Ct,  =C’ . crnocobamu. K Takomy

BBIBOJIy MPUBOJAT clieaytoiue cooOpaxenus. J[00aBUM K 3TUM n MpeaMeTam
k —1 depHBI mIap, MOCTABUM TPEIMETHI W MApPhl B OAWH P, U OyaeM ux
MEePEeCTaBIATh MEXIy coboi. Uucno paznuuumpix NEpecTaHOBOK OYAET PaBHO
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CF ., TaKk KaKk MMEHHO TaKHM 4YHCJIOM CIOCOOG0B MOXHO U3 7 +k —1 Mecta

BBIOpATh k —1 MeCTO M MOCTABUTH HA ITH MECTA YePHBIE MAPHI, 4 HA OCTANLHBIE
MeCTa TIOCTaBUTh MpeaMeThl. BMecte ¢ TeM umcio CF,, | paBHO YHCIy CHOCOGOB

n  OJWHAKOBBIX TPEJAMETOB paCHpEACIUuTh MEXKIy Kk IIOAbMU: TEPBOMY
JOCTAaHyTCsl MPEAMETHI JI0 IEPBOrO YEPHOro IIapa, BTOPOMY — OT HEPBOIO 10
BTOpOTro 4epHoro mapa u T.4. Ecnu (i —1)-it u i-il mapsl cToat psjaoMm, To i-My
YeJIOBEKY HE JOCTAHETCS HUYETO.

Ipumep 2.6. CnyyaiinpiM 00pa3oM 12 0AMHAKOBBIX IIAPOB Pa3MENIAIOTCS
B IIECTH suIukax. KakoBa BEPOATHOCTH TOrO, YTO POBHO JBa SAIIMKA OCTAHYTCS
ITyCTBIMU?

Pewenue. CormacHo npeapiIymeMy 3aMEYaHHUIO paclpenenuTs 12 mapos
no mwectu sumkam Moxkuo C'  =C> =6188 cnocobamu. Umeercs C; =15

BApUAHTOB BHIOPATh JBa IMYCTHIX SIIMKAa M3 MIECTU. B OCTaJbHBIX YETHIpEX
AIIUKAX JOJDKHO ObITh XOTS Obl MO OJHOMY Mapy. Jljist 3Toro pasmeniaeM B
KOKIpIM W3 HUX 10 OJHOMY Iapy, a ocrtaibHble 12-4=8 mapos
packiaJblBa€éM MPOU3BOJIBHBIM 00pa30M B 3THU K€ YETHIpE AIIUKA. ITO MOKHO
cnenats C,,  =C;, cnocobamu. Beero momywaercs 15-C), 15165 2475

0JIarONpUSITCTBYIOIMIUX CIMOCOOOB. BeposSITHOCTH TOro, UYTO OCTAaHYTCA JIBa
CBOOOJIHBIX SIIUKa, paBHa 2475/ 6188 ~0,4.

Omeem. 2475/ 6188 =0,4.

3apauya 2.6. CinyuyaiiHbIM 00pa3oM # IIApOB Pa3MEIIAIOTCA B M SIIHKAX.
KakoBa BEpOSATHOCTH TOr0, YTO POBHO 7/ SIUIMKOB OCTaHyTCs MycThiMH? (CMm.
npumep 2.6 U UCXOAHBIC TaHHbIE. )

Hcxoonvle oannvie k 3adaue 2.0.

Ne|lnm|m|r |N|\n m|r|N|n\m|r|N|n| m|r | N|n|mi|r
1 (514217731138 5|1 ]19]9|5|3]25|10]5 |2
254|187 [5]214]/8|5[3]20/9|6/|1]26|{10|5 |3
3164121984 |1]15/9 (4221|196 |2|27/10]6 |1
4 164|110/ 842116/ 9 |4 |1]22,9 |6 |3|28|10]6 |2
51714121184 |1(17,9|5|11]23,9]6]4[29/10|6|3
6 | 7/4 112|852 |18/9 |5 |21(24|10]5|1]30(10(6 |4

2.2. TeomeTpuyeckKk1e BeposiTHOCTHU

Ob6nacth MNPUMCHCHHA KJIACCHYCCKOIro OIpCACICHUA BCPOATHOCTH —
HUCIIbITAHUA C KOHEUYHbIM YHUCIIOM PABHOBO3MOXHBIX HCXOJOB. CYIHCCTBCHHBIM
SABJIACTCA YCIIOBHUC PABHOBO3MOXHOCTHU. OT KOHEYHOCTU YHCIIa HCXO0JO0B OIIbITa
MOXHO OTKa3aTbCA U OMPCACIIAThL BEPOATHOCTH HE C IIOMOIIIBIO YKHCJIa UCXOO0B,
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a C TIOMOIIBI0 OTHONICHUS IUTHUH, TIOMAACH U T./., HO IPU COXPAHCHUH YCIOBHUS
PaBHOBO3MO>KHOCTH.

I'eomeTpuyeckoe omnpenenenne BepoATHOCTH. Ilycte oOmacte g
NpUHAICKUT obnactu G (puc. 2.2.1).

VA ZA

G

0q

Puc. 2.2.1

Ecin pasnososmooicno mormaganue TOYKH B OOy TOUYKy obnactu G, TO
BEPOSATHOCTD TOMACTh B 00JIACTh ¢ paBHA OTHOIICHHIO MEPBI 00JIACTH g K Mepe
obnactu G:

Mepa obmactu g

P(monacte B 061aCcTh g) = )
Mepa obnactu G

rje «Mepa» — o3Hauaet: 1) auny, ecnu obiaactb G 4yacTh OpsIMOI UM KPUBOIL
JUHUM; 2) TUiomanb, ecad G 4dacTe IIockocT; 3) oObem, ecnu G 4YacTh
MPOCTPAHCTBA, U T.J. B 3aBUCUMOCTHU OT XapakTepa obnactu G.

Hpumep 2.7. JIBe paguoCTaHIIMM TEYEHUE 4Yaca HE3ABUCUMO IPYT OT
JIpyra JOJKHBI TIepelaTh COOOMIEHUS MIUTEIbHOCTRIO 10 MuH. M 20 MwuH.
COOTBETCTBEHHO. KakoBa BEpOSITHOCTh TOTO, YTO COOOIIECHUS HE MEPEKPOIOTCS
110 BPEMEHU.

Pewienue. Ilyctb x — MOMEHT Hauasia COOOIIEHUS TTEPBON PaAUOCTaHIIUH,
a y — MOMEHT Hadaja BTOpOro cooOmieHus. [[as Toro dtoObl COOOIICHUS
VIOXUIUCh B OTBEACHHBIN Yac, JOJDKHBI BbIMOMHATHCA ycioBus: 0<x <50,
0<y<40. CoobuieHusi HE NEPEKPOIOTCSI BO BPEMEHU, €CIU BBINOIHATCS

ycaoBust: y—x>10 u y—x>20. DTUM YCIOBUSM YJIOBIECTBOPSIIOT TOYKH
3alITPUXOBAHHBIX 00J1acTel, N300paXKEHHBIX HA puc. 2.2.2.
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Y
40
10';
0 20 50 x

Puc. 2.2.2
Tak Kak Bce MOJMOXKEHUS TOUku (X,y) B mpsMoyroiabHuke 50x40

PaBHOBO3MOXHBI,  TO  HCKOMas  BEpPOATHOCTb  paBHA  OTHOUIICHUIO
3alITPUXOBAaHHOW  TUIOmAAM, Kotopas paBHa  30x30, k  miomaau
npsimoyroyibHuka. [loatomy P =(30x30)/(50%x40)=9/20.

Omeem. 9/20.

3agava 2.7.1. B TedueHne CyTOK K IPUYAIy JOJDKHBI HE3aBUCUMO JAPYT OT
Jpyra MOJOWUTU U Pa3rpy3uThes JBa cyxorpysa. OMHOMY U3 HUX JJI pa3rpy3Ku
Tpebyercs k; 4acoB, IpyroMy — k, dacoB. KakoBa BEpOSTHOCTh TOr0, YTO HU
OJIHOMY M3 CyXOTPy30B HE€ MPUIETCSA OXHUAATh B ouepenud Ha pasrpy3ky? (Cm.
npuMep 2.7 U UCXOAHBIEC TaHHBIE)

Hcxoonvle oannvie k 3a0aue 2.7.1.

No kl kz Ne kl kz Ne kl kz Ne kl kz Ne kl kz Ne kl kz
125,63 |5]11|4 |3 )16|4 |8 21|57 26| 6| 8
21267 |36 12441753225 |8[27|7 |7
312|783 |7 13451854236 |3 [28|7 |38
4 1281938 1446195 |5]24]/6|6]29| 8|38
53 (3104|2154 |71]20|5 |6 256 |7 ]30|8 |6

3amaua 2.7.2. B orpesok [0;1] Hayran OpolieHbl ABE TOUKH, PUYEM BCE
MOJIOKEHUSI KaXXJ0M TOYKM B 3TOM OTpE3Ke pPaBHOBO3MOXHBI. I[lycth X —
paccTosiHKE OT JIEBOT'O KOHIIA OTpe3Ka J0 OMmKaiiie TOUukd, a ¥ — paccTosiHue
Mexay Toukamu. Haiinure BeposTHOCTH TOro, uro nX <Y, rme n — HOMEp
BapuanTa. (Cm. mpumep 2.7).

IIpumep 2.8. B tpeyrombuuk c BepmmHamu A(0;0), B(4;0) u C(0;2)
Hayraj OpollleHa TOYKa, MPUYEM BCE MOJIOKEHUSI TOYKH B 3TOM TPEYTrOJIbHUKE
PaBHOBO3MOKHBI. HaliiuTe BEPOATHOCTH TOTO, YTO KOOPAWHATBHI TOYKU X U Y
OYIyT yAOBIETBOPATH HEPaBEHCTBY 3.X° <2XY + V7.

Pewenue. Tlonaras B KBagpaTHOM Tpexawiene 3.X° —2XY —Y* mepeMeHHoit
BenmuuuHOM X, a Y kxosdduuuentoM, HalimeM KopHU TpexuwieHa X =Y wu
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X =-Y /3. Torna HepaBeHCTBO 3X°—2XY —Y’ <0 MOXHO 3amicaTh B BHE
3 X-Y)X+Y/3)<0, wm (X-Y)3X+Y)<0. Ilocmennee HEpaBEHCTBO

PaBHOCHUJIBHO COBOKYITHOCTH HCPABCHCTB!

{X—Yzo, {XZY,

3X+Y<0; Y <-3X;
=

X-Y<0, X<y,

3X+Y>0; Y >-3X.

Toukr TIOCKOCTH, KOOPAMHATBI KOTOPBIX  YAOBJIETBOPSAIOT ATOU
COBOKYITHOCTH CHCTEM HEPABEHCTB, Ha pUC. 2.2.3 BBIIEICHBI IITPUXOBKOM.
YacTe u3 HUX COAEpKUTCS B TpeyroyibHUKe ABC.

Tak kak 1o ycinoBuiO Bce nosioxkeHust Touku (XY) B Ttpeyronabuuke ABC

PABHOBO3MOKHBI, TO [0 TEOMETPUYECKOMY ONPEIEICHUIO BEPOSATHOCTH UCKOMAs
BEPOSATHOCTh PaBHA OTHOIIECHUIO IUIOIIANM 3aIITPUXOBAHHOTO TPEYTrOJbHHKA
AEC x mumomanu tpeyroubHuka ABC.

b

Puc. 2.2.3

[Tnomane Tpeyronbarka ABC paBHa nojaoBUHE npousBeneHus AB Ha AC,
T.e. paBHa 4. Jluama BC wumeer ypaBHeHHMe x+2y=4, a muHua AE
OIpPENENSIeTCS] YDABHEHUEM ) = X.

Nx Touka nepeceueHus: umeet koopauHatel £(4/3;4/3). Abcuucca Touku E
paBHa BbicoTe TpeyronbHuka AEC, onymeHHol Ha ctopony AC. Iloatomy
mwiomansk tpeyronbanka AEC paBHa (1/2)(2-4/3)=4/3. [loatoMy nckomas
BEpOSTHOCTh paBHa (4/3):4=1/3.

Omeem. 1/3.

3amaua 2.8. B oGnacte D Hayrang OpollleHa TOYKa, MpPUYEM BCE
MOJIOKEHUSI TOYKU B ITOM 0O0JacCTH PaBHOBO3MOXKHBI. Haiinute BeposSITHOCTH
TOrO, 4YTO KOOpAHUHATHl TOUYKH X U Y OyIyT YJIOBIETBOPSTH HEPABEHCTBY
cXY <aX?+bY* (B HeUeTHBIX BapHaHTax 0071acTh D — eIMHUYHBINA KBagpaT
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[0;1]x[0;1], B deTHBIX BapuaHTax 00JacTh D — TPEYTrOJbHUK C BEpPIIMHAMU
A(0;0), B(1;0) u C(0;1)). (Cm. mpumep 2.8 ¥ UICXOHBIE JaHHBIE.)
Hcxoonvle oannvie k 3adaue 2.8.

Nela|b|c Ne|la|blc|Ne|la|b|c|N|la|b|lc|N|a|b]c
113147 ]1-152)13]/9 |-3|-6]19|-3|1]2]25]/4 |34
2|1 |-3/2]8 |1 242|143 |1 4]20(-3/4]426/15]1 |8
3|1 |5/6]9 4|3 4[]15/5|1|6]21|-8]4]427/4]5]12
4 |1 |-8,2]10/4 342 |16/-8|1 |2 ]22-15/4 |4 28121 |8
S| 1|54 )11 1341 117|-7]16]23|-5|1 429|185
6 |1 |-716]12]14 -84 |18|-5|1]4]24|,9 |-3|-6|30|5|4]12

Ipumep 2.9. Koopaunate ciyvaitHoit Touku M (b,c) B TpeyroiabHUKE,
OTPAaHUYEHHOM  OCAMHM  KOOpAMHAT W  mOpsaMod  b+c=3,  ciayxar

K02 HUIMEHTaMH  KBAaJPAaTHOTO YypaBHeHHs z° +bz+c=0. Ilomaras Bce
MOJIOKEHUS CIIyYalHOW TOYKM B YKa3aHHOM TPEYTOJIbHUKE PAaBHOBO3MOKHBIMH,
HaWTH BEPOATHOCTH TOTO, YTO YPABHEHUE UMEET ABA IEUCTBUTEIBHBIX KOPHSI.
Pewienue. 1lycte A — uHTepecyroliee Hac coObITHE. YpaBHEHUE HMEET
NelCTBUTENbHBIE KOPHH, €CITH €ro AUCKPUMHHAHT D=bh"—4c>0. D10

HEPABEHCTBO OyJeT BBINOJIHEHO, €CIW Cclly4yailHas Touka M monmajeT B
2

TPEYTrOJIbHUKE HUXKE KPUBOH ¢ S? (Ha puc. 2.2.4 3amTpuxoBaHHas 00JIaCTh).

2
Touka nepeceucHust MuHUNA b+c=3 U ¢ = " uMmeeT koopauHathel (2;1). TlorTomy

1
TUIONIA]Ib 3aIITPUXOBAaHHOM (UTYpPBI HA puc. 2.2.4 paBHA J(3 —c-2Jc )dc="71/6.
0

C

Puc. 2.2.4

Tak kak mIomanb BCEro TpPeyroJbHUKa paBHa 9/2, TO 1O
TeOMETPUICCKOMY OTIpeieleHII0 BeposiTHocTH P(A)=7/27.

Omeem. 7/27.

3apaua 2.9. Koopaunatel ciyvaitHoit Touku M (b,c) B mpsSMOYTOJIbHUKE,
OTPAaHUYEHHOM OCSIMU KOOPJMHAT U MPSAMBIMU X =m U y =N, CIyXaT Kodhdu-

IIMEeHTaMH KBaJpaTHOTO ypaBHeHHs z° +bz+c=0. Ilomaras Bce MOTOKEHHs
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CIIy9aifHOW TOYKH B YKa3aHHOM IPSIMOYTOJIBHUKE PAaBHOBO3MOXKHBIMH, HAWIUTE
BEPOSITHOCTH TOTO, YTO YpaBHEHHWE HE WMEET JCUCTBUTEIbHBIX KOpHEH. (Cwm.
npumep 2.9 U UCXOAHBIC TAHHBIE).

Hcxoonvle oannvie k 3a0aue 2.9.

Ne|m | n|N|m|n|N|m|n|Ne|m|n | N |m|n|N|m|nm
1|12/1 6|6 |1 11|31 162 |5 |21]4 |5]26|-5]|1
201 (2|7 |7 |112|3 |2 17|33 |22|-2|11]27|-6]1
3 (1 /3 [8 (811341183 |4 23|-1|2]28|-7]|1
4 |1 419221424194 |3 ]24|-1|3]29|-8]|1
515111102 |3 |15 5|3 ]20|4 |4 25|-1]4 30|22

Ipumep 2.10. IlnockocTs pasrpaduieHa mNapamieNbHBIMU MPSIMBIMH,
OTCTOAIIUMHU JIPYT OT JApyra Ha pacctosHue 2a. Octpsiil yron pomba paBeH 60°,
a HaumOoJblllas auaroHandb paBHa 2m (m<a). Pom0 Hayram OpocairoT Ha
MI0CKOCTh. KakoBa BEpOATHOCTH TOTO, YTO pOMO MEPECEUET OJIHY U3 MPSIMBIX?

Pewenue. bpocanue pom0Oa «Hayraa noApa3syMeBaeT, 4To LEHTP pomMoba ¢
PaBHBIMHU IIIAHCAMU MOKET OKa3aThCs Ha JTI0OOOM paccTosiHUU X (B mpenenax ot 0
10 @) OT Onwxkadmed npsMod, a 3HA4YeHUs yria @ MEXIy HaumOoJbLIeH
JMAroHANIbI0 U ONuxkalield npsMoil paBHOBO3MOXHHKI B npeaenax ot 0 no /2,
IIPU 3TOM X U () HE3aBUCUMBI. 3aMETHUM, YTO PACCTOSIHUE OT LIEHTpa pomOa 10
€ro CTOpoHBI paBHO msin30°=m/ 2.

Ecmm x<m/2, To poM0 HECOMHEHHO TIepecedeT OMMKANIIYIO MPSIMYIO.
Ecmm s)xe m /2 < x < a, To 115 IepecedeHus OmKalien mpsaMoil He0OX0uMo |
JOCTaTOYHO, YTOOBI X <mSIiN@, T.€. TPOEKIHS TIOJOBHHBI HAUOOJBIICH
JIMArOHAJIM HA MEPIEeHIUKYIAp K NPSIMOU JOJKHA OBITH OOJIbIIIE PACCTOSHUS OT
IIeHTpa poMba 10 mpsaMon (cm. puc. 2.2.5).

Puc. 2.2.5

Ha3BaHHbIE yCIOBUSI BBIMOJHSAIOTCS B 3alITPUXOBAHHON 00JACTH HA pHUC.
2.2.6. I'paduku GpyHkmmuid y=m/2 u y=msin@ TEPECEKAIOTCS B TOYKAaX, B

KOTOphIX m/2=msing, T.e. mpu @=7/6 u ¢ Sn/6. IlodToMYy
3alITPUXOBaHHAs TUIOIA L PaBHA
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S5n/6
6./
26 ") 6 6

Puc. 2.2.6
JIro6oe mosioxkeHrne pomOa OTHOCUTEIBHO ONMKalileld MpsSIMOW MOMKHO
OXapaKTEPH30BaTh TOYKOW B TPSIMOYTOJBHUKE CO CTOPOHaMH a € T/2.
[TockobKy BCE TIOJMOKEHHS poOMOa OTHOCUTEIIBHO OJIIDKahIel mpsMoi
PaBHOBO3MOJKHBI, TO TI0O TEOMETPUUECKOMY OIPEACIICHUIO BEPOSITHOCTH HCKOMAs

m(m+ 6\/5

6ma

m(m+ 6\/7

6mna

BEPOSITHOCTh paBHa P =

Omeem.

3amauya 2.10. Ilnockocts pasrpadiieHa mnapayieNbHBIMU MPSMBIMH,
OTCTOSIIUMHU APYT OT Apyra Ha paccrosinue 2a. Ha miockocTs Hayraa Opocaror:

1) B BapuanTax 1, 5, 8, 13, 17, 16, 21, 25, 29 paBHOCTOpOHHHIA TPEYTOJIBHUK
CO CTOPOHOM 2m;

2) B BapmanTax 2, 6, 10, 14, 18, 22, 26, 30 kBazgpaT co CTOPOHOU 2m;

3) B BapmanTax 3, 7, 11, 15, 19, 23, 27 npaBUIbHBIA MIECTUYTOJBHUK CO
CTOPOHOU 2m1;

4) B BapuanTax 4, 8, 12, 16, 20, 24, 28 npsiMOyTOJIBHHUK C THATOHAIIBIO 2m
Y YTIIOM MEXIy IHaroHaasiMu 60°.

(Cwm. mpumep 2.10, a — HoMep BapuaHTa N mioc 2, m — 1enas 4acTh
yucaa N/2 mwioc 1).

2.3. TeopeMbl CAOXEHUA U YMHOXEHUA BEPOATHOCTEN

B Teopuu BeposSTHOCTEH COOBITHS paccMAaTpUBAIOT Ha (POHE KOMILIEKCa
YCJIOBHH, KOTOphIE ero nopoxaatoT. [Iporie roBopsi, cOObITHE — 3TO pe3yabTaT
OMBITa, KOTOPBIN MTPOUCTEKAET B IPUPOJE IO BOJIE YEIOBEKA, HE3ABUCUMO OT HEE
WM el Bompeku. PaccMOTpUM MHOMXECTBO COOBITHI, KOTOpPBIE MOXHO
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HaOJII0/IaTh B JKCIEPUMEHTE MpU (UKCUPOBAHHOM KOMIUIEKce ycioBuil. Ha
MHOECTBE TAKUX COOBITUHN OMPENEIUM CIIEIYIOIINE TTIOHSTHS.

Cymmoti cobvimuii A 1 B Ha3pIBaeTCsi COOBITUE, COCTOSIIEE B MOSIBICHUU
X0Ts1 Obl 0fHOrO M3 coObITHil 4 unu B . Cymmy coOblTuii 4 1 B 0003Ha4ar0T
yepe3 4+ B.

[IpuBeaeHHBIE TMOHATHA MOXHO MPOWLIIOCTPUPOBATH  CIEAYIOIIUM
00pazom.

[IycTh KOMIUIEKC YCJIOBHII COCTOMT B TOM, YTO BHYTPb IPSIMOYIOJbHHUKA
Hayraja OpocatoT Touky. O003HauUUM depe3 A momnajgaHue TOUYKU BHYTPb JIEBOTO

Kpyra, a yepe3 B — BHYTpb mpaBoro kpyra. Torna coGwitust A+ B, AB u A

COCTOAT B  IIOIIaJJaHMM  TOYKM  BHYTPb 06JI&CT€I>1, 3aKpalllCHHBIX Ha

COOTBETCTBYIOLIEH YacTu puc. 2.3.1.

/

/
0

4

o

A+ B AB

Puc. 2.3.1

Ilpouszsedenuem cobvimuii A u B Ha3bIBalOT COOBITHE, COCTOSIIEE B
MOSIBIICHUU COObITU 4 W B B ogHOM uW TOM ke ombiTe. OO003HAYaOT
npousBeieHue coObITUil 4 U B uepe3 AB.

CoObiTHE, cocTosilliee B He HnosAgleHuu coovimus A, Ha3bIBaeTCA

NpOMUBONON0NCHLIM COOBITHEM U 0003HAYAETCS Yepe3 A

Ecnu B kaxxoM ombiTe 1Ba cOObITHS A M B Bceraa mu0o o0a mpouCXosT,
a100 00a HE MPOUCXOIAT, TO TaKHWe COOBITHS HA3BIBAIOT PAGHOCUNbHBIMU WU
DKBUBANICHMHbIMU W 3aTTUCHIBAIOT: A = B.

I'oBopsT, uTO cOOBITUS A, 4,,...,A, 00pa3yrT noinyio spynny COOBITUH,

€CJIM OHU MOMAPHO HECOBMECTHUMBI U B KOKJAOM OIBITE HEIPEMEHHO MPOUCXOIUT
OIHO U TOJIBKO OJHO M3 THUX COOBITHH.

CIioBECHBIE PACCYKIACHHSI MOXKHO NEPEBECTH B CUMBOJIMYECKYIO 3aMUCH C
[IOMOIIBIO COOTBETCTBHI: «HIIH» <> «+», «» < «», «He A» < A;
«PABHOCHUJIBHO» <> «=.

BepositTHOCTh cOOBITHS A, BBIYMCIEHHASI MPU YCIOBUHU, UTO COOBITHE B

MIPOU30IILIO, HA3BIBACTCS YCA0BHOU 8ePOSIMHOCHbIO COOBITHSA A U 0003HAYAETCS
yepe3 P(A/ B).
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Teopema yMHOXKeHHSI BepOATHOCTeil. BeposATHOCTH MNpPOU3BEICHUS
COOBITUI paBHA BEPOSITHOCTH OJHOTO COOBITHS, YMHOXXEHHON Ha BEPOSITHOCTD
IPYroro COOBITHSI, BBIUHUCICHHYIO TIPU YCIOBHHM, YTO TIEPBOE COOBITHE
IIPOU30IILIO, T.€.

P(AB)=P(A)P(B/ A)=P(B)P(A/ B).

CoObITHSI HA3BIBAIOTCS HE3A8UCUMbBIMU, €CIU TIOSIBIEHUE OJHOTO U3 HUX
HE U3MEHSET BEPOSTHOCTH MOSBJICHUS pyroro. Eciau coObITUS HE3aBUCUMBI, TO
P(A/B)=P(A), P(B/ A)=P(B) u P(AB)= P(A)P(B).

Jlist 11000TO0 KOHEYHOrO YHCNIa COOBITHII BEpOSITHOCTh MPOU3BEICHUS
COOBITUI paBHA MPOU3ZBEJCHUIO BEPOSTHOCTEH ATUX COOBITHM, NpUUEeM
BEPOSTHOCTh KAXKJIOTO CIEAYIOUIEr0 COOBITHSI BBIUMUCISAETCS MPU YCIOBUH, UYTO
MpeAbIIyIIIe COOBITHS TPOU3OIILIH, T.€.

P(A4AA-...- A, (A)=
=P(A)P(A,/ A)P(A4,/ AA,)-...-.P(A, | AA,A,-...- A4 ).
Ecau coObITHs HE3aBUCUMBI, TO
P(AAA,-.... 4 | A) P(4)P(A)P(4,)-...-P(4,).

Wrtak, mnepen BBIUKUCICHUEM BEPOSITHOCTH TPOU3BEIACHUS COOBITHI

HEO0OXOIMMO YCTAaHOBUTD, 3ABUCUMbL COOLIMUSL UTU HEM.

Teopema cio:xenusi BeposiTHOCTelH. BeposiTHOCTh CyMMBbI COOBITUN A U
B paBHa cymme BEpOSITHOCTEH 3TUX COOBITHII 0€3 BEpPOSATHOCTH UX COBMECTHOIO
MOSIBJICHHUSI:

P(A+B) PE(A)+P(B)— P(4B).

CoObITHSI HA3BIBAIOTCS HECOBMECHHbIMU, €CIIA UX TOSBJICHUE B OJJHOM U

TOM € ONbITe HEBO3MOXKHO. Eciiu coObiTust A u B Hecoemecmmbl, TO
P(A+B) PBE(A)+ P(B).
Jliist Tpex coemecmublx COOBITUM TEOpEMA CIIOKEHUS BEPOATHOCTEH UMEET BU/;
P(A+B+C) BE(A)+P(B)+P(C)—P(AB)—P(AC)—P(BC)+ P(ABC).
Ecau coObITHS HECOBMECTHBI, TO
P(A+B+C) BE(A)+P(B)+P(C).

Teopemy clioxkeHHUsT MOXHO OOOOIIMTH Ha JIF0OO€ KOHEYHOE YHCIIO

claraeMabIx:

P(Zn:Ai]:Zn:P(Ai)— > P(AA)+ D, P(AAA)+...+

i=l= I<i<j<n 1<i< j<k<n
+ (=) P(AA - A).
Ecnu coOviTust HecoemecmHbl, TO
P(A4+A4,+..+4,) P(4)+P(4)+...+ P(4).

Urak, npestcoe yem goluucaams 6eposmHoCmsb CyMMbl COObIMULL cledyem
BbIAAICHUMb, COBMECHIHbL OHU ULU Hem.
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Yka3zanue. JKemareneH crenyoomuil TMOPSAIOK pPEHNICHHUS 3alady U
ohopMIICHHS 3aIIUCH:

a) 0003HauYeHUS COOBITHH;

0) aHaaM3 B3aMMOCBA3EH COOBITUM M MX CHMBOJIMYECKAS 3aIHCh;

B) BBIYUCJICHUE BEPOSITHOCTEH.

Hpumep 2.11. BepostHOCTH TONIaJaHus B LEIb IPU OJTHOM BBICTpENE IS
MEePBOro0, BTOPOTO M TPETHEr0 CTPEIKOB paBHbI cooTBeTcTBeHHO 0,3; 0,6; 0,8.
Bce tpu ctpenka BeicTpenunu B 1eiib. KakoBa BEposITHOCTh TOTO, UTO:

a) 1eJb MOpaKeHa,;

0) MPOU301LIO TOIBKO OJHO MOMNAIaHUE;

B) ITPOM30IIIO POBHO JIBa MOMA aHUs;

I') MOMAaAyT BCE TPU CTPEJIKA;

1) OyneT XoTs Obl OJMH MpoMax?

Pewenue. O603naunM 4depe3 A; — COOBITHE, COCTOSAIIEE B MOMAJaHUH B
LIeJb I-TO CTpEJIKA.

a) Ilopaxxenue uenu (coObiTHE A) PAaBHOCUIBHO MOSIBICHUIO XOTSA Obl
OJHOro M3 coOwituil A; wm A, nnmn Az. Ilostomy A=A + A, + A,. YuutsiBas

COBMECTHOCTh COOBITHH, UMEEM
P(A)=P(4)+ P(4,) + P(4;) —P(A4 4,) — P(4.4;) — P(4,4;) + P(4 4, 4;),
a TaK KakK COOBITUSI HE3aBUCUMBI, TO
P(4)=0,3+0,6+0,8-0,3-0,6-0,3-0,8-0,6-0,8+ 0,3-0,6-0,8=0,944.

0) PaccMoTpum Tpu ciryyasi:

1) B, = A A,A, — TepBbIif CTPEJOK MOTAN B TENb ¥ TIPH STOM BTOPOif He
1omnaj U TPETUM HE TOIaJl,

2) B, = A A, A, — TiepBHIii CTPEIOK He TOMaJ U TIPH 3TOM BTOPOH TIOMAT U
TPETHI HE TIOMAJT;

3) B, = A A, A, — TiepBbIii 1 BTOPOii He TIOMAJIM 1 TIPH 3TOM TPETHii IO,

TonpKko OHO MomajaHue B Iedb (COObITHE B) paBHOCHIBHO peanu3aliuu
XOTs ObI OJTHOTO U3 HECOBMECTHBIX COOBITHI B unu B, wiu B . [loaTomy

B=AAA + AAA + AAA,.
B cuiy HezaBucuMocTu coObITHI A; UMeeM
P(B)=0,3-0,4-0,2+0,7-0,6-0,24+0,7-0,4-0,8=0,332.
B) /IBa momananus B 1enb (coObitue () paBHOCWIIBHBI peaau3alliu XOTs
GBI OTHOTO W3 HECOBMECTHBIX cryuaes: A A, A, wiu A; AA, A, wm A A,A,. B

CUJIY HE3aBUCHUMOCTH COOBITUH A; TOTy4aeM
P(C)=0,3-0,6-0,2+0,3-0,4-0,8+0,7-0,6-0,8 =0,468.

r) Bce Tpu ctpenka momaayT B uenb (coObiThe D), €ciu MPOU3OUIYT
coObItust Aju A, n Az, 1.6. D = A A, 4,. B crity He3aBUCUMOCTH COOBITUI A; IMEEM

P(D) = P(4£)P(4,)P(4,) 0,3-0,6-0,8=0,144.
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n) Xots Obl 0JiuH npomax (coObiThe E) paBHOCUJICH MOSIBJICHUIO XOTS OBl
OOHOrO mu3 coObrtmii A, wm A, wm A4, 1e. E=A4 +A4,+ A4, Bwmecro

BBIUUCIIEHHUSI BEPOSITHOCTU CYMMBI TPE€X COBMECTHBIX COOBITHM, 3aMETUM, YTO
coObITHE £ paBHOCWIBHO HE MOSBIEHUIO cOObITHS D. IloaTomy
P(E)=P(D) 1=P(D) 1=0,144 02856.
Omeem. a) 0,944; 6) 0,332; B) 0,468; r) 0,144; n) 0,856.

3amMeyanue. 3HAUUTEIIBHOE YHUCIO BEPOSTHOCTHBIX 3a/1ad CBA3AHO C
Teopuei cTpens0. B cBSI3U ¢ 3TUM yMECTHO BCIOMHUThH U3PEUECHHUE HEMELKOTO
BoeHHoro teopetuka Kapna Knaysesuia (1780—-1830): «Huxakas yenoBeyeckas
NEATENIbHOCTh HE COMPUKACAETCS CO CIIy4aeM TaK BCECTOPOHHE M TaK 4acTo, KaK
BOMHAY.

3agaua 2.11. B xaxa0i U3 Tpex ypH COAEPKUTCS MO BOCEMb LIAapoB. B
MEepBOM ypHE MATH OENbIX M TPU YEpHBIX miapa. Bo BTopoil ypHe m; Oenbix
IapoB, a OCTaJbHBIE IIAPhl YEpHbIE, B TPETbEeU ypHE m, OENbIX IIApOB, a
OCTaJIbHBIC IIapbl YepHbIe. 13 Kax 0¥l ypHbI HayraJ BEIOpAHO MO OAHOMY IIapy.
Haiitu BEpoATHOCTHU CIAEAYIONIUX COOBITHI:

A — BBIOpaH TOJBKO OJWH O€JbIi 1Iap;

B — BbIOpaHbI TOJIBKO O€JIbIe MIaphl;

C — BbIOpaH X0Tst Obl OANH O€JNbIH map.

(Cm. mpumep 2.11 u ucxoaHbIe TaHHBIE. )

Hcxoonvie oannvie k 3a0aue 2.11.

No m; | mp Ne m; | mp Ne m; | mp Ne m; | mp Ne m; | mp Ne m; | mp
12216 |3 |2 |11|4 |3 ]|16|5 |3 216 |3 |26| 7|3
202|307 131411244 1754226 |4 27|74
31248351345 |18]5|5]23]6 |5 28|75
4 12519361446 19|56 (246 |6 29|13
51216104 |2 15|52 )20 6 |2 (257|230 1|4

Ipumep 2.12. 13 20 wuzgenuii 4eThipe UMEIOT CKPBHIThIE AE(EKTHI.
N3nenust BIOMpAIOT Hayraj Mo OJHOMY W mpoBepsitoT. Halimute BeposiTHOCTH
CJIETYIOIINX COOBITUI:

A — mnepBbIM OpaKkOBaHHBIM U3JIEIUEM OKAXETCS ISATOE IO CYETY
MIPOBEPSIEMOE U3/ETUE;

B — nepBriMu OpakOBaHHBIMU U3JETUSIMU OKAXKYTCS TPEThE U YETBEPTOE
MIPOBEPSIEMBIE U3IEIUS;

C — nepBbIMU OpaKOBAaHHBIMU U3JACIHSIMU OKAXKYTCS TPEThE U MATOE IO
CUETY U3JICIIHSL.

Pewenue. O0o3HaunM uepe3 A; — CcOObITHE, COCTOAIIEE B BHIOOpE
roJIHOr0 u3aenusi npu i-m BbIOOpe. CoObiTue A MPOU3OHIET, €ClU TEPBBIC
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YeThIpE M3JENUS OKaXyTCs TOAHBIMHM U JIMIIb IIATOE IO CYETYy M3Aeinue OyneT
OpakoBaHHBIM. JTO O3HA4daeT, uTo0 A = A A, A, A, A, npudeM COOBITHSA 3aBHCUMBL.

IToaTomy
P(A)=P(A4)P(A4,/ A)P(A4,| AA)P(A, | A 4,4)P(4 | A4A4,4,4,) =

16151413 4 91 oo

20 19 18 17 16 969
CoObITHe B mpou30iiieT, eciu NepBble JBa U3enus OyAyT FOAHBIMHU, a
TPETbE U YETBEPTOE OKaXyTCs OpakoBaHHBIMU. CHMBOJIMYECKH 3TO MOKHO

3amucath B Bute B = A A, 4,A,. B culy 3aBUCMMOCTH COOBITHIA
P(B)=P(A4)P(4,/ A)P(A, | AA)P(A, | AAA)=

16£ii 8 ~0,025.

20 19 18 17 323
Ananoruuno, C = 4 A, A, A,A; n
P(C)=P(A)P(A, | A)P(A, | AA)P(A, | AAA)P(A | AAAA)=

16154143 7 o,

20 19 18 17 16 323

Omsem. P(A)=—L ~0,004; P(B)=——~0,025: P(C)=——~0,022.
969 323 323

3agaua 2.12.1. U3 TmarenpHO NepeMemIaHHOW KOaoabl KapT (36 kapT)
BBIOMPAIOT OJHA 32 IPYTOM KapThl.

Bapuanter 1-10. KakoBa BepOSITHOCTh TOTO, YTO MEPBOM KaPTOM MUKOBOU
MacTu OyJeT k-s1 mo cyety kapra?

Bapuanter 11-20. KakoBa BEpOSITHOCTb TOr0, YTO MNEPBBIMH KapTaMH
MUKOBOM MacTu OynyT k-st u (k +1)-s1 o cuety KapThi?

Bapuanter 21-31. KakoBa BEpOSITHOCTH TOr0, YTO MNEPBBIMH KapTaMH
MUKOBOW MacTu OynyT k-s1 u (k + 2) -1 o cueTy KapThi?

(Cum. mpumep 2.12 1 ucxoAHbIEC TaHHBIE. )
HUcxoounwvie oannvie k 3a0aue 2.12.1.

Ne| k| Ne| k|Ne| k| Ne| k|Ne| k| Ne| k| Ne| k| Ne| k | Ne| k| Nel| Kk
12145781012 134 ]16| 7 |19/10]22|3 [25| 6 |28

2135|689 11|22 |14|5|17|8 2011|234 26| 7 (29|10
31416 |79 |11112|3 15,6 |18 9 |21|2 |24|5 |27 8 (30|11

3agaua 2.12.2. Cpenu n u3aenuii HAXOOUTCS J1Ba U3JEIHS CO CKPBITHIM
nedexroM. Mznenus BbIOMpalOT Hayraj MO OJHOMY M IMPOBEPSIOT, MOKa 00a
OpaKOBaHHBIX U37eNUs HE OyayT OOHAPYKEHBI.

KakoBa BeposSTHOCTb TOTO, YTO MPUJIETCS IPOBEPUTH POBHO k U3IEIUNA?

KakoBa BepoATHOCTb TOTO, UTO MPUJIETCS POBEPUTH HE MEHEE k U3IEINiA?
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(Cm. mpumep 2.12 1 ucxoAHbIEC TaHHBIE. )
HUcxoounwvie oannvie k 3a0aue 2.12.2.

Ne|n |k |N|n|k|N|n| k|N|n|k | N|n|k|N|n|k
1| 5/4|6 6 |6 11|7|7]|16| 8 | 7219 |6 |26|10| 4
2557|7312 8 |3 17,8 81229 |7 27]10]| 5
3/6|3 8|7 4138|418, 9 |3 |23|/9|8|28|10]| 6
4 164,97 5148|5199 424,99 29|10 7
516 51107 |6 158 |6 20| 9 |5|25|10]3 (3010 8

Ipumep 2.13.1. lmeercs cucteMa COEIUHEHHBIX MEXAY COOOM
AJIEMEHTOB (CKaXeM, Y4aCTOK 3JIEKTPUUECKOM 1IeNH, MOTOYHAS JTUHUS U T.1., CM.
puc. 2.3.2). BepoaTHOoCTh 0€30TKa3HON padOThI KaXKJIOT0 3JIEMEHTAa B TEUCHHE
3aIaHHOTO BpeMEHM (HaJeKHOCTh) paBHa 0,8. DIeMEHTHI BBIXOAST U3 CTPOS
HE3aBUCHUMO JIpyT OT Jpyra. KakoBa HaJie;KHOCTh CUCTEMBI?

4
Puc. 2.3.2

Pewienue. Tlyctb coObiTHEe A cocTOUT B 0€30TKa3HON pabOTEe CHUCTEMBI B
TEYEHUE 33JIaHHOT0 BPEMEHH, a A; 03HaYaeT 0€30TKa3HYyI padoTy i-I'o 3JIeMEHTa
B TEUEHUE TOro e BpeMeHHU. be3oTkasHas padoTa CUCTEMbI PaBHOCUIIbHA
O0e3oTka3HOM  paboTe  XoTbl  Obl  oaHOro  snemeHra.  Iloatomy
A=A +A4,+A4,+A4,. Cobbitus A4; coBMecTHBl. BwmecTo BBIUHCICHHS

BepositHOCTH P(A)= = P(A + A, + 4, + 4,) 1o ¢popMyiie BEpOATHOCTH CyMMBbI
COBMECTHBIX COOBITUM BBIYUCIMM BEPOSTHOCTH MPOTHBOMOJIOKHOTO COOBITHS
A . BBIXOJ U3 CTPOSI CHCTEMBI SKBHBAIICHTEH BBIXOIY U3 CTPOS BCEX DIEMCHTOB B
TedeHHe 3aJaHHOTO BpeMenn, T.e. A= A A, A, A,. Tak KaK >1eMeHTHI BEIXOIAT W3
CTpOSl HE3aBUCUMO APYT OT JApYyra, TO
P(A) = P(4)P(4,)P(%)P(4,) (0,2)* 0,0016.
Torma
P(A)=1—P(4¥ 1-0,0916 0,9984 ~1.
Omeem. 0,9984 ~1.
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Ipumep 2.13.2. Nmeetcst cucteMa COEAMHEHHBIX MEXTy CO00M 2JIEMEHTOB
(d7MeKTpruUecKas 11eMb, MOTOYHAS JUHUS U T.4., cM. puc. 2.3.3). BeposarHocTh
0e30TKa3HOM PaboThl (HAAEKHOCTh) Ka)XI0Tro 3jieMeHTa paBHa 0,9. DmeMeHTHI
BBIXOJIST U3 CTPOS HE3aBUCUMO APYT OT Apyra. KakoBa Haie:KHOCTh CUCTEMBI?

1 2 3 4
Puc. 2.3.3

Pewienue. Tlyctb coObiTHe A cOCTOUT B 0€30TKa3HON pabOTe CUCTEMBI, a
A; — o3HayaeT 0e30Tka3Hy0 paboty i-ro snemeHta. CoObiTHE A TIPOU3OMUIET,
€CJIM OJHOBPEMEHHO NMPOM30MIYT COOBITUSA A1, A2, A3 v A4. IlooTomy A= A A, A4, ,

a TaK KaK COOBITUSI HE3aBUCUMBI, TO
P(A)=P(A)B{A)P(4,)P(4,) (0,9) =0,66.

Omesem. (0,9)* =0,66.

3agaua 2.13. Ha puc. 2.3.4 uzoOpakeHa cxema HEKOTOPOH CHCTEMBI
(HampuMep, y4acTOK DJICKTPUUYECKON IEMH, WM YJaCTOK MOTOYHOH JIMHWUH, TJIE
JeTanb mojBepraercs 00paboOTKe Ha pa3HbIX CTaHKax). BeposTHOCTh
0e30TKa3HOM pabOThl B TEUEHHE HEKOTOPOTO BPEMEHU (HAIEHKHOCTH) MJIs
KaXXJIOro 3JIeMEHTa nepBoro Osioka pasHa 0,9, a At 3IeMEHTOB BTOPOTO OJiOKa
Ta BeposTHOCTH paBHa (,8. B mepBom Onoke Tpu napaielbHbIe JHHUU
COOTBETCTBEHHO W3 ki, k, k3 snemeHToB. BTopoil 070K COCTOMT M3 JBYX
napaJyIeTbHBIX JTUHUHN, B KOTOPBIX COOTBETCTBEHHO /1| M 111 DJIEMEHTOB.

Haiinure nagexunocts cuctemsbl. (Cm. mpumepst 2.13.1, 2.13.2 u ucxoaHble
JTaHHBIE. )

Puc. 2.3.4

Hcxoounwvie oannvie k 3a0aue 2.13.

Ne kl kz k3 m; | mp Ne kl kz k3 m; | mp Ne kl kz k3 m; | mp
1 (2|22 (1|1 )11} 1 (2111201 |2 |1|1]|1
22 (3 (2 (2 (1121 |2 |12 |01}2(1 |2 |1]2]1
3|2 (3|1 (2213|1212 ]223/1|2]|1]2]2
4 |2 |22 (2 (1|14 2|2 |1 |1 |1 }24(2 |2 |1]1]1
51213 (211152 |2 |1 (2 |1]25|2 |2 |1]2]1
6 |23 |1 |1 1162 |2 |12 |2]262]|2]|1]2]2
7022222417111 (112711 ]1]1]1
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8§ |2 |32 22181 |1 |1 ]2 ]1)28]1 | 1]|1]2]1

912|312 1191 ]1]1,2]2]29

102 (3|1 ]2 12]20/3 ]2 |1 [1]1]J30]3[2]1]1]]1

IIpumep 2.14. B nepBoii ypHe nBa OenbIX 11apa, Y€ThIPe CUHUX U JEBSTh
KpPacCHBIX, 2 BO BTOPOM COOTBETCTBEHHO TPH, IMATh U 1IeCTh. 3 KakaoW ypHBI
Hayraj BbIOMparoT aBa mapa. KakoBa BepOATHOCTb TOTO, YTO OyAyT BHIOpAHBI
Iapbl OJTHOTO IBeTa?

Pewenue. CoObiTHE, cocTosilliee B BBIOOpPE IIapOB OJHOTIO IIBETA,
o6o3Haunm uepe3 4. O0o3HauuM uepe3 B; BHIOOp U3 i- ypHBI JABYX O€IbIX
mapoB, yepe3 C; 0003HauuM BBIOOP U3 i-i YpHBI ABYX CHHHX IIApOB, yepe3 D;
BBIOOp U3 i-i YPHBI ABYX KPACHBIX IIAPOB.

CoObiTHE A TPOU3OMAET, €CAM W3 NEPBOMl ypHBI OyIyT BHIOpaHBI JBa
OenbIx mapa (coObITHE B1) U U3 BTOPOU ypHBI OyAyT BEIOpaHbI TOXKE ABa OENbIX
mapa (coObiTue B;) WM U3 NMEepBOM YpHBI U3BJIEKYT JIBa CUHUX Iapa (CoObITHE
(1) 1 13 BTOpOU ypHBI OyAyT BHIOpaHBI TOKE IBA CUHUX Iapa (coositre C,) Uiu
13 TIEpBOM ypHBI Oy IyT BIOpaHbI IBa KPACHBIX 11apa (coObiTue D)) U U3 BTOPOI
ypHbl OyAyT BBIOpaHbl TOXE JBa KpacHbIX Mmapa (coOeitue D;). Iloatomy
A=BB,+CC,+DD,. CoOblTHs HE3aBUCHMBI U CJIaraéMble HECOBMECTHEL. B

HUTOIC IIOJIydacM, 4TO
P(A4)=P(B))P(B,)+ P(C)P(C,)+ P(D)P(D,) =
GG a oG 200
C125 C124 C125 C124 C125 C124 3185
201 ~0,06.
5

0,06.

Omeem.

3anaua 2.14. B nepBoil ypHe n; OenbIX apoB, 1y CUHUX U 13 KPACHBIX, a
BO BTOPOM COOTBETCTBEHHO M1, My U m3. VI3 KaXI0M ypHBI HAayTa/l BRIOUPAIOT k
mapoB (k =1 1151 HEYETHBIX BApUAHTOB U k = 2 JJIsl YETHBIX).

KakoBa BepoaTHOCTb TOTr0, 4TO OYyyT BHIOpAHBI IIAPbl OHOTO I[BETA?

(Cm. mpumep 2.14 u ucxoaHbIE TaHHBIE. )

Hcxoounvle oannvie k 3a0aue 2.14.

Ne ny ny n3 m; my ms Ne ny ny n3 m; my ns
1 3 5 7 2 2 5114 | 6 5 4 5 3 4
2 3 5 6 5 2 3 117 | 4 5 1 6 3 2
3 4 3 8 3 2 5 |18 | 5 2 3 2 4 4
4 8 4 3 3 2 5119 ] 6 3 2 4 6 2
5 3 7 5 5 2 3 120 3 5 4 6 2 2
6 5 3 7 3 5 2 1213 4 5 5 3 6
7 5 7 3 4 3 3 122 3 4 5 3 6 2
8 7 3 5 3 4 3 123 | 2 5 7 4 3 3
9 4 5 6 4 3 3 124 2 6 4 8 3 1
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10 | 5 4 6 2 4 4 125 6 | 4 3 2 3 5
11 | 5 6 4 4 2 4 126 6 | 4 4 3 5 7
12 | 6 5 4 4 4 2 127 | 7 3 4 5 2 4
13 | 4 6 5 3 5 4 128 | 7 4 3 6 5 2
15 | 2 6 7 5 4 3 129 6 3 4 5 4 3
16 | 5 2 8 6 3 3 130 6 5 3 8 3 4

Hpumep 2.15. /Ba cTpenka mo odepenu CTPEISIOT B LENIb 10 MEPBOTO
nornaganus. BeposTHOCTh monajaHus B LEIb NPU OJHOM BBICTPEJIE paBHA IS
HUX COOTBETCTBEHHO 1/3 m 1/2. Kaxnaplil cTpeliok uMeeT mpaBo TOJIBKO Ha JiBa
BbIcTpena. KakoBa BepOSITHOCTH TOrO, 4TO Iieib Oyner mopaxkeHa? Kakoma
BEPOSITHOCTB TOTO, UTO LEJIb MOPA3UT MEPBBIN CTPETOK?

Pewenue. O603HauuM uepe3 A; momajaHue MEPBOro CTpesiKa MPH i-M
BBICTpEJIC, a Uepe3 B; — Momna aHue BTOPOro CTPENIKA MPHU i-M BBICTpETIE.

Ha puc. 2.3.5 wu300pakeHO «AEpeBO» BCEX BO3MOXHBIX CIOCOOOB
MPOTEKAHUS CTPEIBLOBI.

Puc. 2.3.5

[enb He Oyaet nopaxeHa (cooeitue C ), €cau NPOU30UIYT coObITUS A4, U

B n Zz 51 Ez. Tak kak coOBITHS HE3aBUCUMBI, TO
P(C)=P(A4)P(B,)P(A4,)P(B,)= (2/3)(1/2)(2/3)(1/2)=1/9.
[To3TOMY BeposTHOCTH mopaxkenus e P(C)=1—P(C> 1-1/9% 8/9.

Llens mopa3uT mnepBbld CTpesoK (coObiTUE A), €clau OH MomaaeT NpHu
MEPBOM BBICTpEJIE WM IPU MEPBOM BBICTPENIC OH HE MOMAJET B LIeNb U BTOPOM
CTPEJIOK MpPU CBOEM IEPBOM BBICTpEIE HE MOMAJET B I€Ib U TMOCIE 3TOro

TIepBBIl CTpeNoK momazieT B nenmb. Ilostomy A=A + ABA,. Cobbtus A, u

A B,A, HecoBMeCTHBIL. B crily HE3aBUCUMOCTH COOBITHI ITOITy4aeM

P(4)= P(4) + PEL)P(B,)P(4,) %%%%:g

Omeem. 8/9; 4/9.
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3agaua 2.15. /IBa urpoka 4 u B nooudepenHo OpocaroT MOHETY. BeurpsiBaer
TOT, Y KOTO paHbliie BeImaeT rep0. [lepBbiM Gpocok enaet urpok A.

Bapuantsl 1-8. HaifTu BeposITHOCTh COOBITHS: BhIUTpaN UTPOK A 10 k-0
Opocka.

Bapuanter 9-15. Haiftu BepOSTHOCTh COOBITHSA: BBIUIPAl UTPOK B 10 k-ro
Opocka.

Bapuantsl 16-23. HaliTu BepoOSITHOCTh COOBITHSI: BBIUTpaAl UTPOK A HE
Mo3aHee k-ro Opocka.

Bapuantsl 24-30. Haiftu BeposiTHOCTh cOObITHS: Bhiurpan urpok B He
Mmo3aHee k-ro Opocka.

(Cm. mpumep 2.15, k — nocnennsis uudpa BapruaHTa IIIOC YETHIPE. )

Ipumep 2.16. YpHa COHEPKHUT IWIECTh 3aHYMEPOBAHHBIX IIAPOB C
HOMEpaMu OT ojHoro no 1ectd. Illapel wu3BiIekaroTcs 0o oOgHOMY 0e€3
Bo3BpateHus. [lyctb coObiTHEe A COCTOUT B TOM, YTO HIapbl Oy yT U3BJICUCHHI B
MOPSIIKE UX HOMEPOB, a COObITUE B B TOM, YTO XOTsI Obl OJIMH pa3 HOMEp IIapa
COBIIAJIET C TMOPAAKOBBIM HOMEpPOM €ro wu3BiedeHus. Haltu BeposATHOCTH
coObITUll 4 U B U omnpenenuTh MpeeabHbIe BEPOSTHOCTU ITUX COOBITHI MpH
HEOTPAaHWUYCHHOM yBEJIMYEHHUH YHCIa I1apOB B YPHE.

Pewenue. a) O603naunM yepe3 4; — COOBITHE, COCTOSIIECE B TOM, YTO
HOPAJOK M3BJICYEHHs (-TO Iapa COBIAJaeT C €ro HomepoM. Torzma coObITHE
A=AAA-...- A.. BMecTo pacCMOTpEHUs NPOU3BEACHHS 3aBUCUMBIX COOBITUI

3aMETHM, 4YTO IIapbl B YKAa3aHHOM IMOPSJIKE MOKHO HM3BJIEYb TOJBKO OJHHUM
CrIocoO0M, a BCEro paBHOBO3MOXKHBIX CIIOCOOOB U3BIEe4eHHUs cymiecTByeT (6!).

1 1
[Toatomy P(A4) = o = 20" [Ipu yBenuuenuu uncna mapoB P(A4) — 0.
CoObITHE B MpoM30MAET, €Cau MOSABUTCS XOTSA ObI OJTHO U3 COOBITHM A
wia A, wma ... wmm Ae. Ilostomy B=A4 +A,+ A4, + A, + A, + A;, npudem

coObITHS COBMECTHBI. [Ipu mepexojie K MpOTUBOMOIOKHOMY COOBITHIO PUJIETCS
paccMaTpuBaTh IIPOU3BEIEHUE IIECTH 3aBUCUMBIX COOBITMM A, YTO B JAHHOM

ciy4dac caciaarb  CJIOXXHO. HOSTOMy BBIYUCIIMM  BCPOATHOCTb CYMMBI
HCIIOCPCACTBCHHO!

P(B)=Y P(4)= 3, P(4) P(A)+ 3. PA)YP(A)P(A) ...~

1<i<j<6 1<i<j<k<6
11 111 1111
—P(A1A2A3A4A5A6):1—C62-g-g+C63-g-g-z—cg‘-g-g-z-z+
bee L1111 1111, 11 1 1 LA,
65432 65432 2 6 24 120 720 720
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3amMeTuM, 4YTO UCKOMasi BEPOSITHOCTh SIBJISIETCS YaCTHUYHOM CYMMOM psia
Teitnopa ysakmum 1 — ¢ mpu x =—1. [losTomMy ipu GONBIINX 77 UMEEM
P(A+ A +A4,+...+4)~1-e"' =0,63.
1 454
Omeem. P(A)=——; P(A)———0;, P(B)=——~0,63;
720 " 720

P(B)T)l—e_l.

3agaua 2.16. Ha Bemanke Bucur n nuran. Kaxaplii W3 BiageiblieB
HUISIIBL OepeT NUisiny Hayral u yxoauT. KakoBa BeposiTHOCTh TOTO, YTO XOTS OBl
oJMH yiaeT B cBoeit nusne? (Cm. nmpumep 2.16 1 UCXOIHbBIE JAHHEIE.)
Hcxoonvie oannvie k 3a0aue 2.16.

No| m|Ne|n |No|m|[Ne|m |No|m|Ne|m|Ne|m|Nejm|Ne|mn|Ne|m
1144|774 1007|138 |16| 7 |19 8 |22|10|25| 8 |28 4
2 3)/519[8|5]11]9 (14|3 175204 |23|5|26|9]29]| 5
3/5/6|8[9|3]12/10)15|4 (18| 9 [21| 3 |24|7 |27|3 30| 7

Hpumep 2.17. MMeeTcs ABE OAMHAKOBBIX KOJOABI KApPT, COCTOSIIUE
Kaxaas u3 N pa3nuuHblx KapT. KapTel B Kaxaol KoOJIOAE NEPEMENIUBAIOT
(konomay TacytoT). I[locie 3TOro cpaBHUBAIOT PACHOJIOKEHUE KapT B KOJIOJAX.
Ecnu kakas-To kapTa 3aHUMaeT OJHO M TO € MOJIOKEHUE B KOJIOJAX, TO
TOBOPAT, YTO MPOU30ILIO coBmajaeHue. CoBmajeHUs: MOTYT MPOUCXOJIUTHh Ha
mo0oM u3 N MeCT M Ha HECKOJbKHUX MecTax ojHOBpeMeHHo. KakoBa
BEpPOSITHOCTh pOBHO m coBnajaeHui? (Takas 3ajaya MMEET MHOTO BapHaHTOB
ycinoBuil. Hampumep, M0OKHO TOBOPUTH O HUISATNAX, IEPEMYTAHHBIX B Tap/iepode u
pacrpe/ieICHHbIX CIIy4allHO MEXJy IMOCETUTENIMH, WM O MUCbMaX, Hayraj
pa3zocnanHbIX N ajgpecatam U T.1I.)

Pewenue. BO3MOXHOCTh BBIYHCICHUS 3TUX BEPOSITHOCTEW OTKPBIBAET
clIelyIonasl TEopema.

Teopema. Ilycts umeem rpynmy codsituil A4,,4,,4,,...,4,. Jdns moboro
LEJIor0 m, YAOBIETBOpAMONIETo YyciaoButo 1<m< N, BeposiTHOCT, P[m]
OJHOBPEMEHHOTO NOsABIEHUA m u3 N coObituil A, A4,,4;,..., A, . onpenensercs
bopmyoi

Pm]=§, -C".S ,+C".S

m+1~"m+1 m+2° m+2

L 2CYSy, (2.3.1)

rae

S,=D.P(4), S,=) P(4,4,), S;= Y P(4,4,4), ....
i i#] i#j#k

K dopmyne (2.3.1) npuBonsar cienyromue coodpaxkenus. Ilyctb £ —
AJIEMEHTAPHBIA UCXO0 OmbITa. [Ipearnonoxum, 4To 3TOT UCXO BKIIFOUEH B 1 U3 N
coObiTuil A4;. Torma BeposTHOCTh 3TOro ucxona P(E) BxoauT B coctaB P[m]
TOJIBKO NpU 7 =m. 3aMeTruM, 4ro P(E) BXomuT B cymmsl S,S,,...,5 H He
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BXOJUT B CYMMBI S

59,05y ODTO O3HAUAET, uTO P(E) HE BXOAUT B IIPABYIO
yacTh (2.3.1) pu n<m. llpu n=m BepostHOCTh P(E) BXOIUT B CymMMy S, a

npu n>m wiensl P(E) B cymmax S, ,S ., B3aMMHO YHHYTOXAIOTCSI. B

m+l2*

caMoM Jiefie, U3 1 COOBITHM, coAepKaux £, MOXXHO 00pa3oBaTh Cf TPYIIII 110 &,

nostomy P(E) BxomuT B S; ¢ Kod3pduireHTOM C,'f. Torna npu n>m

BEpOSITHOCTH P(E) BXOUT B MPaByIo 4acTh paBeHCTBA (2.3.1) ¢ koadpunmenTom
cr-Ccr.Cm+CrL,Crt - (2.3.2)

m+1""n m+2""n

Ho C! C" =C"C' (B 9TOM JIeTKO YOCIWTbCS, 3alHCaB JICBYIO U

m+v n n—m

MpaByl0 4YacTh paBeHCTBAa 4depe3 (axropuansi). [loaTomy Beipaxenue (2.3.2)
npeoOpasyercs K BUIY

m 0 1 n—m
C™C’ —C' 4. £C"
B mocnegHem BbIpakeHHMH B CKOOKE HMEEM paslioKeHHe OWHOMa

(1-1)"" =0, tak uro ko3 durment (2.3.2) paBeH HYIIO.

[Iponomkum penieHue mpuMepa. Y CTaHOBJIEHO, YTO BEPOSITHOCTh POBHO
m COBIMAJIeHUI B cOOTBETCTBUU ¢ popmyroii (2.3.1) paBHa

P(O):1—1+i—l+...$ ! + 1 $L,
21 3! (N=2)! (N-D! N!
P(l):1—1+i—i+...$ : * ! ;
21 3! (N=2)! (N-D)!
P(2):i 1—1+i—l+...i 1 F ! ;
2! 21 3! (N=3)! (N-=-2)!
P(3):l 1—1+i—l+...i ! ;
3! 21 3! (N -3)!

1
(N-=D!
31ech paBEHCTBO HYJIO O03HAYaeT HEBO3MOXKHOCTh MOIyuuTh N —1

coBIazeHue 06e3 Toro, 4ToOnI He ObLI0 N COBNAICHHUIA:

PMO:%?

P(N-1)= 1-1} =0,
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3agaua 2.17. B xax0i U3 AByX ypH HaXOJATCS WIApbl C HOMEpaMu OT |
no N. U3 kaxoil ypHbl OECIOBTOPHBIM CIIOCOOOM BBIHUMAIOT MO OAHOMY IIIapy
Y CPaBHUBAIOT UX HOMEDA.

B HedeTHBIX BapuaHTax: KakoOBa BEPOSATHOCTb TOTO, YTO COBIAJCHUI
HOMEpOB OyneT He Oonee k?

B 4yeTHbIX BapuaHTax: KakoBa BEPOSTHOCTb TOTO, YTO COBIAJCHUI
HOMEPOB OyJieT HE MeHee k?

(Cm. mpumep 2.17 u ucxoaHbIEC TaHHBIE. )

Hcxoonwvie oannvie k 3a0aue 2.17.

N | N| k| N | N|k|Ne|N|k|N|N|k | N|N|k|N|N| Kk
15|26 |7 |6 |11 82|16 8 |5|21]9|4]26|10]| 8
205307173125 ]|217,9]2122|]9|8]27]|10]| 4
3/6|3 8|7 |5(13/6 |2 18,9 |6 23|10 2 |28|10]| 9
4 |64 ,9 |5 3148|3199 |3 24107 (29|12 2
51712110 8|6 158 | 71209 |7 ]|25|10| 3 (301210

2.4. POpMyAd NOAHOM BEPOSATHOCTHU

[Iycte coOblTHE A MOXKET NPOU30WTU C OJAHMM M TOJBKO C OJHUM H3
HECOBMECTUMBIX COOBITUN B, B,,...,B , o0pasyomux noaHyw rpynmny. MasiMu

CJIOBaMU, COOBITHE A TOSIBUTCS, €CIU MPOU3OUJET COOBITHE B W MpU 3TOM
MOSIBUTCSI COOBITHE A, WU MPOU3OUIET COOBITHE B, U MpHU ITOM MOSBUTCS
coobiTue 4 U T.7. CUMBOIMYECKas 3aMUCh 3TON (Dpa3bl UMEET BUJT

A=BA+B,A+...+B A.
B cuity HecoOBMECTUMOCTH COOBITUI MOYHO 3aMKcaTh

P(A)=P(B,A)+ P(B,A)+...+ P(B A).
Hcnons3yst TeopeMy YMHOXKEHUS BEPOSITHOCTEH, MOTydaeM popMyTy
P(A)=P(B))P(A/ B))+ P(B,)P(A/ B,)+...+ P(B))P(A/B,),

KOoTopass ® HasbIBaeTcs gopmynou noanou eeposmuocmu. QOOBIYHO €€
3aMUCHIBAIOT KPATKO:

P(A) = Zn:P(B,.)P(A / B). 2.4.1)

i=1

Ipumep 2.18. Mmeetcs ABe KOpOOKU JeTaneid, B KaKI0H U3 KOTOPBIX IO
10 neraneii. B mepBoif kKopoOKke cpeau AeTajeld ABe HU3KOI0 COpTa, a BO BTOPOt
YEeThIpEe HU3KOCOPTHBIX JAeTaiu. M3 mepBoit KOPOOKHU MJisi HYXJ MPOU3BOJCTBA
B3SJIM HayrajJ TOJIOBUHY JleTalied, a OCTaBIIMECS BBICHIIAINA BO BTOPYIO
KOpoOKy. Uepe3 HEKOTOpoe BpeMsi U3 BTOPOM KOPOOKHU B3sUIM Hayraj JeTaib.
KakoBa BeposSTHOCTb TOTO, YTO 3TO J€Tajdb HU3KOTO copTa?

Pewienue. O603naunM uepe3 A coObITHE, COCTOSIIEE B BHIOOPE U3 BTOPOM
KOpPOOKHU JeTaliu HU3KOro copTa. Bo3MOKHOCTH 3TOr0 BHIOOpA 3aBUCUT OT TOTO,
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KaKkhe€ MMEHHO JeTanu ObuiM A00aBJIeHbl BO BTOPYIO KOpoOkKy. Ha sToT cuer
MOXHO BBIJIBUHYTH CJICAYIOIIHNE MPEANOJIOKEHUS: B — BO BTOPYIO KOPOOKY
n00aBUIIM NSATh TOAHBIX JeTale; By — n00aBuIM OJIHY J€Talb HU3KOTO COpTa U
YeThIpe J0OPOKauYeCTBEHHbIC; B3 — 100aBUIU ABE JIeTalld HU3KOTO COpTa U TPU
noOpokayectBeHHble. [IaTh netanell BO BTOPYIO KOPOOKY MOXKHO TEPENIOKUThH
n=_C;, :51'% 252 cnocobamu. M3 Hux coObiTui0 B OJIaronpusTCTBYET
C; =56, cobpitmio B, — C,C, =2-70=140, a cobbituio B; — C,C; =56
crtoco60B. CoObITHE 4 MPOUBOMALT, €CIU MOSIBUTCS COOBITHE B U TOCe dTOr0
MPOU30MAET COOBITUE A WM TOSIBUTCS COOBITUE B) U MOCIE 3TOTO MPOU30MAET
coObITHE A WM MOSBUTCSA B3 u mocie 3toro mpousoaer A. CHUMBOIMYECKU:
A=B/A+ B,A+ B;A. YuuTbIBas HECOBMECTHOCTb COOBITHI B;, UMEEM
P(A)=P(BA)+ P(B,A)+ P(B,A) =
= P(B))P(A/ B))+ P(B,)P(A/ B,)+ P(B,)P(A/ B,) =
=(4/15)(56/252)+(5/15)(140/252)+(6/15)(56/252)=1/3.

Omeem. 1/ 3.

3apaua 2.18.1. 13 ypHbI ¢ n; OeNbIMH U 1, YEPHBIMU IIapaMU k 11apoB,
B3SThbIE Hayraj, ObUIM TEPEHECEHbl B ypHY C m; OEIbIMU U m, YEPHBIMU
mapamu. KakoBa mociie 3TOro BEpOSITHOCTh BBIHYTH O€MbIl Iap W3 BTOPOIi
ypHBI? (CM. ipumep 2.18. I HEYETHBIX BapUAHTOB k =2, I YETHBIX k =3 ;
BEJIMYMHBI 11, Ny, M1, My B3ITh U3 UCXOIHBIX JAHHBIX K 3aja4de 2.14.)

3apaua 2.18.2. B ycnoBusx 3anauu 2.26 U3 NepBoil ypHbI BEIOMPAIOT JiBa
mapa, a U3 BTOpOM OJMH. 3aTe€M M3 BBIOpAHHBIX IIApOB Hayraj OepyT miap.
KaxkoBa BeposTHOCTH TOrO, uTO 1Iap Oyaet OenbimM? (Cm. npumep 2.18).

2.5. PopmyAbl baneca

ITycte coObITHE A MOKET HACTYIMTBH TOJBKO IPH MOSBICHUU OJHOTO U3
HECOBMECTHBIX COOBITMH B, B,,...,B,. B 9THX yCIIOBHAX BEpOATHOCTH COOBITHSA

A MOXHO BBIUHUCIUTH 1O (popMyne mosiHoN BeposiTHOCTH (2.4.1). CoObiTus B;
MHOT/Ia Ha3bIBAIOT «TUIOTE3aMU», MOCKOJIBKY MOYHO JIMIIIb MPENojaaraTh Kakoe
MMEHHO U3 HUX npousoiaet. [Ipeamnonoxxum, 4To U3BECTHBI BeposiTHOCTH P(B)),
P(B,), ..., P(B,).

[Iponenan ombIT, B pe3ynbTaTe KOTOPOro coowitre A mpousounuio. Toraa

BEPOSITHOCTU COOBITHI B; i=1,2,...,n, Ipu yCIOBUU TOSIBICHUS COOBITUSA A
onpenensaoTcs no popmynam baiieca
P(B.)) P(A/ B.
P(B, | A)=— (:’) (4785, , 1 1,2,...,n. (2.5.1)
> P(B,))P(A/B))
j=1
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@opmynbel  baiieca TMO3BOJSIOT TMEPEOICHUBATH BEPOSTHOCTH THUIIOTE3
(coObrTuit B;) ¢ yderom wuHGOpPMAIUMU, KOTOPYHD COAEPKUT B cebe (¢akT
TIOSIBJIICHUS COOBITHS A.

Hpumep 2.19.1. 11o xaHamy CBsI3U MEPEAACTCS OJHA U3 MOCIIEI0BATEIBHOCTEN
O0ykB AAAA, BBBB, CCCC c¢ BeposarHoctamu cootBercTBeHHo 0,5; 0,4; 0,1.
Kaxnas nepenaBaemas OykBa NpUHUMAETCS MPABUIILHO C BEPOATHOCTHIO 0,8 1 C
BepositHocTsimu 0,1 u 0,1 3a mobOyro u3 nByx apyrux Oyks. [Ipenmomaraercs,
YTO HMCKaXKaroTcsi OyKBBI NpH Tepefadye He3aBUCHUMO JApyr oT npyra. Haittu
BEPOATHOCTH TOTO, UTO nepenano A4AA, ecnu npunsato ABCA.

Pewenue. Jlns xpatkoctu 3anucu ¢popmyiibl o6o3Haunm AAAA depes T,
BBBB uepe3 T, CCCC uepes T;. Torna no ¢popmynam baiieca (2.5.1)

P(T, | ABCA) = P(T\))P(ABCA/T)) _
P(T))P(ABCA/T))+ P(T,) P(ABCA/T,) + P(T,) P(ABCA/ T))
B 0,5-0,8-0,1-0,1-0,8 8
- 0,5-0,8-0,1-0,1-0,8 + 0,4-0,1-0,8-0,1-0,1+0,1-0,1-0,1-0,8-0,1 9
Omeem. 8/9.

Hpumep 2.19.2. Tpu crpenika NpoU3BOIAT IO OAHOMY BBICTPEINY B OJIHY U
Ty K€ MUIIeHb. BeposATHOCTH monajaHus B MUIIEHb MPU OJHOM BBICTpEIIE IJIs
ATHUX CTPEJIKOB COOTBETCTBEHHO paBHkbI 0,8; 0,7; 0,6. KakoBa BEpOSTHOCTH TOTO,
YTO TPETUN CTPEIOK MPOMAXHYJICS, €CIU B MUILIEHH OKA3aJIOCh JIBE MPOOOUHBI?

Pewenue. O003HauuM uepe3 A COOBITUE, COCTOSIIEE B MOSABICHUH JBYX
npoOOMH B MMUIIEHU. B OTHOIIEHMH [BYX MPOOOMH MOTyT OBITH TpHU
MPETION0XKEHUS: B — TONany nepBblii U BTOPOM CTPEIIKU, a TPETUM HE monali,
BEpOATHOCTH uero pasHa P(B,)=0,8-0,7-0,4=0,224; B, — nonanu nepBbIil U
TPETUH, a BTOPOM HE nonan, BEpPOSTHOCTh Yero paBHa
P(B,)=0,8-0,3-0,6=0,144; B; — mnonaiu BTOPOH WM TPETUH, a NEPBBI HE
0MaJl, BEPOSTHOCTB Uero pasHa P(B;)=0,2-0,7-0,6 =0,084.

3ametuM, uto P(4/B)=1, i=1,2,3. Torma nmo ¢opmyiram baiieca
(2.5.1)
P8,/ 4)= P(B)P(4/B) _

P(B))P(A/B))+ P(B,)P(A/ B,)+ P(B,)P(A/ B,)
B 0,224 _56 1
0,224 +0,144 +0,084 113 T2

Omeem. — ~ l
113 2

3agava 2.19.1. Tpu cTpenka npou3BOIAT IO OJHOMY BBICTPENY B OJIHY H
Ty K€ MUIIEHb. BEpoATHOCTH monajaHus B MULIEHb IIPU OJHOM BBICTpEIIE IJIS
ATUX CTPEJIKOB COOTBETCTBEHHO PAaBHHBI pi, p2 U p3. KakoBa BEpPOATHOCTH TOTO,
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YTO -1 CTPEIOK MPOMAXHYJICS, €CJIM B MUIIIEHU 0Ka3ai10Ch ABe Mpooounsi? (Cum.
npumepsl 2.19.1, 2.19.2 u ucxonHble JaHHBIE.)
Hcxoonvle oannvie k 3a0aue 2.19.1.

No P1 P2 P3 i No P1 P2 P3 ] No P1 %) P3 I
1 10,7/06/04| 3 |11 ]08]0,6(03] 2 |211]05]03|0,7] 1
2 10,7/06/03] 2 }12/08]0603| 1 122/0,5]04]08]| 3
3 104/0,7/09] 1 }13,04/05/08| 3 123/0,5/04]0,8| 2
4 108/03/04| 3 |14]04/05/08| 2 ]24]05/04/08]| 1
5 108/03/04| 2 (15/04/05/06| 1 2504|0608 3
6 0803041 )16 050307, 3 126/04]0,7[03)| 2
7 10405073 |17/0,5]03]0,7| 2 12703]05]06| 3
8§ 04/05/07, 2 180,5]0,7/03| 1 1 2803[04[0,8| 2
9 104/05/07| 1 {19 105/04|0,7| 3 12910,7/04|0,6]| 2
10 1 08]06(03] 3 ]201]05]03/0,7] 2 ]30[06[05/03] 3

3amaua 2.19.2. U3 ypHbl, comepkaiiel n OelablX M m YEPHBIX IIapOB
Hayraja 0e3 BO3BpalleHUs BBIOUpAIOT Tpu miapa. TpeTuil map okazancs OebiM.
KakoBa BepoSTHOCTH TOro, YTO TMEPBBIE JIBa IIapa ObUIM TOXe Oenoro npera?
KakoBa BeposATHOCTH TOTO, UTO MEpBBIE JBa Iapa Obuin pazHoro npera? (Cwm.
npumepsl 2.19.1, 2.19.2 u ucxoHble JaHHBIE.)

Hcxoonvle oannvie k 3a0aue 2.19.2.

N | nm|m|N|m|m|N|n|m|N|n|m|N|n|m|N|n|m
15216 |6 |3 117 |3)16|8 |3 ]21]9 |3 ]26| 6 |7
2|53 V7|6 |4 (12| 7|4 |17|8|41)22|,9 |4 27|68
3 /514,86 |5(13]7|5]18, 8|5 |23|5|61]28|6 |9
4 | 515196 |6 |14 7|6 |19|8 | 6|24 5|7 129| 7|7
51621107 |2 158 |2 120]9 |2 )25|5 |8 (30| 7|7

Hpumep 2.20. B naptun u3 10 m3genuii ¢ paBHbIMU IIAHCAMH MOKET
OKa3zaThCsl OT HyJsl 10 TpeX OpakoBaHHbIX. Hayram B3siid U IpoOBEpWId TpH
m3aenusa. OHu oKa3aInch ToAHbIMU. KakoBa BEPOSITHOCTH TOTO, YTO OCTAJIbHBIE
W3AENus B TApTUH TOXKE TOJHBIE?

Pewienue. Hacuer copepkaHusi B MapTUU OpaKOBaHHBIX M3JCIUN IO
YCJIOBUSIM 3aJladyd MOXXET OBITh YeThIpe Mpeanoyioxenus By, By, By, B3, rae B;
03HAYyaeT, u4To B MapTuu i OpakoBaHHBIX u3aenuil. [lo yciaoBusM 3aauu Bce 3TH
MIPEATMOIOKEHNST PABHOBO3MOXKHEI W TI0O3TOMY HWMEIOT BeposTHoctn P=1/4

kaxnaoe. Ob6o3HauuM uepe3 A (akT MpOBEPKU TPEX TOAHBIX u3aenuil. Tpedyercs
Haiitu P(B,/ A).
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9 87 7

3ametum, uto P(A/B))=1, P(A/B)=—-—-— =— $9.,7, P(A/B,)=
(4/By) (4/B) 1098 10 (4/B,)
8 76 7 7 6 5 7
=—-—.—=—, P(A/ B,) =—-—-—=—. Ilooromy no opmynam baiieca (2.5.1
098 15 P B)I=10987 MY TIO opy @31
P(B,/ A)=
B P(B,)P(A/ B,) B
P(B,)P(A/ B,)+ P(B))-P(A/ B)+ P(B,)P(A/ B,)+ P(B,)P(A/ B,)
1
4 24
= = —z0,41.
4 4 10 4 15 4 24

Omeem. 24/59.

3agaya 2.20.1. B maptum w3 »n u3AENUMd C paBHBIMH IIAHCAMU
COJICPKUTCSI OT HYJISL 10 m U3JEIUN CO CKpbIThIMU Jedextamu (Opak). BasiTeie
Hayraja k uzgenuil okazaiauch roaHbiMu. KakoBa BepOSITHOCTH TOTO, YTO CPEau
OCTaBIUIUXCSI HEMPOBEPEHHBIX W3ACIHUN COACPKUTCS S U3JAEITUN CO CKPBITHIMU
nedexramu? (Cm. mpumep 2.20 U UCXO/IHBIC JJAHHBIE. )

Hcxoonvle oannvie k 3a0aue 2.20.1.

N | n | m k s | Ne | n | m k s | Ne | n | m k S
1 8 2 3 1 |11 |10 | 2 3 0 | 21|12 3 3 0
2 |10 3 4 1 |12 |12 | 2 3 2 122 8 4 2 1
3 |12 3 2 2 |13 | 8 3 2 1 2310 3 4 3
4 8 2 3 0O |14 |10 | 2 3 2 (24 12| 3 3 1
5 10| 3 2 1 (15|12 | 3 2 1 |25 |16 | 3 3 0
6 |12 | 2 3 0O |16 | 8 3 2 2 12610 3 2 0
7 8 2 3 2 |17 |10 | 3 4 0 |27 |12 3 3 2
8 |10 | 2 2 1 (18| 12| 3 2 0 | 28|16 | 2 3 1
9 |12 | 2 3 1 |19 | 8 2 4 0 129 |10 | 3 2 2
10 | 8 3 2 0 20| 10| 3 4 2 13012 3 3 3

3apaua 2.20.2. B ycnoBusix 3agauun 2.23 BbIOpaHHBIE U3 JBYX YPH IIAPHI
OKa3zaJnch OAHOro IBeTa. KakoBa BEpOSTHOCTh TOTO, YTO 3TO UMEHHO Oelbie
mapsi? (Cm. mpumeps 2.14, 2.20 u ucxoausie naHHbie Kk 3aaayde 2.20.1.)

Ipumep 2.21. BeposTtHOCTh TOTO, COOBITHE B MPOU30HIET B TEUCHHUE
yaca, paBHa 0,9. Okazanoch, 4To B TeueHHe TepBbIX 40 MHH. cOObITHE B He
npousonuio. KakoBa BEpOSTHOCTH TOTO, YTO OTO COOBITHE TOSBUTCS B
octapmueca 20 MUH. BpeMEHU?
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Pewienue. B oTHOmEHUN cOOBITHS B MOTYT OBITH JIBa MPEANOIOKCHUS:
1160 oHO nosaButca (B), mmubo oHo He nossutca (B ). O603HaunM yepe3 A TOT
(dakT, 4To coObITHE B HEe mosiBUIOCH B TeueHue nepsbix 40 muH. Hac untepecyet
BepositHOCTh P(B/ A). Ilo dopmynam baiieca (2.5.1) nonyuum

P(B)P(A/ B)

P(B)P(A/B)+ P(B)P(A/B)’

B 3agade mo ymonyaHuUIO Mpearnoyiaraercsi, 4ro coObITUe B, €clii OHO
MPOUCXOJUT, TO PABHOBO3MOXXHO €r0 MOSIBJICHUE B JIIOOOM MOMEHT J1aHHOTO

yaca. [loaToMy 1O  TreoOMeTpHYECKOMY  ONPEACICHHI0O  BEPOSTHOCTH
P(A/B)=20/60=1/3, a P(4A/ B)=1.B urore moysry4aem, 4To

P(B/ A)= 09173 5,4
0,9-1/3+0,1-1

P(B/ A)=

Omeem. 3/4.

3agaua 2.21. B Teuenue BpemeHH I coObITHE B MOXET MPOU3ONTH C
BEpOSTHOCTBIO p. OKa3aloch, 4TO B T€UeHHUE MepBhIX f MUH. (0 <f<T) coObITHE
He mpomsonuio. KakoBa BepOATHOCTh TOTO, YTO COOBITHE HE MPOU3OHIET B
octaBuieecs Bpems? (Cm. npumep 2.21 ¥ UICXOJHBIE TaHHBIE. )

Hcxoounvie oannvie k 3a0aue 2.21.

No| ¢t | p|Ne| ¢t | p|No| &t | p|Ne| ¢t | p|Ne| 2 | p|Nej| ® | DPp

1010,9] 6 | 10]0,8] 11 100,716 |10 |3/4)21 |10 |2/3]26 |25 |3/4

30/0,8] 7 130]0,9]1230|3/4,17/300,7,22|25/0,5/27|30/0,5

2513/4] 8 |25(2,3,13|25/0,8]18 |50 3/4]23|30(2/3|28|45 0,7

45109] 9 145/0,8]14/20/0,7}19 200,824 10]0,6/29|50]0,8

DB [N | =

20 12/3110/20(0,9]15|50]0,9]20 |45 3/4]25]45(2/3]30[250,7

Ipumep 2.22. B Komenbke J€XaT YEThIPE MOHETBHL. TpU MOHETHI
OOBIYHBIX, a Y YETBEPTON HAa TOW W Jpyroi cropoHe mzoOpaxeH repdb. Hayran
B3SJIM MOHETY W moaOpocunu Tpu pasa. Bce Tpu paza Beiman rep6. Kakora
BEPOSITHOCTh TOTO, YTO U MPU YETBEPTOM MOA0PACHIBAHUH BHINAAET repo?

Pewienue. O603HauuM uepe3 B; — BBIOOpP MOHETHI C OJHHUM TepOOM,
yepe3 B, — BBIOOp MOHETHI € JIByMs repOaMu. ATIPHOPHBIE BEPOATHOCTU ITUX
coOblTuil paBuel: P(B)=3/4 u P(B,)=1/4.

O603HaunM yepe3 A — BBIMAJIEHUE TpeX repOOB MOAPSI. ANOCTEPUOPHBIE
BEpOSATHOCTH 110 opmysiam balieca paBHBI:

3
3/4 (13/2) :i, P(B, | A)= 1/431 :ﬁ,
3/4-1/2)y +1/4-1 11 3/4-1/2y +1/4-1 11
Torna no ¢popmyie noiaHou BepositHOCTH (2.4.1):
P(Brimanenus rep6a B uetBepthiii pa3) =3/11-1/2 +8/11-1 194 22.

P(B,/ A)=
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Omeem. 19/22.

3agaua 2.22. B xaxa0i U3 TpeX OJUHAKOBBIX BHEUIHE YPH HAXOOAUTCS 1
mapoB. B mepBoil ypHe k| Oenbix, a ocTalbHbIE YEpHBIE, BO BTOpOU ypHE k)
OeNbIX, a OCTaJbHBbIE UEpHBbIE, B TPETheH ypHE Bce mIaphl uyepHble. U3 B3sTOM
HayrajJ ypHbl M3BJICKIM OJUH 3a JpyruMm m 1apoB. Bce oHuM okazanuch
yepHbiMU. KakoBa BEpOATHOCTb TOTrO, YTO CIEAYIOIIMN Iap Toxe Oyaer
yepHbIM? (CM. ipuMep 2.22 U UCXO/IHbIC JJAHHBIE. )

Hcxoounvie oannvie k 3a0aue 2.22.

Ne n m kl kz Ne n m kl kz Ne n m kl kz
1 6 2 1 2 |11 | 6 2 3 4 121 6 3 2 2
2 8 2 2 2 |12 | 8 2 3 2 22| 8 2 3 3
3 |10 ] 2 5 5 |13 | 8 2 5 5 123 | 8 3 4 3
4 6 2 2 2 |14 | 6 2 4 3 124|110 3 5 5
5 8 2 3 4 |15 | 8 2 4 4 125 6 3 2 1
6 6 2 3 2 |16 | 8 3 4 5 126 8 3 4 5
7 8 3 3 2 |17 ] 6 3 1 2 |27 | 8 2 2 1
8 6 2 2 3 |18 | 8 2 2 3 128 8 3 3 5
9 8 2 4 3 119 8 3 3 4 129 | 8 3 4 4
10 | 10 | 2 4 4 120 | 8 3 S 4 13010 ] 2 4 6
2.6. NoBTOpPHbIE HE3ABUCHMbBIE UCTIbITAHUSA

2.6.1. PopMmyAa bepHyAAn

OnbITHl HAa3BIBAIOTCS HE3A8UCUMBIMU, E€CITH BEPOSITHOCTh KAXKJIOTO UCX0]1a
T000r0 OMbITa HE U3MEHSETCS OT TOT0, KAKHE UCXO/bl UMEIU APYTUE OMBITHI.

[lycTh MpoOU3BOAUTCS # HE3ABUCHUMBIX OMBITOB U U3BeCTHA P(A)=p —
BEPOSITHOCTh TMOSIBIIEHUSI COObITUS A B Kaxka0oM u3 onbiToB (P(4A)=1-p=q).

Torma BEpOSTHOCTH TOTO, YTO B # HE3aBUCHUMBIX OIBITaX COOBITHE A TOSBUTCS
POBHO k pa3, paBHa 110 hopmyne bepuynnu

P(k)y=C,p'q"". (2.6.1)
Yucno k =k,, npu xoropom BepossTHOCTb P (k) mpUHHMaeT HauOobIIee

3HAYEHUE, HA3BIBACTCSA HAUBEPOAMHEUUUM YUCTOM NOSABNEHUS COObIMUSL.
Ecmu (n+1)p — uucno npobHoe, TO ky paBHO IEJIOM YacTU 4YHCIA

(n+1)p. Ecnu xe (n+1)p — uucno uenoe, T0 ky IpUHUMAET JIBa 3HAYCHUSL:
ky=(n+D)p—-1mn k,=(n+1)p.

Hpumep 2.23.1. IIpennonoxum, uro 30% CTyIEHTOB HAIIEr0 WHCTUTYTA
3aHUMAalOTCsl cnopToM. KakoBa BEpOATHOCTb TOrO, YTO CPEIU MEPBBIX MSITH
BCTPEUYHBIX CTYJACHTOB OKaXKETCS TOJIBKO OJIUH criopTcMeH? KakoBa BeposiTHOCTh
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TOro, 4YTO CpeAu HUX €CTh XOTA Obl oauH cnoptcmeH? KakoBo Hambonee
BEPOSITHOE YMCIIO CHOPTCMEHOB CPEIH HUX?

Pewenue. Tak Kak CTyJJ€HTOB B HUHCTUTYTE MHOTO (HECKOJIBKO ThICSY), TO
[0 Mepe OIpoca HECKOJbKUX U3 HUX NPONOPLHHM B OCTABIICHCS 4YacTH
IIPaKTUYECKH He Hu3MeHsTcs. [loaToMy MOXHO cyuTaTh ONPOC KaxKIOro
CTYJEHTa HE3aBUCUMBIM ONBITOM. Bcero ombITOB mnpousBoauTcs n =35, a

BEpPOSITHOCTh MoJioxkuTesnbHOro oteera p =0,3. Ilo dopmyne bepuymnu (2.6.1)

umeem P, (1)=C,-0,3-(0,7)* =0,36015. BeposTHOCTH XOTS OBl  OJHOIO
NPABIWJILHOTO OTBETA MPOIIE BBIYHCIATH, €CIIM MEPEHTH K MPOTHBOIOJIIOKHOMY
cobbrtuio: P(k>1) 1-P(0x 1-(0,7)° 4-0,16807 =0,83193. Fak kak
(n+1)p £€5+1)0,3=1,8 (uenas yactp uncia paBHa 1), To HanboIee BEPOSITHOE
YHCJIO CIIOPTCMEHOB CPEAM ISATH ONPOIIEHHbIX k, =1.

Omeem. 0,36015; 0,83193; 1.

Hpumep 2.23.2. Ha xaxawlii BOIPOC NpeIara€Tcs TPU BO3MOXKHBIX
OTBETa, M3 KOTOPBIX CJIEAyeT BbIOpaTh OJWH MPABWIbHBIN. 3adaHO TMATH
BOIPOCcOB. KakoBa BEpOATHOCTH TOTO, YTO MTyTEM MPOCTOrO YraJbIBAHUS YAACTCS
MPaBUWIBHO OTBETUTh HA 4YeTblpe Bompoca? KakoBa BEpOSTHOCTH yraaaTh
MPaBUIIbHBIA OTBET XOTs ObI HA OJMH BOIIPOC?

Pewienue. BpiOOp oTBeTa Ha BONPOC MOXKHO paccMaTpuBaTh Kak
HE3aBUCUMBIN OMBIT. BCEro Taknx OnmpITOB MPOU3BOAUTCA 7 =35, a BEPOSITHOCTH
ycrexa B KaXJIoM ombITe paBHa p =1/3. Torma BeposTHOCTH IyTeM MPOCTOTO

yraiplBaHus MPaBUIBHO OTBETUTh Ha 4YeTbIpe Bompoca paBHa F,(4)=
=C{(1/3)%2/3)" 10/243~1/24.
BeposTHOCTb yranath X0oTsi Obl OJJUH MPAaBUWIbHBIA OTBET paBHA
P(k>1) 1-P(0) 1-(2/3)° 1-32/243=211/243~7/8.
Omeem. 10/243=1/24; 211/243=7/8.

3agaua 2.23. /13 xomenbka Ha CTOJ BBICHIIAIN /7 MOHET.

a) KakoBa BepOsITHOCTb TOTO, YTO kK U3 HUX yIalu repOoM BBEpX?

0) KakoBa BeposITHOCTB TOT0, YTO HE MEHEe k U3 HUX yHaliu repOoM BBEpX?
B) KakoBo Hanbosee BeposITHOE YMCIIO MOHET, YaBIIUX repOOM BBEpX?
(Cm. mpumeps! 2.23.1, 2.23.2 1 UCXOAHBIC TaHHbIE. )

Hcxoounvle oannvie k 3a0aue 2.23.

Ne|n |k |N|n|k|Ne|n| k|N|n|k | N|n|k|N|n|k
14|16 |5 |3 |11|6 |4 |16 7 |4 |21 8|3 [26|9 |2
20427 |5 |41(126 |5 17,7 |5122|8 412793
3 /43, 8|6 |1 (13|7|1]18,7 |6 23| 8 |5]28|9 | 4
4 |51 19|6 |2 [14| 7 |2]19, 8|1 24|8|6129|9 5
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S15]12]10/6 3|15 7 ]13]20, 82 )25/9|1]30]9 |6

Ipumep 2.24. BeposTHOCTH MOMNAIaHUs B LEb IIPU BbIcTpene paBHa 0,3.
CKOJIbKO HYXXHO CJieJIaTh BBICTPEJIOB, YTOOBI BEPOSTHOCTH MOPAXKEHUS IIEJH
obn1a OoJpme 0,9?

Pewienue. Kaxnpii BbICTpENI MOXHO paccMaTpUBaTh Kak HE3aBUCUMOE
UCIIBITAHUE, U B KAXKJIOM U3 HUX BEPOSITHOCTh MOSBJICHUSI COOBITUS (IO aHUs
B 11e51b) paBHa p =0,3. Ilens Oyaer mopakxeHusi, €Cliu B 1 BBICTpEnax OyIeT XOTs

OBI OJIHO TOMaJaHue, BEPOSTHOCTh Y€TO paBHA
P(k=21) #-P((0)>09=1-(0,7)">0,9=(0,7)"<0,l=>n=>"7.
Omeem. n>17.

3amaua 2.24.1. Jlng urpoka B 6ackeTO01 BEpOSATHOCTh 3a0pPOCUTH MSY B
KOp3uHY co mTpadHoro 6pocka paBHa p. CKoIbKO OPOCKOB HaJ0 MPEIOCTaBUThH
UTPOKY, UYTOOBI BEPOSITHOCTh MOMaJaHUs B KOP3UHY XOTsI Obl OJUH pa3 ObLIO
oonbmie P=0,9? (Cm. npumep 2.24, p=0,n, n — HOMEp BapuaHTta, AJis
JIEBATOTO BapuaHTa n = 35.)

3agaua 2.24.2. B otrxpene TEXHUYECKOTO KOHTPOJS MPOBEPKY KaXKIOU
OOJNBIION MapTUM W3ACIUA TPOU3BOJAT CIECAYIOIMIMM 00pa3oM: oTOUpaercs
Hayraja n U3JENUN U eCli CPeld HUX OKAXKETCS XOTA Obl 0OJIHO OpakoBaHHOE
u3Jelue, TO MapTUsl HAmpaBisieTcsl Ha MepecopTUpoBKYy. KakoB A0JKeH OBbITh
o0beM ciydaitHOM BbIOOpKHU (7 =?), 4yTOOBI mapTuu, coaepamue Oonee k%
Opaka, ObLIU OTBEPTHYTHI C BEPOSATHOCTHIO OOJbIIEH, YeM P?

B BapuanTax 1-9 BenuumHa k paBHa mocieaHel mudpe HoMepa BapraHTa, a
P=0,9.

Jns BapuanToB 11-19 BenmumHa k paBHa mocienHer mudpe HOMepa
BapmaHnTa, a P =0,95.

B BapuanTtax 21-29 cuuraiite P =0,98, a BenuuuHy k& BO3bMHUTE paBHOU
nocjeaHen mudpe HoMepa BapuaHTa.

B BapuanTax 10, 20, 30 Bo3emute P =0,99, a k paBHBIM niepBOi mudpe
HOMEpa BapuaHTa.

(CMm. mpumep 2.24.)

IIpumep 2.25. Monery mnoadOpachlBalOT A0 TeX MOp, Moka repd He
BBINIJIET TpU pa3a. KakoBa BEpOSTHOCTh TOTO, UYTO JO 3TOro nudpa BbIIAIAECT
SITh pas3?

Pewienue. Bcero JOMKHO COCTOSITECS BOCEMb MOJOpACHIBAHUN MOHETHI.
UToOBI OMBIT 3aKOHYWJICS HMMEHHO Ha BOCHBMOM OpOCKe, HEO0OXOIUMO IIpH
BOCBMOM MOJ0pAChIBAHUU TMOJYYUTH repd, BEPOSITHOCTh Yero paBHa 1/2, u 1o

53




ATOTO MpU CeMU MNoAOpachiBaHUSAX TepO JOJKEH BHINACTh POBHO JBa pasa,
BEpPOSITHOCTH 4ero 1o ¢opmyne bepayinu (2.6.1) paBHa

P(2)=C2(1/2)*(1/2) =21/128.
B cmity HE3aBHCHMOCTH OTBITOB MCKOMasi BEPOSITHOCTH paBHa (21/128)(1/2) =

=21/256=~1/13.
Omeem. 21/256~1/13.

3agaua 2.25. BeposATHOCTh monacTh B 11€JIb IIPU OJHOM BBICTpPEJIC PaBHA
p. Crpenbba mpousBoAUTCS 10 1 nomnaaanuii. KakoBa BepOSTHOCTh TOTO, YTO
npu 3ToM Oynet m npomaxo? (Cm. mpumep 2.25 U UCXO/IHbIE JJAHHBIE.)
Hcxoounvle oannvie k 3a0aue 2.25.

Nln|m|p|Ne|n|m|p|[Ne|n|m|p|N|n| m|p|N|n|m|p
112[3]03]7[5]4]04]13]/4 5104|195 |5 0,2]25|/6 3|04
2 /3(3([04 83 ]5102/14/4 |5 10,2/20]5 |5 1]04]26]7|2]02
3/4(3(102]9(3]6104/15/5]204)/21]6[2103]277]3]03
4 /513051037 103]16]/5 ]2 (0,6/22]6]31]0,2/28]5 |6 04
515/2103]11,4 3103|175 [310,3]23/6|410,6/297 403
6 15/4106/12/4 14102185 4103|246 20,5307 ]|51]04

IMpumep 2.26. M3 Hayvana KOOpJAWHAT HAYMHAET JBIKCHME To4vka. Ha
KaXJIOM II1are OHA C BEPOSTHOCTBIO p =1/2 caBuraeTcs Ha €AWHUWITY BBEPX WU

BEpOATHOCTbIO ¢ =1—p=1/2 cpaBuraerca Ha eauHUIy BrpaBo. Kakosa

BEPOSTHOCTH TOTO, YTO IOCJIE BOCEMH IIaroB YacTHUIA OKakeTcsl B Touke A4 (5;3)?
KakoBa BeposSITHOCTH TOrO, YTO 3a 3TU BOCEMb IIIATOB YACTUIA MOJHUMETCS HE
MEHEe, YEM Ha TISITh €IMHUI BBEPX?

Pewenue. Kaxnaplii mar 4YacTHUIBI MOXHO CYUTaTh HE3aBUCUMBIM
ucnbiTanueM. YacTuiia mocie BOCbMH 1IAroB okaxeTcs B Touke A(5;3), ecnu u3
BOCBMH IIAroB TpU OyAyT cHejaHbl BBEpPX (@ OCTalIbHbIE MSITh — BIIPABO),
BEpPOSTHOCTH Yero 1o ¢hopmyne bepayinu (2.6.1) paBHa

P(3)=C;(1/2)°(1/2)° 7/32%0,22.

YacTuiia moJAHUMETCS HE MEHEE YeM Ha ISATh €AUHUIl BBEpPX, €ClIU He
MEHE€ MSTU IaroB U3 BOChbMU OYIyT c/iesiaHbl BBEpX. BeposITHOCTH 3TOro paBHa
FB(k=5) B(5)+FR(6)+FE(7)+F(8)=93/256~0,36.

Omeem. 93 /256 ~0,36.

3agaya 2.26.1. 3 Havasa KOOpAWHAT HAYMHAET JBWXKEHUE TO4yka. Ha
KaXJOM IIare OHa C BEPOATHOCTBIO p CABUTAETCS HA €AUHHUILY BBEPX WIIHU
BEPOATHOCTBIO ¢ =1— p caBuraercs Ha eauHUIy BrpaBo. KakoBa BEpOSITHOCTH

TOr0, YTO IOCTE # IIaroB 4YacTulia okaxkeTcs B Touke A(k;n—k)? Kakopa

BEPOSITHOCTh TOTO, YTO 3a 3TH 1 I1ar0B YaCTHUIIA MOJJHUMETCS He OoJiee, ueM Ha k
eaunull BBepx? (Cm. npumep 2.26 ¥ UCXOHBIE JaHHBIE.)
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HUcxoounwie oannvie k 3a0aue 2.26.1.

Neln|plk[Ne|n|pl|lk|N|n|p|lk|N|n|p|lk|N|n|plk
1912317 [5(1/4]1[13]9 [1/4/2 (19| 7 |1/2]1]25|7 |1/3]1
2 | 5(1/212]18[9 (232146 |1/2/0]20] 8 [1/2] 3 ]26] 8 |2/3]| 3
318 [1/2/2]19 |6 [1/4]415]6 |1/2)2 217 (2/313127]9 (3/4]1
4 | 8[1/313]10]6 [1/4]0 16| 6 |1/2)4 22| 8 [2/3]1 )28 7 [1/4] 3
519 (132|116 |1/4]2 17| 7 [1/2]5]23] 7 [1/3]5]29| 8 [1/4] 3
6 |5 |1/3] 2|12 8 |1/4 3 |18 7 [1/2]1 3 |24 7 |1/3]3 1307 |1/4]5

3agaya 2.26.2. Yactuiia B HadaJIbHbIK MOMEHT BPEMEHM HaXOIUTCS B
Hayaje KOOpJMHAT. B Kaxayro W3 MOCHEIyIOUUX 7 CEKYHJ OHAa CIIBUTAETCS C
BEPOSITHOCTSIMH, PaBHbIMU 1/2, Ha €UHUIlY BIPABO WU BJIEBO HE3aBUCHUMO OT
JIBIKEHUM B MIpeAIIeCTBYIONME CeKyHIbl. KakoBa BEpOsSATHOCTH TOTO, YTO Uepes
1 CEKyHJ 4YacTHIla OKaXeTcs B TOUKe ¢ KoopauHaToil k? (Cm. mpumep 2.26 u
HCXOHbIE JJAHHBIE. )

Hcxoonvle oannvie k 3a0aue 2.26.2.

No k| Ne|m | kN |n |k |N|n |k |N|n| k|N|n

k
6,16 8 -6]11 3116 9 |-7]21|10|-6]26|12| 4
417 [10] 812 1 /17104 22|10 |-8]27 12| 2

8§ |10 6|13 1|18 10| 2 123121028 |12 |2

9
9
9
21919171149 |-3]19]10/-2124 12| 8 129|124

N B || DN |
o0 |C0 |00 (00|00 S
(\o]

4110 9 | 511519 |-5]20]10|-4)25|12] 6 130|126

Hpumep 2.27. Kaxaplii U3 IBYX CTPEIKOB YETHIPE pa3a CTPEISET B LETb.
BeposiTHOCTH mOMacTe B 1LEdb OPU KaXAOM BBICTPENIE PaBHbI JUISI HUX
cootBeTcTBeHHO 0,6 1 0,8. KakoBa BEpOSITHOCTh TOTO, YTO Y IIEPBOT0 OyneT J1Ba
MpoMaxa, a y BTOporo Toiabko oauH? KakoBa BEpOATHOCTbH TOTO, UTO Y CTPEIIKOB
OyJIeT paBHOE YHCIIO TTOTaJaHui?

Pewenue. Kaxnaplil BBICTpENl MOXHO CYUTATh HE3aBHCUMBIM OIIBITOM.
[TepBbIil CTPENOK ITOJMKEH B YETHIPEX BBICTPEIAX MONACTh ABA Pa3a, BEPOSITHOCTh
yero o ¢opmyne bepaynu (2.6.1) paBHa

P,(2)=C;(0,6)*(0,4)* =0,3456.
BTopoii 1omKeH nonacTe Tpu pasza, BEpOATHOCTh YETO paBHA
P,(3)=C;(0,8)*(0,2)' =0,4096.

BeposTHOCTH IByX MPOMAaxoB y MEPBOTO CTPEJKAa M OJHOTO MpoMaxa y
BTOPOTO CTpenKa paBHa, B CUIy HE3aBUCUMOCTH OTIBITOB,
0,3456-0,4096 =0,1416.

BeposaTHOCTb TOTO, YTO Y KaXKJI0r0 CTpenka OyAeT m monajaHuidl paBHa

C/(0,6)"(0,4)" Cy(0,8)"(0,2)* ™.
[ToaTOMY BEpOATHOCTH PAaBHOTO YKCIIA MTOMAJaHUN PaBHA

4
> € (0,6)" (0,4) " CJ(0,8)" (0,2)*" =0,2102.

m=0
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Omeem. 0,3456; 0,2102.

3amaya 2.27. bUaTIOHUCTY Ha KaXJOM U3 JABYX pyOexkeill HEoOXOIUMO
MOPa3UTh ISITh MUIIIEHEH. BEpOsITHOCTh OPa3uTh MUIICHB MPU BBICTPETIE JiexkKa
(Ha mepBoM pyOexxe) paBHaA pi, a IPU BBICTpeIie CTOs (Ha BTOPOM pyOexe) 3Ta
BEPOSITHOCTh paBHA p,. KakoBa BEpOSITHOCTH TOTO, UTO 00a pyOeka OUaTIOHUCT
npeojaoneer 6e3 nmpomaxoB? KakoBa BeposSTHOCTh TOr0, YTO Ha KaXKJOM pyOexe
OMATIOHUCT MOMYCTUT TIO OJHOMY Mpomaxy. KakoBa BEpOSTHOCTH TOTO, UYTO
OMATIOHWCT AOIMYCTUT TOJIBKO OJWH IpoMax? KakoBa BEpOSITHOCTh TOTO, YTO HA
NepBOM pyOeke OMATIOHUCT AOMYCTUT k; MpoMax, a Ha BTOPOM Kk MPOMAXOB.
(Cm. mpumep 2.27 1 UCXOAHBIC TAHHBIE. )

Hcxoouvie oannvie k 3a0aue 2.27.

Ne | pr 1 pp ki ko I Ne | pi | pp ki | lp | Ne|pi | po | ki | ko
1 10,95/0,85| 0O 2 11 |10,95/0,75| O 2 121 ]0,80/0,65| 2 2
2 10,95/0,80| 1 2 12 10,95/0,70| O 2 122 10,90/0,70| 2 2
3 10,90/0,85| O 2 13 10,90/0,65| 1 2 123 10,90/0,70] 1 2
4 1090/0,80| O 2 14 10,90/0,60| 1 2 |24 [0,80/0,70| 1 2
5 10,90(0,75| 1 2 15 10,85]0,60| 1 2 |25 10,80/0,70| O 3
6 [0,90(0,70| O 2 16 |0,85]/0,80| 1 2 126 (0,90/0,75| 1 3
7 10,85(0,80| 1 2 17 10,90/0,70| 1 2 127 10,90/0,65| 1 3
8 10,85(9,75| O 2 18 10,90(0,75| 2 2 |28 [0,90/0,65| 2 2
9 10,85(0,75| 1 2 19 |0,80/0,75] 1 2 129 (0,90/0,75| 1 2
10 10,80(0,70| 2 2 120 (0,80/0,65| 1 2 130 10,95/0,75| 2 2

HMpumep 2.28. Cpenn 300 wmzpenuit 15 OpakoBaHHBIX. {1 mpoBepKH
Hayraj BeIOpanu nsaTh uzgenuii. KakoBa BepOSTHOCTh TOTO, UTO CPEIU HUX HET
OpaxoBaHHbIX? CpaBHUTh TOYHOE 3HAUYEHHE BEPOSITHOCTU C MPHUOJIMKEHHBIM,
HalJIeHHbIM 110 (hopmyiie bepuyu.

Pewenue. 1lyctb A — wunTepecyroniee Hac coObiTue. BpiOpaTh m0sThH
uszenuii u3 300 moxuo Cy, crnocobamu. CoObITHIO A GIaronpUATCTBYIOT Te
crocoObl BbIOOpa, MPHU KOTOPBIX MATh U3JEAUN BhIOMpaeTcs U3 285 TONHBIX.
Yucno Takux crnoco6os pasHo Cs,. . TouHOe 3HaUEHHE UCKOMOI BEPOATHOCTH (C

TOYHOCTBIO JI0 OJIHOM JeCATUTBICAYHOI) paBHO P(A) = Cs / C5),=0,7724.

Tak kak mapTus HM3OAENUNA BeNIHMKa, TO BBHIOOP OJHOTO 3a JPYTHM
HECKOJIbKHX W3/IETIMI HEe MEHsSEeT 3aMETHO MPOIOpLUUHU B 3Toi maptuu. [loatomy
MOXXHO CUUTaTh, YTO MPOU3BOAHUTCA TMATH HE3ABUCHUMBIX ONBITOB M YTO
BEPOATHOCTH BEIOOpA OPaKOBAaHHOTO M3JIEIHS B KaXJIOM OIBITE IPUMEPHO paBHA
p=15/300=0,05. ITo popmyne bepuymnu (2.6.1) npubnmxkeHHOe 3HAYCHHE
paBHO:

P(A)=P,(0) C/(0,05°¢,95) 0,7738. =

Omeem. Tounoe 3nauenue 0,7724;

npubmmkernHoe no Gpopmyne bepuymnu 0,7738.
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3agaua 2.28. IIpy npueMOYHOM KOHTpPOJIE U3 MAPTHUH, COCTOSIIIEH U3 N
W3JEIIAM, HAyTaJ NPOBEPSAIOT m U3AEIUN. ECau cpeau mpoBEpsIeMbIX OKaXKETCs
X0Ta Obl ogHO OpakoBaHHOE, TO mapTusi Opakyerca. KakoBa BeposiTHOCTh
npueMa MapTUM, €CIM Ha CaMOM Jielie B HeW k OpakOBaHHBIX W3ACIHIL?
CpaBHUTE TOYHOE 3HAYEHUE HTOUN BEPOSITHOCTH C MPUOTUKEHHBIM, HAMICHHBIM
o ¢popmyne bepuymu. (Cm. npumep 2.28 1 UCXOIHBIC JAHHBIE.)

Hcxoonvie oannvie k 3a0aue 2.28.

Nel n |\m|k[Ne| n |m|k|Ne| n m|k|N|n |m|k|N|n|mi|k
1[100[10| 1|7 (200104 13|75 |5|3119|300(25|3 [2550025]|2
2 100{10] 2| 8 {200(20|2 |14| 75 (103 (20(300(50|3 [26(150/10| 3
311001101319 (200(201 15|50 (10| 1 |21({400/40|2 |27|150[15|1
4 100120 1]10({200(301|16[100| 5 |1 ]22(400/20|2 |28|150[30| 1
51001151 11|75 |15 1 |17|100|15|2 |23|500|50|2 |29|150/15]| 2
6 (2001102 12|50 | 5|1 [18(300(30|3 |24|500(25|4 |30200(10]| 1

Ipumep 2.29. /Ia urpoka 4 u B noadOpaceiBatoT MOHeTy. Eciu MoHeTa
BbITIaJlaeT repOoM BBeEpX, TO A moiiydaet ouko. Ecnu BeimagaeT penika, To 04KO
[IOJIy4aeT UIPOK B.

a) KakoBa BeposiTHOCTB TOTO, 4TO nocje 10 OpockoB MOHETHI CUET OyIEeT
paBHBIM?

0) KakoBa BEpOSITHOCTh TOT'0, UTO MOCJIE 3TUX OPOCKOB y UTpoka A Oynet
Ha JIBa ouka OosbIie?

Pewenue. Kaxapiii OpOoCOK MOHETHI MOXHO CYHTaTh HE3aBHCHUMBIM
OMBITOM, M TakuxX omnbITOB mpousBogutcs 10. Cuer Oyner paBHBIM, €CIU B
pe3yibTaTe JecsITd OpOCKOB TrepO BBHINAACT MATHh pa3. BeposTHOCTH 3TOro mo
dbopmyne bepuymnu (2.6.1) paBHa

63 1
P10(5) = C150(0§5)10 e

256 4
Urpok A monyyuT Ha ABa o4yka OOJblIe, €clid B AecsATU Opockax repd

BBIITAJICT MCCTh pa3, BEPOATHOCTh 4CTO paBHA

105 1
P, (6)=C(6:5)° —~-—.
10(0) = Cj5(655) S0
Omeem. 63/256~1/4; 105/512~1/5.

3amaua 2.29. B ypHe coaepxutTcst m; O€NbIX U m; 4YepHbIX mapoB. U3
YPHBI TPOU3BOIUTCS MIOBTOPHBII BBIOOP 7 IIAPOB.

a) KakoBa BeposATHOCTb TOr0, 4TO OyJET BHIOpAaHO PaBHOE YUCIIO OENbIX U
YEPHBIX MIAPOB?

0) KakoBa BepOsSITHOCTB TOT0, UTO O€NbIX OyIeT BEIOpaHO HA k OombIe?

B) KakoBa BeposSTHOCTH TOTO, 4TO OyJe€T BHIOPAHO HE MEHEE ABYX OENbIX
apoB?
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(CMm. mpumep 2.29 1 UCXOAHBIC TAHHBIE. )
Hcxoounvie oannvie k 3a0aue 2.29.

Ne | my | my | n k | Ne | my | my | n k | Ne | my | my | n k
1 1 2 6 2 111 | 1 2 1121 4 |21 | 4 2 110 ] 4
2 1 2 8 2 112 ] 1 2 110 4 | 22| 2 4 6 2
3 1 2 110 2 |13 | 2 3 6 2 123 | 2 4 8 4
4 3 1 8 2 114 | 2 3 8 4 124 | 2 4 |10 | 4
5 3 1 10 2 |15 2 3110 4 |25 | 4 3 6 2
6 2 1 6 2 116 | 3 2 6 2 126 4 3 8 2
7 2 1 8 2 117 | 3 2 8 4 |27 | 4 3 110 4
8 3 1 6 2 | 18 | 3 2 110 4 | 28| 3 4 6 2
9 2 1 10 4 |19 | 4 2 6 2 129 3 4 8 4
10 | 1 2 8 4 120 | 4 2 8 4 130 | 3 4 |10 | 4

IIpumep 2.30. BeposiTHOCTH TOro, 4YTO B MSITH ONbITaX coObITHE A
MOSIBUTCS. XOTS1 OBl OIMH pa3, paBHa (0,92224. KakoBa BEpOSITHOCTh TOTO, B TPEX
OTIBITaX 3TO COOBITHE MOSIBUTCS HE 00Jiee OJTHOTO pa3a?

Pewienue. IlycTh BepOSTHOCTh MOSIBIIEHUSI COOBITHS B OJJHOM OIMBITE paBHA
p- 1lo ycnosuto,

P (k>1x= 1-P£0) 1-Gp°¢’ 1-g= 0,92224.
Otkyma ¢° =0,07776, T.e. ¢=0,6,a p=0,4. [TosTomMy
P(k<l) P&@)+PR(1) =£7(0,4)°(0,6)’+C;-0,4-(0,6)> =0,216+0,432 =0,648.
Omeem. 0,648.
3agaua 2.30. BeposTHOCTH TOTO, YTO B 77 HE3aBUCHMBIX ONBITAX COOBITHE
A mipom3oiineT X0oTs Obl OMH pa3, paBHA p. KakoBa BEpOATHOCTH TOTO, YTO B M
HE3aBUCHUMBIX OIIBITaX ATO COOBITHE MOSBUTCS He MeHee k pa3? (CM. mpumep

2.30 1 UCXO/IHBIC TaHHBIE.)
Hcxoonvie oannvie k 3a0aue 2.30).

No| m p m | k |[Ne| n p m | k | Ne| n p m | k
1|3 /0488 |4 | 1 11| 3 | 0973 | 5 | 2 |21| 3 | 0936 | 5 | 2
24105904 3 | 1 |12] 4 [0,7599| 3 | 1 |22] 4 [0,7599| 3 | 2
313106572 |1 13| 3 0488 | 2 | 1 (23] 3 [0973 | 4 | 1
4| 4 10,7599 3 | 2 |14] 4 [0,7599 | 5 | 2 |24| 4 [0,7599| 5 | 1
51310784 |5 |1 |15 3 | 0,657 |5 | 1 25| 3 | 0488 | 5 | 2
6| 4 /108704 2 | 1 |16 4 08704 3 | 1 |26] 4 |08704| 5 | 1
713 108754 |2 17| 3 0,784 | 5 | 2 |27] 3 |0,657 | 4 | 1
8| 4 /09375 5 | 1 |18| 4 |09375| 3 | 2 |28| 4 |09375| 5 | 2
91 310936 |2 |1 19| 3 |0875 | 2 | 1 )29 3 0,784 | 2 | 1

10 4 [0,5904| 5 | 1 |20] 4 [0,5904| 3 | 1 |30 4 (09744 | 5 | 1
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IIpumep 2.31. BeposATHOCTH TOrO, 4TO B YETHIPEX HE3aBUCUMBIX OIBITaX
cobwrITHE A TpoM30MIeT JABa pasa, paHa 3/8. KakoBa BEepOSTHOCTh TOTO, YTO B
IIIECTH HE3aBUCUMBIX OITBITaX COOBITHE TOXKE MPOU30MIET IBa pa3a?

Pewienue. Tlycte BepoaTHOCTb coObITUS A paBHa P(A) = p. Ilo ¢popmyne

bepuymu (2.6.1)
P(2)=C: p*(1- p)* =6p*(1- p)* =3/8,
otkyna p°(1— p)* =1/16 wm p(1—p)=1/4.
B utore umeeM paBeHCTBO 4p° —4p+1=0, U3 KOTOPOro cieayer, 4To
p=1/2. Torna P,(2)=C? 0,5 (1-0,5) =15/ 64.
Omeem. 15/64.

3agaua 2.31. BeposATHOCTH TOrO, YTO B YETHIPEX HE3ABUCUMBIX ONBITAX
coOBITHE A TIPOM3OMACT ABa pa3a, paBHa:

8/27 B BapuanTax 1, 6, 11, 16, 21, 26;

27/128 B BapuanTax 2, 7, 12, 17, 22, 27,

96/625 B Bapuanrax 3, 8, 13, 18, 23, 28;

25/216 B BapuanTax 4, 9, 14, 19, 24, 29;

216/625 B Bapuanrax 5, 10, 15, 20, 25, 30.
B HeuetHbix BapuanTtax P(A)= p <1/2, B yetHbIX Bapuantax P(A4)=p>1/2.

B Bapuanrtax 1-10 naitnute Ps(2), B Bapuantax 11-20 naiiqute Ps(3), B
BapuanTax 21-30 naitnute Ps(4).
(Cm. mpumep 2.31.)

IIpumep 2.32. B mexe mectb CTaHKOB, KOTOPbIE PabOTaIOT HE3AaBHUCUMO
Ipyr oT npyra. B TedeHue pabouero aHs (BOCEMb YacOB) KaXKIbld CTaHOK
MpoCTanBaeT B CyMMe JBa daca. KakoBa oisi BpeMeHU, B TCUCHHE KOTOPOU B
1exe paboTaeT HE MEHEE IMATH CTAHKOB?

Pewenue. HabmromeHme HaI COCTOSHUEM KaXJOTO0 CTaHKa MOYKHO
paccMaTpuBaTh KaK HE3aBHCHMBINA OTBIT, YUCJIO KOTOPHIX 7 =6. BeposSTHOCTH
3acTaTh CTaHOK paboTaromuMm paBHa p=6/8=3/4 (B COOTBETCTBUH C

Tr€OMETPUYCCKUM OIPEACICHHEM BEPOSATHOCTH). Torga BEepOSTHOCTh 3aCTaTh
paboTaIIUMH He MEHEe IISATH CTAHKOB paBHA
P(k>5) P(5)=P(6) CH3/4Y1/4)'+C3/4)°8/4)° 243/512~0,47.
Omeem. 243/512~0,47.

3apaua 2.32. Ha cBetodope KpacHbIN U 3€JeHBII CBET TOPSAT 1O ¢ CEK., a
KENTBIH — 5 CceK. ABTOMOOWIIIO TPEACTOUT MpOeXaTh 7 IMEPEKPECTKOB, Ha
KOTOPBIX CBETOQOpHI paboTalOT HE3aBUCUMO Jpyr oT japyra. Haitaure
BEPOATHOCTH TOTO, YTO:

a) Bce cBeTO(ophl aBTOMOOMIB TTpoeeT 0€3 OCTAHOBKH,
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0) aBToMOOMIIb OyZIET OXKUJIAaTh Y cBeTOdopa HE MEHEE JIBYX pas.
(Cm. mpumep 2.32 1 UCXOAHBIC TAHHBIE. )
Hcxoonvie oannvie k 3a0aue 2.32.

No| ¢t | m | Ne| ¢t | m | Ne| ¢t | m | Ne| ¢t | m|Ne| t | m|Ne| t |
1 (30|46 |55|4 |11 45| 4 16354 12160 4 (26|50 4
2 (35|57 /605 ]112,50| 517|140 | 5 (22|30 527|555
3406|8306 |13|55| 6 18|45| 6 |23 35| 6 [28|60]| 6
4 (4517 19 (35| 7 114/60| 7 (19|50 | 7 [24|40| 7 [29|30| 7
5150 8 11040 | 8 [15|30| 8 |20 (55| 8 |25|45| 8 |30 (35| 8

2.6.2. O606uLeHHas bopMyAa BepHYAAU

®opmyny bepnymiu (2.6.1) MOXHO 00OOIINTL HA CIyyall HE3aBUCHUMBIX
OMBITOB, KX/IbIA U3 KOTOPHIX UMEET Ho.1ee 08X BO3MOKHBIX UCXOJIOB.

[lycte B pe3ynbTaTe oOMbITa MPOUCXOIUT OAHO U3 M TOMAPHO
HECOBMECTHBIX  COObITMH  A4,4,,...,4, ¢ BEPOATHOCTAMH  P|, D,,..., D,

COOTBETCTBEHHO (p,+ p,+...+p, =1). Torma BepoATHOCTH TOrO, 4YTO B
pe3yibTaTe HE3aBUCUMBIX OMBITOB COObITUE A; HACTyHnuT k| pa3, coObitue A,
Hactrynut k, pasza, ..., coObitue A, Hactynutr k, pa3, OpUIEM
k,+k,+...+k, =n,paBHa:

n!

£l K3 ke, k!

plipy.. pi. (2.6.2)

Hpumep 2.33. B kpynHo# naptuu uzaenui 60% usaenui nepBoro copra,
30% — Broporo, 10% — TtpeTpero copra. lJisi MpOBEPKHU B3sJIM HAYTaJl MIECTh
m3nenuii. KakoBa BEpOSITHOCTh TOTO, YTO CPEAM HUX TPU H3IEIUS MEPBOTrO
copTa, JIBa U3/l BTOPOTO COPTa U OJJHO U3JIeNINe TPEThEro copra’?

Pewienue. Tax kak napTus u3Jenuil BelMka, TO MOCIEA0BATEIbHBIN BEIOOD
U3 HEE HECKOJbKUX M3JEIUI MPAKTUYECKH HE MEHSAET MPOINOPIUU B MapTUH H,
3HAYUT, HE MEHSET BEPOATHOCTU BbIOOpa u3Aenus NaHHoro copta. lloatomy
MOXHO B KauyeCTBE MaTEMaTUYECKOM MOJENH B3ATb CXEMY HE3aBUCHUMBIX
OmbITOB. bynem cuutarh, 4YTO MPOU3BOAUTCS IIECTh HE3aBUCUMBIX OIBITOB, B
KXJIOM W3 KOTOPBIX BEPOSITHOCTh BBHIOOpa H3JEiUs TMEPBOrO COpTa paBHA
p, =0,6, BToporo — 0,3, Tpersero — 0,1. B coorBeTcTBUu ¢ hopmyoit (2.6.2)

6!
312!
Omeem. 0,11664 ~0,12.

P,(3,2,1)= (6:6)°(0,3)°(0,1) 0,11664 ~0,12.

3apaua 2.33.1. B ypHe Haxoautcsi m; O€NbIX, m, YEPHBIX U M3 KPACHBIX
mapoB. M3 ypHBI MOBTOPHBIM CIOCOOOM BBIOMPAIOT B HEYETHBIX BapUaHTaX
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IIECTh IIAPOB, B YETHBIX — ceMb 1apoB. KakoBa BepOSATHOCTb TOTO, YTO B ki
pa3 Oyzaet BbIOpaH Oenblil map, B k, — 4epHbIN map U B k3 — KpacHsiit? (Cwm.
npumep 2.33 U UCXO/IHbIE JJAHHBIE.)

Hcxoonvle oannvie k 3a0aue 2.33.1.

Ne m my ms kl kz k3 Ne m my ms kl kz k3
1 3 S 2 2 2 2 116 | 4 4 2 3 3 1
2 4 S 3 2 3 2 117 | 3 4 2 2 2 2
3 3 5 2 2 3 | 18 | 4 4 3 3 3 |
4 4 S 3 3 2 2 119 | 3 S 3 2 2 2
5 4 5 3 2 3 1 20 | 4 4 3 3 2 2
6 4 S 3 2 3 2 121 | 4 4 3 3 2 1
7 4 S 3 3 2 1 22 | 3 4 4 1 3 3
8 5 4 3 2 2 3 123 | 3 4 4 1 2 3
9 5 4 3 3 2 1 24 | 3 4 4 2 2 3

10 | 4 S 3 3 2 2 125 | 4 4 3 1 3 2

11 | 3 S 4 2 3 1 26 | 4 3 4 3 2 2

12 | 3 S 4 2 3 2 127 | 4 4 2 2 2 2

13 | 3 4 3 3 1 2 128 | 2 4 4 2 2 3

14 | 3 S 4 2 4 1 29 | 4 4 2 3 2 1

15 | 3 S 4 2 2 2 130 2 4 4 1 3 3

3apmaua 2.33.2. B ypHe HaxomuTcsa m; O€nbIX IIApOB U m, 4depHbIX. U3
YpHBI HayraJ BbIOMpAIOT JBa IlIapa, 3aTeM IIapbl BO3BpAIAIOT B YpHY,
MePEeMENINBAIOT U ONBIT MOBTOPSAIOT. lIpeamomaraercs mnpojaenaTb n TaKUX
onbIToB. KakoBa BEpoOSITHOCTH TOro, 4TO B k| pa3 OyAyT BeIOpaHbl 00a OebIx
mapa, B k, pa3 — 00a 4epHBIX Iapa U B k3 pa3 — mapsl pasHoro npera? (Cwm.
npumMep 2.33; BEIUYUHBI my, My, N, ki, ky, k3 BO3bMHUTE U3 MCXOJHBIX JAHHBIX K
3amaue 2.33.1.)

IIpumep 2.34. BepoATHOCTh NTONAIaHUS B LIEJIb IPU OJHOM BBICTPEINIEC paBHA
p =0,2. TlogOpaceiBaroT UrpajibHbIN KyOuK. Eciau BelMagaeT m O4KOB, TO CTPEIIOK

MOJTy4YaeT MPaBo Ha m BBICTpesioB. KakoBa BEpOSTHOCTh MOPAKEHHUSI LIETH?
Pewienue. Tlpu m BeICTpenax BEPOSITHOCTh MOPAXKEHUM 11€711 (BEPOATHOCTD

X0Ts1 Ob1 orHOTO TIoTananwmsi) paBHa 1—(0,8)". Tak kak BEepOSITHOCTh BBITIAICHHUS
KaXXJ10M rpaHu paBHa 1/6, TO MoaHas BEPOSATHOCTD MOPaKEHUs L€ paBHA

P=[1-0,8)+(1-0,8)+(1-0,8)+(1-0,8")+(1-0,8)+(1 —0,86)]%
=0,508096 ~ 0,51.
Omeem. 0,508096 ~0,51.

3agaua 2.34. BeposTHOCTh OpaXEHUsI LEJIU IIPU OJTHOM BBICTpEIIC paBHA
p. Monery nonOpackiBaloT n pa3. Eciu repd BeimagaeT m pa3, TO CTPEIOK
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MOJIy4aeT MpaBo Ha m BeICTpenoB. KakoBa BeposTHOCTh nmopaxenus uenu? (Cwm.
npumep 2.34 1 UCXO/IHbIE JJAHHBIE.)
Hcxoonvie oannvie k 3a0aue 2.34.

No | n p | Ne| n p | Ne| n p | Ne| m p | Ne| n p
1401 ]7]|4)]04 |13/4]02 119|405 |25]4 | 03
2 30158 |3,045(14| 3 [025)20|3 | 0,6 |[26| 3 | 0,35
3121029205152 |03 }21|2 |01 }27]2 )| 04
4 141025/10/ 4| 06 |16| 4 | 035)22 |4 |0,15]|28| 4 | 045
5/3/03 11301 173 | 04 23,3 |02 29| 3] 05
6 | 2 1035)12|2 |0,15]18| 2 [ 045124 |2 |025]30] 2 | 0,6

2.7. NpocTtenwmnn (NyaCCOHOBCKMKU) NOTOK COBbITUM

Ilomokom  coOvimuil  Ha3BIBACTCSI  IOCJEIOBATEILHOCTh  COOBITHH,
MIPOUCXOIANIUX OJTHO 3a JAPYTHM B CIy4dailHbIe MOMEHTHI BpeMeHu. Hampumep,
TenedOHHBIC BHI30BHI, aBTOMOOUITH, TIOTHE3KAIOIINE K IEPEKPECTKY, BHIXO I U3
CTPOSI HEKOTOPOT'O YCTPOUCTBA, MOKYNATENN, MPUXOASAIINE B Mara3uH u T.1. s
HATJISTHOCTH MOXHO M300pa)kaTh MOMEHTHI HACTYIUICHUS COOBITHI TOUYKaMH Ha
ocu BpeMeHH. COOBITHS MOTYT paclpeesaThcs HE TOJBKO BO BPEMEHH, HO H B
IIPOCTPAHCTBE (HANpPHMEpP, ONEYaTKH B TEKCTE, KaIUIM OIS Ha acdaibTe,
MOXaphl B TOPOJIC U T.1.).

Tl Tz T3 T,

1

P e Y e NP ¥

to t £ t3 tia t;
Puc. 2.7.1

Y

Ha puc. 2.7.1 ToukaMu OTMEYE€HBI MOMEHTHI NTOCTYIUIEHUS] COOBITUH, ; —
MOMEHT IIOCTyIUIeHUs i-ro coOsrtus, 71,=t —t,, i=1,2,3,..., ciy4aiiHble
UHTEpBAJIbl MEXIY TMOCJIEeA0BaTeIbHBIMU MOMEHTAMH TMPUX0Ja COOBITHH.
[ToToku COOBITHII pa3aUYalOTCA paclpeeIeHUsIMUA BeIMUUH 1;, XapaKTEPOM HX
3aBUCUMOCTH WJIU HE3aBUCHUMOCTHU, YUCIOM COOBITHI MPOUCXOMSIINX B JAHHBIM
MOMEHT BpeMmeHu. Hampumep, coObITHS MOTYT MPOUCXOIUTH 4Yepe3 pPaBHBIC
MPOMEKYTKM  BpeMEHU. Takoil MNOTOK Ha3bIBAIOT  PETyJISPHBIM  WJIHU
JNETEPMUHUPOBAHHBIM.

OIHMM W3 CaMbIX MHTEPECHBIX U B MAaTEMAaTUYECKOM IUIAHE U C TOYKHU
3pEHUS IPUWIOKEHUN SABISCTCS NYACCOHOBCKUU UIU NPOCMEUUUL NOMOK.

[loTok coOBITHII Ha3bIBACTCA HMpoOCmeuumM WA NYACCOHO8CKUM, €CIIU
BBIITOJTHSIOTCSI CIIENYIOIINE YCIOBUS:

1. TlosBneHue TOro WM MHOTO YKCIIa COOBITUI HAa MHTEpBAJE BPEMEHU
JUIMHBI { 3aBUCUT TOJIBKO OT JUIMHBI 3TOTO WHTEpBaja M HE 3aBUCHUT OT €ro
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PACITOIOKCHHSI HAa OCH BPEMEHH W OT TpeOOBaHUM, MPHUXOIANIAX BHE 3TOTO
HWHTEpBaJa.
O6o3Haunm uepe3 F () BepoATHOCTb NOsABIECHUS Kk COOBITHH Ha

WHTEPBAJIC BPEMEHHU JIJTUHBI 7.
2. BeposTHOCTh TOSIBJICHHUS OIHOTO COOBITHS 33 MAajblii TPOMEKYTOK
BpeMeHH Af NpONOpLUOHAIBHA AJIUHE ITOrO MPOMEXYTKa, T.e. F(A#H pAt,

IZ1€ L — HEKOTOpasi MOCTOSTHHASL.
3. BeposTHOCTb MOsBIEHUSA JBYX WIH OoJjiee COOBITHIl 3a MaJblid
IIPOMEKYTOK BpeMeHH Af ecTh BeJIMYMHA 00Jiee BBICOKOTO MOPs/IKa MaJIOCTH MO
CpPaBHEHHUIO C Af.
HezaBucumocts BeposiTHOCTEH B, (f) OT pPacloyoKEeHHs OTpe3Ka JUIMHBI ¢

Ha YHUCIOBOM OCH O3HayaeT CTallMOHAPHOCTh MOTOKAa, a HE3aBUCHUMOCTHh OT
cCOOBITMII BHE OTpe3Ka O3HAyaeT OTCYTCTBHE  MOCIEACHCTBUSA, T.€.
HE3aBUCUMOCTH COOBITUI MOTOKA.

N3 ycmoBuit 2 m 3 ciaemyer, 4To 3a Mayblii MPOMEXYTOK BpeMEHH Af
MOXET MO0 HACTYNUTh OJJHO COOBITHE, TUOO HU OJHOTO COOBITHS HE MOCTYITUT.
OcTanbHBIMH BO3MOXKHOCTSMH MOKHO TpeHeOpeub. B 3ToM ciiydae roBopsT,
YTO TOTOK COOBITUN opouHapeH, T.€. COOBITUS MPOUCXOIAT MO OJHOMY, a HE
rpynnamMu. @opMaibHO CBOKMCTBA 2 U 3 03HAYAIOT, YTO

P (At)+ B(At)+o(At) =1, (2.7.1)
Wi
P, (At) =1—pAt + o(At).

[ToctpouM MaTtemMaTHYECKyl0 MOJENb MpocTermero mnoroka. IIpexnae
BCEr0 W3 OMNpEeIeNieHUs] MPOCTEHIIEero mOTOKa BbIBEAEM (QOPMYIbI IS
BeposATHOcTeN P, (7).

UtoObl HE 3aHMMAaThCAd BBIBOJAOM (OPMYJBI ISl KaXIO0W BEpPOSTHOCTH
OTZIEJIbHO, PACCMOTPHUM TaK Ha3bIBAEMYIO MPOU3BOASAILYIO (HYHKIIHIO

D(t,z) B({t)+zP(t)+2’B({t)+...+2"P(t) +..., (2.7.2)
JUISL KOTOPOM MHTEPECYIOIINEe HAC BEPOSITHOCTH CIyXaT KodpduuueHtamu ee
Pa3NIOKEHUS B PSJI 110 CTEIICHSIM Z.

Bribepem 0<z <1, u OyneM cuuTath, 4TO KaXJ0€ COOBITHE TOTOKA
HE3aBUCHMO OT JIPYTUX MOXET OKa3aThCA «KPACHBIM» C BEPOSITHOCTHIO z. Takas
yCJIOBHasi packpacka coOObITHM mo3BosisieT npuaate ¢yukuun D(7,z)

BEPOSTHOCTHBIN CMBICI, YTO YIPOIIAET JadbHEUIINE PACCYKJICHUS 1O BHIBOIY
Uit Hee quddepeHInanbHOr0 ypaBHEHHS

Beipaxenue zPF(f) MOXHO NOHMMAaTb Kak BEPOSTHOCTb TOrO, 4TO 3a
BpeMsl { MOCTYNUJIO OJIHO COOBITHE U OHO OKa3aJloCh «KPAaCHBIMY, ZZPz(t) —
MOXHO CUUTATh BEPOSITHOCTBIO TOTO, YTO 3a BPEMs { MOCTYMIIO JBA COOBITUS U
oHu o0a «kpacHble». B cBoro ouepenp, z"P (f) MOXHO pacleHHBAaTh Kak
BEPOSTHOCTH TOTO, YTO 32 BPeMs { MOCTYMHIO /1 «KPACHBIX» COOBITHI. DTO AaeT
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BO3MOXKHOCTh TOHUMaTh D(¢,z) Kak MOJHYIO BEPOSTHOCTh TOTO, YTO 32 BpeMs ¢
MOCTYMHIIA TOJIBKO «KPACHBIE» COOBITHS.

CocraBuMm ypaBHeHue st onpenenenus D(z,z). Paccmorpum oTpe3ok
[0, + At]. 3a Bpemsi f+ Af HACTYMSIT TOJBKO KpacHbIE COOBITHS, BEPOSITHOCTD
yero paBHa D(f + At,z), eciu 3a BpeMsi ¢ HACTYTISIT TOJIBKO «KPACHBIE» COOBITHS,
BEPOSTHOCTH uero paBHa D(¢,z), u 3a Bpemsa Ar 1100 HE IPOU30MIET COOBITHM,
BEPOATHOCTb 4ero pasHa F,(At), 1100 NMpOU30UIET OJHO COOBITHE U OHO OyIeT
KpacHBIM, BEPOATHOCTb 4ero paBHa zPF(At). DTy (pa3y MOKHO CUMBOJIIMYECKU
3amucarh B BUE

O(t+At5z) D(2,2)[F(At) + B(Ar)z].
Bo3moxkHOCTBIO TIpHXOAa IBYX WM OoJiee TpeOOBaHUM 3a Maioe BpeMs

At mnpeneOperaeM B CUJIy OpJAMHApHOCTH TOToKa. llocienHee paBeHCTBO ¢

yaetoM (2.7.1) MmoxxHO nepenucaTh B (popme
O(t+ At5z) D(t,z)[1 — pAt + pAez + o(At)],
WA
O(t+At,z)—OEF,z) DO, z)u(z—-1DAt+o(Af) .

[locne nenenus obemx yacTed paBeHCTBAa Ha Af W mepexoja K Mpeneny

npu At — 0 monyyaeM ypaBHEHUE
®; =u(z-DD,

npuueM O(0,z) =1, Tak kak P,(0)=1,aBce P, (0)=0, £k =12,3,....

Pemenuem »storo muddepeHmanbHOT0 ypaBHEHUS TIpH  yKa3aHHOM
HAYaJIbHOM YCIIOBUU SIBIISICTCS (DYHKIIHS

O(t,z) exp[u(z—Dy].
Pasnoxenue 3Toit pyHKINHU B PSJT IO CTEIICHIM Z UMEET BH]T
O(t,7 exp(—pe)exp(pez) =
=exp(—ut)(1+ ptz + (ntz)* /24 ...+ (wez)* 1 kv .. ) =
=e ™ rute Mz (W)e ™ /2 2 (u) e Tkl
CpaBHeHue ¢ 3anuchio (2.7.2) NpUBOIUT K BHIBOJY, YTO
P ()=, P() we", P() (u)’e™/2,...,

k 2.7.3
P.(1) =%e_“’. ( :

BenuuuHa | Ha3bIBaeTCS UHMEHCUBHOCHbIO npocmetiuie2o nomoka. OHa
paBHA CpPEIHEMY YHCITy COOBITUM, TPOUCXOASAIINX B €AMHUILY BpemeHu. CpenHee
YHUCJIO COOBITUM, TPOUCXOASAIINX 3a BpeMs £, paBHO Wf. [lomydeHHBIN pe3yabTaT
MOXHO HE€ CcTporo chopMmysupoBaTh cieAayronmM obOpazom. Ecinu coObiThs
MPUXOJSAT HE3aBUCUMO JIPYT OT JIpyTa U MO OJHOMY U U3BECTHO, UTO Ha JAHHBIM
WHTEpBall BPEMEHU B CpPEIHEM NPUXOAUTCS A COOBITUH, TO BEPOSITHOCTH
MOSIBJICHUS HA 3TOM MHTEpPBaje paBHO k COOBITUI paBHA
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(2.7.4)

Crout 00OpaTuTh BHUMAHHE HAa TO, YTO 3TOT CWJIBHBIM KOJIWYECTBEHHBIN
pe3yabTaT MOJYYEH U3 OUYE€Hb MPOCTHIX MPEANoaoKeHn. M0XHO Ha3BaTh MHOTO
NpUMEPOB, TJA€ OTU MPEANOJIOKEHUS TNPUOIUZUTEIIBHO  BBIOJIHSIIOTCS
(TeneoHHBIE 3BOHKH, OTIEYATKU B TEKCTE, PAMOAKTUBHBIN pacnaj v T.1.).
[IpuymHa TaKOro MIUPOKOTO PACIPOCTPAHEHHUS TyaCCOHOBCKUX MOTOKOB COCTOUT
B TOM, YTO ITyaCCOHOBCKHMM MOTOK SIBISICTCS NpPEAeNIbHBIM MOTOKOM. B Tom
CMBICJIE, YTO CyMMa OOJIBIIIOTO0 YKCJIa HE3aBUCHUMBIX TIOTOKOB MaJjoi
MHTEHCUBHOCTHU OJIM3Ka MO CBOMM CBOWCTBaM K IyaCCOHOBCKOMY MOTOKY (CM.
puc. 2.7.2).

Y

Y

y

Y

Y

—_—— g ———q—-—17—-9

—_— g ——1—-e
—_——9
—d——}—-9

————t——F—-9
—_———ad—_———_a——1—-e

_ | ——d - —_ 9

———-9

~[Ipocreimmii OTOK
Puc. 2.7.2
NMeHHO TakMMU CyMMapHBIMH MOTOKAMU SIBIISIFOTCS MOTOKHA BBI30BOB Ha
Tene(OHHYIO CTAHIIUIO, TIOTOK OTKA30B CIOXHBIX CUCTEM U. T.J.

3ameuanne. Eciu B MNpPOU3BOJIBHOM TIOTOKE TpeOOBaHUN Kaxka0e
TpeOOBaHHE OTOPACHIBATH C OMNPEIEICHHOW BEPOSTHOCTHIO, TO TOCIE TaKOIO
MHOTOKPaTHOTO «IPOPEKUBAHUS MTOTYYAETCS MOTOK OMM3KUN K MPOCTEUIIEMY.

Ipumep 2.35. U3BecTHO, 4TO HAOOPIIMK B CPEIHEM JIOMYCKAET OJHY
omuOKy Ha JIB€ CTpaHUIIbl TeKCTa. B HaOpaHHOM KHUTE B3sJIM HAyTaJ CTPaHUILY.
KakoBa BeposSTHOCTb TOTO, UTO Ha JAHHOW CTpaHUIIE COAEPKUTCS OoJiee OAHOM
oneyaTku? KakoBa BEpOSTHOCTh TOTO, YTO HA JAHHBIX YETBHIPEX CTPAHUIAX
COAEP>KUTCA POBHO OJIHA OlevaTKa?

Pewenue. Oneuatky NOABISIOTCA IO OJHOM M HE3aBUCHUMO JIPYT OT JIpyra.
VYcnoBus mpocteifiiero motoka MpUOJU3UTEIBLHO BBIIOMHSIOTCS, U (Qopmyia
[lyaccona npubnusurenbHo BepHa. Ha oHy CTpaHUIly MPUXOAUTCS B CPEIHEM
A=1/2 onevarku. [losTOMYy BEpOSTHOCTH TOTO, YTO HA JAHHOW CTpPAHHUIIC
cojiepKuTcs 0oJee 0THOM OreyaTKu, paBHa

0 1
P(k>1)=1=P(l 35— P(k 1) 1—%5“2—%5”2 1-1,5¢° =0,1.
JIJist 9eThIpex CTpaHuIl CpeIHee Yucio oneyatok A = 2. [Tloatomy

65



1
P(k=1) %:e-z ~0,27.

Omegem. 1-1,5¢°° =0,1; 2¢ > =0,27.

3apmaya 2.35.1. Ha w™HorokananbHbli TenehOH QUPMBI MOCTyHAET
IPOCTEUIINI MOTOK BBI30BOB. B cpenHeM 3a MATh MUHYT INOCTYHAaeT OAMH
BBI30B, T.€. HHTEHCUBHOCTb MTOTOKA paBHA [L=1/5 BBI30Ba B MUHYTY.

B Bapuantax 1-10: xakoBa BEpOSTHOCTh TOTO, YTO K MUHYT MOJpPSJ HE
OyZeT BBI30BOB, a B CIEAYIOIIKE MATh MUHYT MOCTYISAT ABAa BbI30Ba (K — HOMEp
BapuaHTa)?

B Bapuantax 11-19: xakoBa BEpOSITHOCTb TOT'O, YTO B MEPBBIE K MUHYT
BBI30Bbl OBUIM, a B MOCJIENYIOUIME MSITh MHHYT BBI30BOB HE ObUIO (kK paBHO
nocieaHen mudpe Homepa BapuaHnrta)?

B Bapuanrtax 21-29: kakoBa BEepOSTHOCTb TOTO, YTO 32 kK MUHYT MOCTYIUT
TOJIBKO OJIMH BBI30OB, a B IOCJEAYIOIIUE AT MUHYT BBI30BOB HE OyJeT (kK paBHO
nocieaHei nudpe HoMepa BapuaHTa)?

B BapuanTax 20, 30: kakoBa BEpOSATHOCTb TOTO, YTO B NIEPBHIC NSATh MUHYT
BBI30BOB HE OYJIET, a B MOCJIEAYIOLIUE MSITh MUHYT NOCTYIUT 7 BBI30BOB, T1I€ M
paBHO niepBoi nudpe Bapuanta. (Cm. npumep 2.35).

3apauya 2.35.2. B HekoTOpOM pailoHE B CpeIHEM KaxKIblii OyAHUIN JIeHb
MPOUCXOAUT OJHO JOpoxkHO-TpaHcnoptHoe mnpouctectsue (HTII). Kakora
BEPOSITHOCTH TOTO, YTO B 3TOM pailOHE B MEPBBIC ABA THA HEACIN MPOU3OUIET ki
JTII, B mocnenyrommue aBa AHA — kp, a B mociaeauul Oyauuii aenb ks JITII?
KakoBa BEpOsATHOCTB TOr0, 4TO 3a BCE MATh AHEU NMpoU3ouneT k, + k, + k, ATII?
(CMm. mpumep 2.35 1 UCXOAHBIC TAHHBIE. )

Hcxoonvle oannvie k 3a0aue 2.35.2.

No kl kz k3 Ne kl kz k3 Ne kl kz k3 Ne kl kz k3 Ne kl kz k3
11|10, 72[0]0j13[/2 {30191 |2 |1]25/0]3]0
2210810 (1]14]2 0 |1)20]2 |3 |2)26|2]|2]|3
3321922 |1)15/0]1|1(217]0]2 0273 |2]2
4 |4 ,/3(2110(2 20162 |1 |2)22/0|1/]2)28]/0]3 |1
5714130111 |{2(0)17|1 |3 |1)23]/3 201292 ]0]1
6 |31 2121 |1 |218]2 |3 |1)24/0]2|1]30]2]|0]2

2.8. CAyYQiHble BEAUYUHDI. PYHKLLUMA pacnpeAeAeHUs. PYHKLUA NAOTHOCTH
BEpPOSATHOCTU. YYCAOBbIE XAPAKTEPUCTUKU

2.8.1. CAy4aMHbI€ BEAUYUHDI
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C KaXapIM CIy4yalHBIM OSKCIEPUMEHTOM CBS3aHO MHOXECTBO €T0
BO3MOXHBIX HcX010B Q Ho,,0,,...,0 ,...}. OTO MHOXECTBO OOBIYHO

Ha3bIBAIOT NPOCMPAHCMBOM IJIEMEHMAPHLIX UCX0008 WU DIIEMEHTapHBIX
COOBITUNA. DKCIEPUMEHTATOP OOBIYHO HE MPOCTO HAONIOJAET, a U3MEpPSET, U B
pe3yabTaTe SKCIEPUMEHTa IMOJydaeTcsl Yuciao. TeM caMbIM KaKJIOMYy HCXOIy
AKCIEPUMEHTA CTAaBUTCA B COOTBETCTBUE oOIlpeaeiaeHHoe uucio &(m), a 3To

O3HA4aeT, YTO Ha MHOKECTBE HCXOJOB JKCIIEPUMEHTa OIpPEIEICHa HEKOTOPas
quciIoBas (PyHKIMS.

Omnpenenenne. Cryuaiinoi eenuyurnot HazbiBaeTcsa QyHKUus & =E(w),

ompeeieHHAas Ha MHOXECTBE OJJIEMEHTapHBIX MCXOJ0B OKCIIEPUMEHTA W
MpUHUMAOIIAsg JCHCTBUTEIbHBIC WM KOMIUIEKCHBIE 3HadeHus. Ecmu
MHO>KECTBO HCXOJO0B AKCIEPHMEHTAa KOHEYHO, TO IPHUBEIACHHOE OIpe/elCHHE
aBisieTcs TouHbIM. B oOmieM ciydae dynkius &(w) monaraercss U3MepuMON.

CiyyaliHasi BeIMYWHA CUATAETCS 3aJaHHOW, €CIIM YKAa3aHO, KaKhe 3HAaYCHUSI OHA
MOJKET NMPUHUMATh U KaKOBBI BEPOSITHOCTH ATUX 3HAYCHUU.

Omnpenesienne. Besikoe COOTHONIEHHE, YCTAHABIMBAIOUIEE CBSI3b MEXKIY
BO3MOXXHBIMH 3HAaYEHHSIMH CIYyYailHOM BEJIWYMHBI U COOTBETCTBYIOIIUMH WM
BEPOSITHOCTSIMH, HA3bIBACTCS 3AKOHOM pACHpeOeNeHusi CLYYaUuHOU GeNUUUHDL.
@aKTUYECKU ISl 33a1aHUs 3aKOHA PACHPEICICHHS HYXKHO MEPEYUCIUTH BCE
BO3MOXKHBIC 3HAUECHUS CIIy4allHOM BEJIMYMHBI WM YKa3aThb BEPOATHOCTH 3THUX
3HA4YCHUMN.

3aKOH pacnpeiesiecHus SBJSETCS HMCYEPIBIBAIOLICH XAPAKTEPUCTUKON
ClIy4ailHOM Benu4uHbl. Ecin OH 3aaH, TO C BEPOSTHOCTHOW TOYKH 3PEHUSA
Cly4aiiHas BEJIWYMHA OINKCAHA MOJHOCTHIO. [103TOMY 4acTo roBOpsAT O TOM WIHN
MHOM 3aKOHE€ PACHPENEICHHUs, UMES B BHUJY CIy4YalHYIO0 BEIMYHHY, KOTOpAas
pacnpeneneHa rno 3ToMy 3aKOHY.

CnydaitHpie BenuuuHbl OyJeM o0003Ha4yaTh OOJIBIIMMHU JIATUHCKUMHU
OykBamu X,Y,Z,..., a OTACIbHbIE BO3MOXHBIE 3HAYCHUS OTHX BEJIMYHH

COOTBETCTBYIOIIMMH MalbIMU OYKBaMHU X, V,Z,... .

Omnpenenenne. CinydaliHyl0 BEJIMYUHY HA3bIBAIOT OUCKPEMHOU, €CIIA OHA
MOXET NPUHUMATh OTHAEJICHHBIE APYr OT JIpyra 3HAYEHHS C ONPENEICHHBIMU
BEPOSTHOCTIMU. MHOXKECTBO BO3MOXKHBIX 3HAYCHUH NHCKPETHOU CIy4ailHOU
BEJINYMHBI KOHEYHO WJIM CYETHO, T.€. UX MOYKHO 3aHYMEPOBATh C IIOMOILBIO psiaa
HaTypAJIbHBIX YHCEIL.

Onpenenenune. CinydaiiHas BeIHMUNHA HA3bIBACTCS HENpepblHOLL, €CIIN €€
BO3MOXXHBIC 3HAYCHHSI COCTaBISICT HEKOTOPHIM WHTEpBad (KOHEYHBIM WU
OECKOHEUHBIN).

OTMeTuM CcHocoObl 3a/laHusl 3aKOHOB paclpelleNieHUus JUCKPETHBIX
ciyyallHbiX BelWuuH. (COOTBETCTBHE MEXKIY BO3MOXKHBIMM 3HAUCHUSMHU
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JUCKPETHOW CIyYallHOM BEJIIMYHMHBI U BEPOATHOCTSIMH 3THUX 3HAUYCHUU MOXKHO
3amath B Buae Gopmynbl. Eciam 3TO 3aTpylIHHUTENBHO, TO MOXHO MPOCTO
MEPEUYUCIIUTH TO U JIPYroe B BUJI€ TAOJUIIbI, HA3BIBAEMOU psidom pacnpeoeienus:

X X1 X2 X3 Xk
P D1 D2 D3 Pk
rie p, =P(X =x,) — BEpOATHOCTb TOro, 4ro X NpPUMET 3HaueHue x;. U3

COOOpaXeHUH HATJISIAHOCTU TPHUHSATO BO3MOJKHBIE 3HAUCHHUS IEPEUHCIIATH B
nopsake BospacraHus. CoObita X =x, X =x,, ... HECOBMECTHMBI, U B

pe3ynbpTaTe OMbITa OJAHO W3 HHUX HEMPEMEHHO MPOUCXOIHT, T.€. 3TH COOBITHS
o0pa3ytoT nojHyo rpymmy. [loatomy Z p, =1
i

Psn pacnpenenenuss MOXHO u300pa3uth rpaduuecku. [ns storo B
KaXXJIOM TOYKE X; HA TOPU3OHTAJIBHOM OCH OTKJIAJIBIBAIOT BIOJb BEPTUKAIBLHOMN
OCH OTpe30K, paBHbI p; [lodydeHHylo B pesynbTaTe (UIYpYy Ha3bIBAIOT
MHO20Y201bHUKOM pacnpedenenus (puc. 2.8.1).

Py

Dy Dy D3 Dn

X x5 |0 X3 X >
Puc. 2.8.1

2.8.2. PyHKLMA pacnpeAeAeHUs

Omnpenenenne. @yukyueu pacnpedeneHus CIy4alHOW BeIUYUHBI X

Ha3bIBAIOT (PYHKIIUIO
F(x)=P(X <x),

OTIPEISISIFONIYO NIl KaKJIOTO 3HAYCHUS X BEPOSTHOCTh TOTO, YTO CIIyJaiHAs
BeMYMHA X B PE3yJIbTATE OMbBITA IPUMET 3HAUCHIE MECHBIIIEE X.

HemnocpeacTBeHHO U3 ompeneneHust @yukyuu pacnpeoenenusi MOMKHO
BBIBECTH PSAJI €€ CBOUCME.

1. 0<F(x)<1. Oro cinenyer u3 TOoro, 4ro F(x) paBHa BEpOSATHOCTH, a
BEPOSITHOCTH JTFOOOTO COOBITHS 3aKITI0UEHA MEXKITY HYJIEM U CAMHUIICH.

OtmeTtuMm Taxxke, 910 F(—0) = P(X <—0)=0 u F(+x)=P(X <+x) =1,
TaK Kak cOObITHI X <—00 U X < +00 SBISIOTCS COOTBETCTBEHHO HEBO3MOKHBIM
U JTOCTOBEPHBIM.

2. @yHKIHA pacHpeneieHus sBIsSeTCs HeyObIBatomen, 1.e. F(x,) < F(x,)

npu x, <x,. B camom geme, mpu x, <x, MNosABIeHHE coObITHA X <X,
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DKBHUBAJICHTHO IOSIBJICHUIO OJHOIO M3 HECOBMECTHUMBIX COOBITMH X <X, U
x, <X <x,. lloatomy P(X <x,)= P(X <x)+P(x, <X <x,) uimn

F(x,)-F(x)=P(x,< X <x,) (2.8.1)

B nmpaBoit yactu paBeHctBa (2.8.1) HaxoauTCs HEOTpHUIIATENIbHAS

BeauunHa, mnodtomy F(x)<F(x,). PasencrBo (2.8.1) o3Hauaer, drTO

BEPOSTHOCTh MOMAaJaHUs CIyd4aifHOW BenuduHbl X B IOJyHHTEpBaI [X,X,)
paBHa TIpUpaIIEeHUI0 (PYHKIMH pacrpeIesIeHrs Ha 3TOM TOJyUHTEPBaJIe.
3. F(x) HenpepsbIBHA cneBa, T.e. lim F(x) = F(x,) npu x— x, —0.
4. Jlnst moboro x, cornacHo ¢popmye (2.8.1),
P(X ==) EI_I})P(XSX<X+A)@ })icgl()[F(x+Ax)—F(x)].

[Ipenen B mpaBoi yacTH paBEeH HYJIO, €CIU X — TOUYKA HENPEPHIBHOCTHU
¢byukuun F(x). Ecnu ke x — Touka paspeiBa pyHkuuu F(x), TO mpeaen B

MpaBOM 4YacTU pPaBEHCTBA pPaBEH CKayKy JToM (QYHKIUHM B TOUKE X.
CrnenoBatenbHO, €CIU @ U b TOYKU HEeNpephIBHOCTH GyHKIMHU F'(X), TO
Pla<X<b)=P(asX<b)=Pla<X<b)=P(a<X<b)=F(b)-F(a).

Bnpenp OyneM Ha3bIBaTh HENPEPHIBHBIMU TOJIBKO CITyYaiiHbIe BETUYHUHBI C
HEMpephIBHON (QyHKUMEH pacnpeneneHus. Jns HenpepsBHON ciydaliHOM
BEJIMYMHBI BEPOSITHOCThH JIFOOOTO OTNENBbHO B3SITOTO 3HAYEHHUS PaBHA HYIIIO.
CxonHas cutyauusi B reoMeTpuu. ['eomerpruyeckas Touka HE UMEET pa3Mepa, a
COCTOSIIIMIA M3 TOYEK MHTEPBAJ MMEET OTIMYHYIO OT HYJd JUIMHY. Tak U aid
HETPEPHIBHON CIyYaliHON BEJIIMYMHBI: OJTHO OTIEIBHO B3SITO€ 3HAYECHUE HWMEET
HYJIEBYIO BEPOSITHOCTb, XOTS W SABJISETCS BO3MOXKHBIM 3HAUYEHUEM, U TOJIBKO
VMHTEPBaJIbl 3HAUCHUN UMEIOT OTINYHYIO OT HYJISI BEPOSITHOCTb.

I'paduk dyHkmu pacnpeneneHuss OAHOW U3 HEMPEPHIBHBIX CIyYaWHBIX
BEJIMYMH W300pa)keH Ha puc. 2.8.2.

F(x)|

’

i P(X<x)

N"

Puc. 2.8.2
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OYHKIUIO pacHpeesiCHUusT MOXXHO 3a7aTh W Il HENMPEPBIBHOW W IS
JTUCKPETHOW CIy4YallHOM BEJIWYMHBL. [[7 JUCKPETHOW CIy4ailHOM BEJIWYWHBI
GyHKIMS pacOpenesieHus TpeAcTaBiIsieT CcoOOW, Kak JTO CJIeAyeT u3
onpeneneHusi, QyHKINIO HAKOIICHHBIX BEPOSITHOCTEH:

F(x)=3P(X =x,),
1€ CyMMHUPOBAHUE PACIpPOCTPAHSIETCS HAa BCE 3HAYEHHUS HHAEKcA 1, I
KOTOPBIX X; < X.

Ecnu nuckperHas cioydaitHas BenuurHA X UMEET 3aKOH PacIpeIeIICHUS:

X X1 X2 X3 ce Xk

P D1 D2 D3 Dk
TO ee (YHKIHUS DPACIPENEICHHUS HUMEET BHJ CTYNEHYATOM (DYyHKIMHU, IIPHYEM

CKauKu (PYHKIMU pPAaBHBI BEPOSTHOCTSIM COOTBETCTBYIOIIMX 3HaueHuUl X (puc.
2.8.3).

F(x)|
1

_—

A

A

A

A

A

X1 X, 0 X3 X, X

Y

Puc. 2.8.3

OyHKIUS ~ paclpefeNieHuss  HENpPEephIBHOM  CIy4yalHONW  BEJIUYUHBI
HETpEephIBHA, JUISl TUCKPETHOU CIIy4ailHOW BETWYUHBI OHA MPEACTABISET COOOM
CTyneH4aryro (QyHKIU0. MOXHO TPUBECTH MPUMEPHl TAKUX CIyYalHbBIX
BEJIMYMH, (PYHKUUS  pacCOpe]esieHUs] KOTOPhIX BMECTE€ C  y4YacTKamu
HEMPEPHIBHOTO POCTa B HEKOTOPBIX TOYKAX MMEET pa3pbiBbl. Takue BETUYMHBI
Ha3bIBAIOT CMEWAHHbIMY CIy4YalHbIMU BelnuuHaMmu. [lpumepom cmenraHHoM
CIIy4yallHOM BEJIMYMHBI MOKET CIIYKUTh BpeMsi oxuganHus y cserodopa. [lycts,
HarpuMep, PaBHOBO3MOKHO MPUOBITHE aBTOMOOWIISI K TMEPEKPECTKY B JIHOOOI
MOMEHT IuKiIa paboTel cBeTtodopa (puc. 2.8.4). Halimem QyHKIMIO
pacrpeielieHus: BpeMEHU 0KUAaHusl aBTOMOOUIIS.

Imenfr:bn;/’l KPacHLIN CBET | meJITLIII‘/’I 3eJIeHBIA CBET
I ;
5c A 30 c 5¢ 7 30 ¢ B
Bpemsa oxxupanusa X
Puc. 2.8.4
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O6o3HaunM  BpeMst oxujaHus |y cBetodopa uepes X, DIT0
HEOTpUIATENIbHAS CllydailHas BeJIUMYMHA. BeposTHOCTH TOro, 4YTO Bpems
OXKHJaHUs OyJIeT MEHbIIE X, paBHAa BEPOSTHOCTU NPHUOBITH K CBETO(POpYy B
MOMEHT BpeMeHn u3 uHtepBana (4,B). [Toatomy F(x)=P(X <x)=(x+30)/70

mpu 0<x<40 u F(x)=1 npu x=>40. OyHKuusa pacnpeneineHus BpeMEHHU

OoXuIaHus u3oOpaxkeHa Ha puc. 2.8.5. U3 rpaduka QyHKuMU pacnpeneneHus
BHUJIHO, YTO HYJIEBOE€ BpEMs OXKUJIaHUs, UMESI BEPOSITHOCTH 3/7, COOTBETCTBYET
TOYKE CKauka (DYHKI[MU, PABHOTO 3TON BETUYUHE.

F(x)A
1

3/7

0 40 X
Puc. 2.8.5

2.8.3. PyHKLUA NAOTHOCTH BEPOATHOCTHU

Ecou dysknus pacnpenenenus npeictaBuma B Buje F(x)= J f(x)dx,

rne ¢yaknus  f(x)>0, To moabIHTErpaidbHyHO GYHKIHIO f(X) Ha3BIBAIOT

Qyuxkyueu naomumocmu  eeposmuocmu. Ecin  QyHKUUA — pacrpeneseHus
muddepennupyeMa, To GyHKIUEH TIIOTHOCTH BEPOATHOCTH [(X) Ha3bIBacTCS

niepBasi MPOU3BoIHAS OT (PYHKIMH pacnpenenenus F(x), 1.e. f(x)=F'(x).
3aMeTuM, 4TO

Pla< X <b) F(b)=F(a) jF:'(x)dx j Fx) dx.

['eomeTpryeckn 3TO 03HAYAET, YTO BEPOSTHOCTH MOMAJaHUsI CITy4aifHOM BEJIMYMHBI
B uHTepBal (a,b) YHCIEHHO paBHA IUIOWIAAMW KPUBOJIMHEHHON Tpamemnuu,

KOTOpast OTMUPAETCS Ha STOT MHTEPBAJ U OTPaHUYCHA CBEPXYy KpuBoi f(x) (puc.
2.8.6).
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S(x) )

P(a<X<b)

/

0 a b
Puc. 2.8.6

W\

Ceoticmea yHKyuu n10MHOCMU 8EPOSAMHOCHIU.

1. f(x)=>0.
2. Tf(x)dsz(—oo<X<oo):l.

[locnennee ycnoBue Ha3bIBA€TCs ycaoguem Hopmuposku. I'eoMeTpuyecku
3TO YCJIOBHE O3HAYaeT, YTO IUIOIIA/b, 3aKJIIOUEHHAs MEX]y OChbl0 abcuucc U
rpagukoM (GyHKIUU IIIOTHOCTH BEPOSITHOCTH, paBHA €AUHUIIE.

[To ¢GyHKIIMU TIIOTHOCTH BEPOATHOCTH f(X) MOXKHO HAWTH (DYHKITUIO

pacnpeneseHus Ciry4ailHOW BEJINYUHBL:

F(x):P(X<x):P(—oo<X<x)=jf(x)dx..

2.8.4. YucAoBble XQPAKTEPUCTUKU CAYHAUHbIX BEAUYUH

LII/ICJ'IEI, HAa3HAUYCHUEC KOTOPBIX YKa3blBaTb OCHOBHBIC O0COOEHHOCTH
CHy‘—I&ﬁHBIX BCIINMYKWH, HA3bIBAOTCA YHMCJIOBBIMHU XaPAKTCPHUCTHUKAMMU.

Onpenenenue. Mamemamuueckum odcuoaruem (VI CPETHUM 3HAYCHHEM )
JUCKPETHOU CITy4YaiHOW BeIMUUHBI X HA3bIBAETCS YUCIIO

M(X)= in P (2.8.2)

paBHOE CyMM€ NPOU3BEICHUM BO3MOKHBIX 3HAUEHUU X; HA COOTBETCTBYIOIIHE
UM BEpPOSATHOCTH p;. Eciiu AuCKpeTHas ciiydaiiHas BeITWYuHA UMEeT OECKOHEUHO
MHOI'0 3Ha4eHUH, TO TpeOyeTcsi abcomtoTHas cxoaumocTh psiaa (2.8.2). Ecim
psan (2.8.2) He cxomuTcsa aOCOMIOTHO, TO MaTEMaTUYECKOE OXKUJIaHHE TaKou
CIIy4ailHOM BEJIMYUHBI HE CYIIECTBYET.

Mamemamuueckum odxcuoanuem HENPEPHIBHON CIydyalHOW BEIUYMHBL,
uMeromen (PyHKIMIO TUIOTHOCTH BEPOSITHOCTH £ (X) , HA3BIBACTCS YUCIIO
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M(X)szf(x)dx, (2.8.3)

ecad uHTErpan abcomoTHO cxoauTcsa. Ecim umaTerpan (2.8.3) He cxomuTcs
a0COJIFOTHO, TO TOBOPAT, YTO MATEMAaTUUYECKOE OKUJIaHUE HE CYIIIECTBYET.

Ceolicmea Mmamemamuyecko2o 0#CUOAHUSL.

I. Marematuueckoe OXHUJAHUE TMOCTOSSHHOM pPaBHO CaMOWl 3TOH
nocrossHaOM, T.¢. M(C)=C-1=C.

2. MaremaTuyeckoe OXHAAHUE CYMMbI JIOOOTO KOHEUHOTO 4HCia
CIIy4YalHBIX BEJIMYMH PABHO CYMME UX MAaTEMAaTHUYECKUX OKUJaHUM.

3. MaremaTruueckoe OXKUJaHHE MPOU3BEICHHS 0000 KOHEUHOTO YuCia
B3aMHO HE3aBUCHUMBIX CIy4allHbIX BEJIWYMH PAaBHO NPOU3BEIACHHUIO UX
MaTEMaTUYECKUX OKUJAHUH.

CaencrBue. IlocTOSHHBIM MHOXHUTEIHL MOXKHO BBIHOCHTH 3a 3HaAK
MAaTEMATHUYECKOTO OKUIaHUS.

Onpenesienne. /[lucnepcueid cinydyalHOM BenWYWHBI X HA3bIBAETCS
MaTEMaTUYECKOE OKHJIAaHWE KBaJlpaTa OTKJIOHEHUS CIyYalHON BEJIMYUHBI OT €€
MaTEMaTUYECKOrO OXKHUIaHHUS:

D(X)=M[X -M(X)]. (2.8.4)
J1J1st BBIYMCIIEHUS JUCTIEPCUU UHOTAA YI0OHO MCIOJIb30BaTh APYTryio GopMyIy:
D(X)=M[X*]-[M(X)], (2.8.5)

T.€. JHUCHEPCHs pPaBHA MaTEMaTUYECKOMY OXHUIAHUIO KBaJpara CIy4ailHOU
BEJIMYMHBI MUHYC KBAJIPAT €€ MATEMAaTHYECKOTO OKUAAHUS:

Ceoticmea oucnepcuu.
1. lucniepcust TOCTOSIHHOM Beu4unHbI paBHa Hyt0: D(C) =0.

2. TloCTOSIHHBI MHOMUTEIb MOXKHO BBIHOCHTH 3a 3HaK JUCIEPCUU C
BO3BEJIEHNEM B KBajpar, T.e. D(CX)=C’D(X), rne C — NMOCTOSHHAS BETMUHIHA.

Onpepenenne. [Jlenmpuposannou cayuauHou 6eIUdUHOU HAZBIBAETCS
OTKJIOHEHHE CITy4YallHOM BEJIMYMHBI OT €€ MaTEMAaTUUECKOTO OXKHIaAHUS:

X=X-M(X).
[lenTpupoBaHHBIE CIydallHbIE BEIMYMHBI YAOOHO WCIOJIH30BaTh B
peoOpa3oBaHUIX, TaK KaK

M(X)=M(X = M(X))=M(X)—M(X)=0;

M(X)* = M[X - M(X)]' = D(X).
3. Ecnu ciny4aiiHbple BeIMYUHBI X U ¥ HE3aBUCUMBI, TO
DX 1Y) DeX)+D(Y).
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4. Ecnu ciydaiinble BenuuuHbl X U Y Hezasucumbi, TO
D(XY)=D(X)D(Y)+D(X)[M(Y)]" + D(Y)[M (X)]".

Jlucnepcusi MMeeT pa3sMEPHOCTh KBaJApaTa CIy4allHOW BEJIMYMHBL. JTO
JUIIAET HATJISIIHOCTUA JMCIIEPCUIO KaK YMCIIOBYIO XapakTepucTuky. [lostomy mss
XapaKTEPUCTUKU pa3zdpoca 3HAYEHUM CITydyallHOW BEJIMYMHBI UCHIOJB3YIOT cpedHee
K8aopamuyeckoe OmxIoOHeHue, KOTOPOE PABHO TMOJIOKUTEILHOMY 3HAYEHUIO KOPHS
kBagparHoro u3 gucnepcun: o(X)=./D(X). CpemHee KBaapaTHIECKOE

OTKJIOHCHHC UMECT Ty KE pa3MCPHOCTb, UTO U CaMa CJ'Iy‘-IElfIH&H BCJIMYHMHA.

IIpumep 2.36. HekTo HOCHUT Ha CBS3KE MATh KItoueH. [Ipu oTMBIKaHUH
3aMKa OH TOCJIEIOBATEIbHO HCIBITHIBAET KIIOUM, MOKAa HE MOA0epeT HY>KHBIM.
[Tomnarast BeIOOp KiIHOUEH OECITOBTOPHBIM, HATUCATh 3AKOH paclpeiesieHUs Yucia
WCTIBITAHHBIX KJIIOUe. Beraucaure MaTeMaTHUYECKOE OKUIAHUE ATOU CIydalHOU
BEJINYUHBI.

Pewenue. O603HaunM yepe3 X — YHCIO UCTIBITAHHBIX KIIOYEH. Tak kak
BBIOOD KJIIOUEH 0eCTOBTOPHBIN, TO X MOXKET MpUHUMATH 3HadueHus: 1, 2, 3, 4, 5.
Cnyuaiinas BenuuumHa X IPUMET 3HA4YEHUE X, =1, €CIM C NIEPBOM MONIBITKH
Oyner BbIOpaH HYXHBIM KIIOY, BEpPOSITHOCTH Yero paBHa 1/5 B cuiy
PaBHOBO3MOKHOCTH BBIOOpA JHO00r0 U3 KIHOYEH. 3HAYeHHE X, =2 CiydaiHas
BEJIMYMHA MPUMET, €CJIU MPHU MEePBON MOMBITKE KU OyAeT BHIOpaH OMMOOYHO
(BEepoSITHOCTH 4ero paBHa 4/5) W npu BTOPOM MOMBITKE OyAeT BbIOpAH HYKHBIM
KJIFOY U3 OCTABIIUXCS YETHIPEX(BEPOSATHOCTH 3TOro paBHa 1/4). Iloatomy:

P(X=2) (4/50+4) 1/5;

P(X=3) (4/53/4)(+3) 1/5;

P(X=4) (4/53/4)2/3)(1+2) 1/5;

P(X=5) (4/53/4)(2/3)1/2)1 1/5.

Cnyualinas BenmnurHa X UMEET 3aKOH pacupeiesieHUs
X 1 2 3 4 5
P 1/5 1/5 1/5 1/5 1/5

CpenHee 4ucio MONBITOK PaBHO

M(X)=11/5+21/5+31/5+41/5+51/5=3.
Omeem. 3.

3amaua 2.36. B ypHe n Oenbix u k yepHbIX mapoB. [lapel BRBIHUMAIOT U3
YpHBI 110 OJHOMY 0€3 BO3BpalleHusl, MoKa He BeIOepyT uepHbii map. [lycts X —
YUCJIO BBIHYTHIX MIapoB. Hamuinurte 3akoH pachpeneneHus s ciydailHo#
BEIMUYMHBI X M HalauTe ee MaTeMaTtudeckoe oxuaanue. (Cm. mpumep 2.36 u
HMCXOHbIE JJAHHBIE. )

Hcxoounvie oannvie k 3a0aue 2.36.

Ne | nm | k| N|n |k |Ne|n |k |Ne|n| k|N|n| k|N|n |k
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14 ]2]6 5|3 |11/6]4]116/ 442141912659
2 4|37 ]6 1126 517451224 1027|510
3514|814 [4]13/6 6184|6235 ]|6 28|67
4 (3121962145 5]194 712457129638
S1512)110/6 315522048 ]25]5[8]30]61]09

IIpumep 2.37. B dmuke B MoaHOM OecHOpsiKe JekaT MATh map Tydeb.
Typnu mo omHoil (06e3 BO3BpallleHHUS) BBIHUMAIOT U3 SIIUKa, MOKA Cpeau
BBIOpaHHBIX HE OOHApYXKUTCS Kakas-mu0o mapa. CKOJIbKO B cpeaHeM Tydenb
MPUIETCS U3BJIEYD U3 AIIUKA?

Pewenue. O003HaunM yepe3 X — YHCIO W3BICYEHHBIX TYy(eEb.
CnyuaiiHa BennuMHa X OpPUHUMAET TOJbKO 3HadeHus 2, 3, 4, 5, 6. (UToOwI
chopmMupoBaTh napy, HY)KHO HU3BJI€Yb MUHUMYM JiB€ TyhJu, a Cpeau IIECTH
Tydens X0oTs Obl OJ[HA MMapa HEeMpeMeHHO HaiijeTcs.) Haiinem BepoATHOCTH 3THX
3HAYCHUM:

P(X = 2)=1/9, Tak kak mocie BbIOOpa TepBOi Ty(hau B mapy K HEH

IroauTCA TOJIBKO OJHA U3 ACBATH OCTABIINXCA,

2 2
P(X =3)= gg = 9’ TaK Kak BTOpas JIOJKHA OBITh HE MapHOU K MEPBOH,

BEPOSTHOCTh YEro paBHA 8/9, a TpeThs NOJKHA OBITH MAapHOH JIMOO K IMEpPBOA,
1100 KO BTOPOM, BEPOSTHOCTh YEro paBHa 2/8;

1
P(X =4)= §§E:—8, TaK Kak BTopas JOJKHA OBbITh HE MApHOU K
9 8 7 63
MEepBOM, BEPOSATHOCThL 4Yero 8/9, TpeTbss — HE NApHOM K NEPBBIM JABYM,

BEpPOSITHOCTh 4Yero 6/8, a yerBepras AOMKHA ObITH OHOUN Tediieil u3 Tpex yxe
Pa3yKOMILUIEKTOBAHHBIX Map, BEPOSATHOCTH Yero 3/7;

4 4 1

P(X =%5)= §-§-—-—:—6, TaK Kak BTOpas JOJKHA ObITh HE MapHOU K
987 6 63

MEepBOM, BEPOSATHOCThL 4Yero 8/9, TpeTbss — HE NapHOM K NEPBBIM JABYM,

BEpOSITHOCTh 4ero 6/8, uerBepras — HE MapHOM K MEPBBIM TPEM, BEPOSITHOCTh
yero paBHa 4/7, a nAras AOKHA OBITh OJHOM Ty(Quied W3 4YeThIpeX YxKe
Pa3yKOMILIEKTOBAHHBIX Map, BEPOSATHOCTH Yero 4/6;

P(X =6)= § . E . i . % = i , TaK KaK JUII ATOro0 HEOOXOIUMO, YTOOBI
Ka)KJasl U3 MSTH MEPBBIX Ty(esb BIOMpaiach U3 €Ie He TPOHYTON Mapsbl.

Wtak, cayyaiiHas BETUYMHA UMEET 3aKOH paclpeeIeHHUs:
X 2 3 4 5 6
P 7/63 | 14/63 | 18/63 | 16/63 | 8/63
M(X)=27/63+314/63+418/63+516/63+68/63 256/63~4.
Omeem. M(X)=256/63~4.
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3agaua 2.37. B ypHe comepxkarcs mapsl 7 pa3jIdYHbIX LBETOB, IPUYEM
IapOB KaXXJI0To IBeTa cojepxkutrcs k mtyk. [llapel BeIOMparoT u3 ypHBI 1O
OJIHOMY, MOKa Cpeau BBIOPAHHBIX HE OKaXKETCA JBYX IIApOB OJHOIO IIBETA.
Ilycte X — 4ucino U3BICYEHHBIX IIpU 3TOM 1IapoB. Haunaure 3akoH
pactipenenenus X u M (X). (Cm. npumep 2.37 u UCXOAHBIEC TaHHBIE. )

Hcxoonvie oannvie k 3a0aue 2.37.

Ne|n |k |Ne|n |k |Ne|n|k|N|n|k|N|n|k|N|n)|k
1426 4511|4316/ 3 |3 213 |5 26|3 |4
2 (4 (317 |3 |3 |12(3 5173 [4]22|3/|61(27|5]3
3 (351834133 |6 |18|5 (3 [23|4 /|4 28|62
4 |3/6[9 (531444196 |2 244 |2129|4]5
514147110, 6 |2 15|42 ]20(4 | 5254|3303 |3

Ipumep 2.38. llena norepeiinoro 6unera pasHa 50 pyoOseil. B manHoit
JoTepee KaXKAbId IATHIA OWJIET BHIMTPHIBacT. BelnunHa BBEIMTPHINIA HA OOUH
ouneT X uMeeT pacrpeiesieHue:

X 0€3 BBIUTPHIIIIA 100 py6. 200 pyO. 1000 py®.
P 0,8 0,12 0,07 0,01
HexTo mpuobpen mars 6uneroB. HeoOX0aUMO BBIYHCIWUTH €TI0 CPEeIHUMN
BBIUTPBIII OT YYaCTHUS B 3TOM TUPAXKE JTOTEPEHU.
Pewenue. O603HauuM uepe3 X; BRIUTPHII, TPUXOASIIHUICS Ha i-ii OUIeT.
Torma oOmmit Bemrpemun Y =X, +X,+X,+X,+X,. Ilo cBoiictBam

MaTEMaTUYECKOTO OKUIaHUS
M(Y)=M(X)+M(X,)+M(X;)+M(X,)+M(Xs),
rne M(X,)=0-0,8+100-0,12+200-0,07 +1000-0,01 =36.
[ToaTOMy CpeaHMIl BBIMTPHIII HA NATh OMIETOB cocTaBUT S -36 =180 pyo.,
HO 3a Owmerbl ObuIO 3amiadyeHo 250 py0. B wurore, cpemaHuil «BBIMTPHIIDY
(bakTuuecku, npourpsii) pased 180 —250 =—70 pyo.
Omeem. —70 pyO0.

3amaua 2.38. llena norepeiinoro Owiera paBHa 50 py6. Benuunna
BBIMTPBIIIA HA OAUH OUIeT X UMeeT pacnpeaciceHue

X 0€3 BBIUTPHIIIIA 100 py6. 500 pyO®. 1000 py®.
P l-p—p,—p; )4 P2 P3
Bol nmpuobpenu n OuneroB. Beiuuciaure Bamn cpegHuil BBIMTPBIIT OT

y4acTusi B 3ToM Tupaxe jorepeu. (Cm. npumep 2.38 ¥ UICXOHBIE JaHHBIE.)
Hcxoonvle oannvie k 3a0aue 2.38.

Ne|ln | pi | pp| ps [ Neln | p | pp| p3s |[Ne|n | p|p| ps

()]

1,3 1]0110,05/001}11] 7 |0,1]0,05/0,019]21 0,1 10,05]0,019

214 10,12/0,04/ 0,01 j12| 8 |0,1]0,03/0,01]22] 6 |0,1]0,04]0,01
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3| 5 10,12/0,03]0,015)13| 3 | 0,1 |0,04/0,015}23| 7 |0,1]0,03|0,015
416 101003001 )14, 4 [0,10,04/0,01 24| 8 |0,1]0,05]0,01
5{7101)0,04[0,015/15| 5 | 0,1 0,03/0,015}25| 3 |0,12{0,04| 0,01
6 | 8 01004001 16| 6 [0,10,05/0,01)26| 4 |0,12]/0,03]0,015
713 (0,1)0,03{0,015/17| 7 |0,12]0,04|0,01 27| 5 |0,1(0,05]0,01
84 01)0,05{001 18, 8 |0,12]0,03/0,015}28| 6 |0,12]0,04| 0,01
915 (0,12/0,04{ 0,01 /19| 3 |0,10,03/0,01}29| 7 |0,12]0,03]0,015
10| 6 |0,12]0,03/0,015]20| 4 | 0,1 0,04/0,015]30| 8 | 0,1 [0,03]0,01

Ipumep 2.39. MoneTy nmoaOpachlBalOT 10 T€X MOp, MMOKa HE BBIMAAET
rep0, WK NATH pa3 noAapsAn He Beimaaetr uudpa. Ilyctb X — uncino Opockos
MOHeThl. Hanuiure 3akoH pacrpenesieHus CliydalHOW BEIWYWHBI X U HalIuTe
ee MaTeMaTU4eCcKoe OXKHUIaHuE.

Pewenue. Ecniu npu mepBoM ke Opocke BwImageT repd, 1o X =1,
BEpPOSTHOCTh 4Yero paBHa 1/2.

BpockoB monanobuTcs 1Ba, €Ciiv cCHavalia BeImaaeT nudpa, a mpu BTOPOM
opocke — rep6. BepositHocTh Takoro ucxona pasua (1/2)(1/2)=1/4.

Momnety mnpuaercs OpocaTh TPUKIbI, €CIM CHauyajla JBaXKAbl BBHIMNAACT
mudpa u npu TpeTheM Opocke — rep0. BepostHocTs 3TOTO paHa (1/2)(1/2)-
(1/2)=1/8.

Ananornuno P(X =4) (1/2)1/2)(1/2)(1#£2) 1/16.

Ecnu detsipe paza moapsia BeimaaeT uudpa, TO HEOOXOAUM MSATHIN
OpOCOK, KOTOPBIA HE3aBUCHUMO OT pe3yJibTaTta (C BEPOSITHOCTbIO OJUH) OyAeT
nocienauM. [loatomy P(X =5¢ (1/2)(1/2)(1/2)(1/2)-1=1/16.

3aKoH pacrnpeesieHus: yuciaa OpOCKOB UMEET BUI:

X 1 2 3 4 5
P 1/2 1/4 1/8 1/16 | 1/16
Cpensee unciio O6pOCKOB paBHO
MX)=11/2+21/4+31/8+41/16+51/16=31/16=2.
Omeem. 31/16=2.

3amaua 2.39. Ctpenok cTpenser B 1eib, I0Ka He MONajeT, MO0 MoKa He
CIeNaeT m MpOMaxoB. BeposATHOCTs MONACTh B LEJb IPHU OJTHOM BBICTPEJIE PaBHA
p. Ilyctb X — 4HWCIO MNPOU3BENEHHBIX BBICTPENIOB. Hamuimmure 3aKoH
pacupeneneHus s CIydalHOW BEIWYMHBI X W HalJAUTE €€ MaTeMaTU4eCKOe
oxkunanue. (CM. npumep 2.39 U UCXOAHBIE TAHHBIE).

Hcxoounvie oannvie k 3a0aue 2.39.

N | p|m|Ne|p|m|Ne|p|m|N| p |m|N| p |m|Nel|p

1 106/ 5]6 046 ]11/03[4]16/05|4 121/0,55]| 4 |26 10,65

A3

2106/417107]412]03]6 1706 | 6 [22]0,55] 5 ]2710,75
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3 06/6|807/5,13/08]4)18|045| 4 |23/0,55| 6 |2810,75] 5
4 104,419 07,6 14/0,8]5]19]045| 5 ]24/0,65| 4 |2910,75] 6
5104 5]10/0,3] 5]15]0,8] 6 120]0,45] 6 |25/0,65] 5 13010,35 4

Hpumep 2.40. BeposTHOCTh MomagaHus B LENIb MPUA KaXIOM BBICTpPEIE
paBHa 1/3. NUmeetcs cemb naTpoHoB. CTpenbba MpOU3BOIUTCS A0 TEX MOp, MOKa
He OyAeT Tpex MomajJaHuil Uiv MoKa He KoH4aTcs natpoHsl. [lycte X — uuncno
BBICTpENOB. Hailnute MaTeMaTH4eCcKOe OKUIaHUE CIIy4YallHON BEJTUYUHBI X.

Pewenue. Haiinem cHadana 3aKOH pacupeAciIeHUs CIy4YalHOW BEJIMYHHBI
X Jlna tpex momagaHud HEOOXOJUMO MUHHMYM TpHU BbICTpena. BeposiTHOCTh
Tpex nomamanuii moxpsm paeHa (1/3)°. TTostomy P(X =3) (18) 1/27.
BricTpenoB moHamoOMTCS 4eThIpe, €CAuM B NEPBBIX TPeX BbICTpenax Oyaer
TOJIBKO JIBA TIoNafanus (BeposTHocTh yero pasHa C.(1/3)*(2/3)=2/9) u npu
21 2
93 27
[Ipunmercss mpoU3BECTU TATH BBICTPENIOB, €CIIM B MEPBBIX YETHIPEX BBICTpENax
Oyner nBa nomagaHus (BeposTHocTh dero pasHa C,(1/3)°(2/3)°=8/27) u

8§ 1 8

nonaganue OyaeT npu mstom BeicTpene. [loatomy P(X =5)= 2—7§=§

4eTBEepTOM BbICTpenie Oyner mnomaganue. I[lostomy P(X =4)=

Awnanornuno P(X =6) Gi(1/3)*(2/3)*-(1/3)=80/729.

BricTpenoB OyaeT ceMb, €Clii K MOMEHTY CebMOT0 BBICTpeNa OyJIeT JABa
WM MeHbIle JBYX Tonagamuil. Ilostomy P(X=7) C/(1/3)°(2£3)°+
+Ci(1/3)'(2/3) +C2(1/3)*(2/3)*=496/729. 3ametum, 4YTO TpolIE 3Ty

BEPOSITHOCTh OBUIO TOCYUTATh, OTHAB OT €IUHMIIBI BBIUKUCICHHBIE YXKE
BEPOSATHOCTU OCTAJIBHBIX 3HaYeHUM. MTak, ciryyaliHas BeaudrHa X UMEET 3aKOH

pacmipenencHus:
X 3 4 5 6 7
P 1/27 2/27 8/81 80/729 | 496/729
M(X):3-i+4-i+5-§+6- 80 +7-49:6 4609z6,3.
27 27 81 729 729 729
Omeem. M(X) = 4609 ~06,3.
729

3agaua 2.40. BeposaTHOCTh TOrO, YTO KaXKJasi U3 UMEIOIIMNXCS B HAUTUYUU
n JIaMIIOYEK HCMpaBHA, paBHA p. JlaMIOYKM TPOBEPSIIOT MO OJHOM, MOKa HE
OyJzieT 0oTOOpaHo k TOAHBIX WK HE OyAYT MPOBEPEHBI BCE O €IUHOMN JTAMIIOYKH.
ITycte X — u4mncio npoBepeHHbIX JamMrnoudek. Haligure 3akoH pacnpeneneHus
ciiyuyaiiHOM BenuduHbl X U ee maTeMatuueckoe oxuaanue. (Cm. npumep 2.40 u
HCXOHbIE JJAHHBIE. )
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Hcxoonwvie oannvie k 3a0aue 2.40.

N\ plk|n|Ne|plk|n|N|p|lk|n|N|p|lk|n|N|pl|lki|n
1022 |5)7103/2|6]13]02]2|6(19]02]2|7]25(04|2 |7
2103/3/6|8|02/3]6,14(04]2|5]20(04|2]61]26|0,5/3 |7
3104/3[7]19103[2]7]|15/0,3]/3|7]21|0,5(2|71]27|0,6/2]6
4105/2]6(10/04)4|7116/0,5/3 |6 ]22(0,6/3|6]28|03/4 |7
5102/3|7|11|0,5/2|5}17|0,6(2|5(23/0,3]/2]51]29|0,5/4 |6
6 104/ 3|6]12/0,6|/3|7|18|0,5/4 |7 ]24/|0,6/4|7]30(0,6|2 |7

Ipumep 2.41. U3 12 uzngenuit Tpu UMEIOT CKpbIThie aedekThl. Hayran
BBIOpaHBI YeThIpe u3senus. Hanummre 3akoH pacnpenereHus Yuciia u3aesuii co
CKPBITBIMU Jie(heKTaMU CpeI BIOPAHHBIX.

Pewenue. Tlycte X — umcio gertaneil co CKpbITbIMU AedeKTaMu Cpeau
BBIOpaHHBIX YETHIpEX. JTO JUCKPETHAs ClydailHash BEJIMYMHA C BO3MOKHBIMHU

sHauenusimu 0, 1, 2 ,3. Yersipe aetanu u3 12 MOKHO BBHIOpaTh sz =495 cmoco-
O0amu.

3nauenuro X =0 GnaronpustctByior C, =126 crnoco6oB BEIGOpa M3/ie-
musi. [loatomy P(X =0) 126/495 14/55. 3navennto X =1 Omarompusr-
cteytor C,C; =252 cnocoba, P(X =1) 252/495 28/55. 3nauenuro X =2
onaronpusitcteytor  C.C; =108  cmoco6os, P(X =2) 108/495 12/55.
Haxower, 3Hauenuto X =3 Gnaronpusrcteyror C,C, =9 crocobos, P(X =3)=
=9/495=1/55. Cnyu4aiinas BenmnunHa X ©MEET 3aKOH pacupeeIcHus

X 0 1 2 3
P 14/55 | 28/55 | 12/55 | 1/55

Cpennee uncio AeTaneil co CKpeIThIMU JIeeKTaMu B BHIOOPKE PaBHO
M(X)=014/55+128/55+2-12/55+31/55=1.

Omeem. 1.

3anaua 2.41. B maptuu U3 n U3AEIUA M HUMEIOT CKPBIThIE JS(EKTHI.
Hayran BeiOpanbl r uznenuid. Ilycte X — uncno OpakoBaHHBIX U3IEIHI Cpeau
BbIOpaHHBIX. HanummTe 3akoH pacmpeaesieHus: i ClydyalHOM BeNWYMHBI X U
BBIUHCIIUTE €€ Marematuueckoe oxuaanue. (Cm. mpumep 2.41 u ucXomHbIE
JTaHHBIE. )

Hcxoounvle oannvie k 3a0aue 2.41.

Nelm m|{r|Ne|mnm | m|r|Ne|nm|m|r|N|n | m|r|N|n|m|r
1/10(4(3]7 943|138 (4319|1253 |25|12|3 |4
2101538933148 2[3]20(12[4 1326|1143
3110133199 |5(|3|15(8 332112332711 |5]3
4110414 (10|9 414116 |8 |4 (4221254281133
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10 |5 11,9 |3 17 | 8131423 |11 29114
6 |10/314]12 ]9[54 |18 8 [5[3)24|12[4][4]30]11]|3]4

wn
N
N
)
N
N

Hpumep 2.42. CnydaitHasg BennurHa X MpuHUMAaET 3HadeHus 1, 3, 5,7, 9
¢ BeposaTHocTsIMH P(X =k)=ak, Tne a — HeEKOTOpas MOCTOSHHAs BEJIMYHMHA.

Haiitn MmaTemaTnueckoe oxxuaanue X.

Pewenue. Tak kak cymMMa BEpPOSTHOCTEN BCEX BO3MOXKHBIX 3HAYCHHI
ClIyyallHOM BeJMYMHBI paBHa eauHuie, To al+a3+aS+aT7+a9 =25 4
a=1/25un P(X =k)=k/25. Tloatomy

M(X)=11/25+33/25+55/25+77/25+99/25 =165/25 =6,6.

Omeem. 6,6.

3apmaua 2.42. CnyudaiiHas BenuuuMHa X MPUHUMAET 3HAYECHUS n, n+1,
n+2, n+3. BepoatHocth P(X =x)=sx, Te § — HEKOTOpass IMOCTOSHHas

BenuurHa. HailTu 3HaueHue s, 3amUIINTE 3aKOH pacnpeneneHus X, BBIYUCIUTE
MaremaTtudeckoe oxuaanue X. (Cm. npumep 2.42, n — HOMEp BapUaHTA. )

Ipumep 2.43. U3 uyucen 1, 2, 3, ..., 20 nayraag 0e3 BO3BpallCHUS
BBEIOMPAIOT BOCeMb uucen. HaiiTn MaTreMaTnaeckoe 0KUIaHue WX CYMMBI.

Pewienue. O603nauuM yepes3 X; unucio, BbIOpaHHOE i-M 1O opsiaky. Torna
s moooro m=1,2,3,...,20 umeem

Px emy= 10 18 17 20-m+l 1 1

Hamnpumep, BepOATHOCTb TOTO, UYTO MSATOE MO MOPAJKY YUCIO OYIET paBHO m

paBHa
19 18 17 16 1 1

P(Xl:m): D e ——
DTO 03HayaeT, YTO JJISl i-TO MO MOPSJAKY YKCIa PAaBHOBO3MOKHBI BCE 3HAYCHUS
or 1 mo 20. IloaTromMy MareMaTH4ecKoe OXHIaHUE i-ro yucia paBHO M (X)) =

8
:1-i+2-i+...+20-i:10,5. CyMMa BBIOpaHHBIX YHCEI Y:ZX,. uMeeT

20 720 20 &

8
MaTteMarudeckoe oxxkumanue M (Y) = ZA&(X ) 8-10,5=84.
i=1
Omeem. 84.
3apaua 2.43. U3 yucen ot 1 1o » BeIOMparoT Hayraa 0e3 BO3BpalleHus k
yuces. Hailgure MareMaTudyeckoe OXKHAAHWE CYMMbI 3THX 4yuces. Haiinure
MaTeMaTU4YEeCKOe OXKUJAHUE CYMMbI 3THX YUCEN MPU MOBTOPHOM BbiOOpe. (Cwm.
npumep 2.43, n — HOMEp BapHaHTa TUTIOC TISATh, kK =4 B HEYCTHHIX BapUAHTaX U
k =6 B UETHBIX BapHUaHTAaX.)
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Ipumep 2.44. U3 yucen 1, 2, 3, 4, 5, 6, 7 nayrang 6e3 BO3BpalllCHUS
BbIOMpatoT yetbipe uncna. [lycte X — naubonbiiee u3 3Tux uncen. Tpedyercs
HAaWTU 3aKOH PACHpPEAENICHUs CIIy4YalHOW BEJIMYMHBI X U €€ MaTeMaTHU4eCcKoe
OXKHJIAHHE.

Pewenue. Cnyuaitnag BenmnunHa X MOKET IPUHAMATh 3HaueHus 4, 5, 6, 7.

BhIUMCINM BEpOSITHOCTH 3TUX 3HaueHui. Bcero mmeercs C; =35 cnoco6os

BBIOpaTh JIIOOBIX YeThIpe uuciia u3 cemu. Peanusyercs 3Hauenue X =4, eciau
OynyT BbIOpaHBl TIepBbIe ueTbipe uuciaa 1, 2, 3, 4. DTo MOXHO CHeNaTh
eMMHCTBEHHBIM crmocobom. I[loatomy P(X =4)=1/35. 3nauenne X =5

MOJIYYUTCS, €cii OyAeT BBhIOpaHO YHUCIO MSATh M B JOOABJICHUE K A3TOMY TpPH
yKCyIa U3 MEPBhIX YeThIpeX. DTO MOXkHO ciaenath C, =4 cnocobamu. [TosTomy
P(X =4)=4/35. Benmmunna X =6, eciau Oynmer BbIOpaHa mudpa mecTb U B
JIOTIOTHEHNE K HEW JIOOBIX TPU YHCIA W3 MEPBBIX MATH. JTO MOXHO CIeaTh
C? =10. Cnenoarensno, P(X =5)=10/35. Eciu 6yer BriOpana mudpa ceMb
Y B JIOTIOJTHEHHUE K HEH JII0ObIE TPH U3 TIEPBBIX MIECTH, TO PEATH3YETCS 3HAUCHUE
X =7. BeposrHocTs 31010 P(X =7) C.#35 20#35. B utore uMeeM 3aKoH
pacrpeeneHus:

X 4 5 6 7
P 1/35 4/35 | 10/35 | 20/35

[Tostomy M (X)=4-1/35+5-4/35+6-10/35+7-265/35 6,4.
Omeem. M (X)=06,4.

3anaua 2.44. Nmeercs N ¢uiiek, 3aHyMepOBaHHbIX yuciaamu 1, 2, 3, ...,
N. Hayran 6e3 Bo3BpallleHHI U3BJIEKAIOT 71 (DUIIIEK.

B nHeueTHbIx BapruaHTax: X — HanOOJIBIINK HOMEP B BEIOOPKE.

B geTtHBIX BapuanTax: X — HaWMMEHBIIUK HOMEP B BHIOOPKE.

Haiinute 3akoH pacnpeneneHuss CiaydaiHOM BeauyuHel X U ee
MatemaTudeckoe oxuaanue. (Cm. npumep 2.44 v UICXOAHBIEC TaHHBIE. )

Hcxoounvle oannvie k 3a0aue 2.44.

N | N|n | N | N|n|[Ne | N|n|N|N|n|No|N|n|N|N|nm
1|8 1416 |9 511|107 16|10 6 |21 |11 |8 |26|12| 8
2 (8|57 19 512|105 17116 22|11 8 |27|12| 9
319,689 |4)13(10|/6 18|11 |6 [23|12| 7 [28]12| 9
4 [ 814199 4114|107 119|127 124|127 129|13| 9
5185110, 9|6 15|10 5120|127 25|12 | 8 |30 (13|10

IIpumep 2.45. Ilycts B ypHe HaxoauTcss M Genbix mapoB u R yepHbix. U3
ypHBI Hayraj BbIOUMparoT ojauH Imap. Ilocie ycTaHOBIEHHS €ro 1BeTa B ypHY
n00aBIAIOT k + 1 1map Toro ke 1BeTa (T.€. BRIOPaHHBIN I1ap BO3BPAIIAIOT B YPHY
U K HeMy J00aBSIOT elle k MapoB TOTO ke I[BeTa). 3aTeM BBIOMPAIOT U3 YPHBI
BTOPOH IIap W B YpHY BO3BpamaoT k +1 map Takoro ke 1BeTa, YTO U BTOPOH
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map. [lotom BwIOMparoT odepenHoy miap u T.1. Bcero mpousBoasiT BbIOOp U
n00aBJICHHUE IIIAPOB 71 Pas3.

O6o3HaunM 4yepe3 X 4YHMCIO O€NbIX IIApOB, BBIOPAaHHBIX M3 YPHBI B
mpoiiecce 3TUX # HUCHObITaHui. Tpedyercs HaWTH 3aKOH pacrpeeleHus
CIIy4YallHOM BEJIMYUHBI X M €€ MaTEMATUYECKOE OKHIaHHE.

Pewenue. 3ametum, yto X npunumaer 3Hauenus 0, 1, 2, 3, ..., n.
Boruucoum P(X =m).

Paccynum cnenyronum o6pazoM. [locie kaxaoro omeiTa 4uciio M1apoB B
ypHe Bo3pactaeT Ha k. [lepBbiii map BeiOupaercs u3 N =M + R mapoB, BEIOOP
BTOPOTO BO3MOXKEH m3 N +k mapoB, TpeTui Imap MOXHO BeIOpaTh U3 N + 2k
mapoB U T.A., IJd n-ro mapa umeercs N +(n—1)k Bo3moxHOCTEH BBIOOpA.

[ToaTOMyY unCIIO BCEX BO3ZMOKHBIX UCXOJIOB 3TUX # OMBITOB 0 KOMOMHATOPHOMY
MPUHIIUITY PABHO
N(N + k)N +2k)-...-(N+(n—-Dk).
Ecnu Genblii map ObuT BEIOpaH m pa3, TO NEPBBIM UX HUX BbIOUpacs u3z M
mapoB, BTopoid — u3 M +k mapos, Tpetnit — u3 M + 2k wu T.1., m-ii OemnbIii
map MOXHO Obulo BbIOpath U3 M +(m —1)k mapos. [lo komOuHATOpHOMY

MPUHIIUITY m OeJbIX 1apoB MOKHO OBLIO BBIOpATh
MM + k)M +2k)-...-(M +(m—1)k) cnocobamu.

AHAJIOTMYHO n—m 4YEPHBIM IIap MOXHO ObUTO BBIOpaTh R(R+K)-
(R+2k)-...-(R+(n—m—1)k) cnocobamu. Torma BeIOpaTh m OCHBIX U 1 —m
YEpHBIX IIAPOB B JIFOOOW MOCIEN0BATEIHOCTH MOXHO Obio M (M +k)-
M +2k)-.... (M +(m-DE)R(R+ k) R+ 2k)-...-(R+(n—m—1)k)
criocobamu.

Pa3znuuumbIX MOCIIENOBATENIBHOCTEH B YepelOBaHUU O€NbIX U YEPHBIX
mapoB cymectByeT C', IMEHHO TaKUM YHCIIOM CIIOCOOOB MOXHO U3 /1 OIBITOB
BBIOPATh PA3IMYHBIX /71 U B HUX MOJYYUTH Oeinble mapsbl. [losTomy
P(X =m)= (2.8.6)
MM +EYM +2k)..( M +(m—-DE)R(R+k)R+2k)...(R+(n—m-1)k)

N(N +k)(N +2k)...(N +(n-1)k) '
3aKOH paclpenesieHus CIydaiHoM BeuyuHbl X co 3HaueHusimu 0, 1, 2, 3,
..., N W BEPOSATHOCTSIMU ITUX 3HaueHud P(X =m), omnpenenasieMbIMU IO

=C"

dbopmyie (2.8.6), HA3BIBAIOT 3aKoHOM pacnpedenenus llonua.

3ameuanume. Eciu B pacnpepenenun Ilomma k=0, To mnomyuyum
He3aBUCHUMBIE ONBITHI U (opmyna (2.8.5) mepexoaut B dopmyny beprymin
(2.6.1). Ecnmm xe k=-1, To 3TO O3Ha4aeT, 4TO BHLIOPAHHBIN IIap B ypHY HE
BO3BpAlaeTCs M HOBBIX IIAPOB B YpHY He poOaBisercd. Mbl monajgaem B
ycioBUsi 0ecioBTOpHOTO BbiOOpa. B aTom cinyuae dopmyna (2.8.5) nmepexoaut B

bopmyny (2.1.1).
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3agaua 2.45. Ilycte B ypHe HaxonuTcs M OenbixX mapoB U R yepHbIX. 13
ypHBI Hayraj BbIOUMparoT oauH mmap. Ilocie ycTaHOBI€HHS €ro IBeTa B ypHY
n00aBIAIOT k + 1 1map Toro ke 1Beta (T.€. BRIOPaHHBIN I1ap BO3BPAIIAIOT B YPHY
U K HeMy J00aBISIOT elle k MapoB TOTO ke I[BeTa). 3aTeM BLIOMPAIOT U3 YPHBI
BTOPOH IIap W B YpHY BO3BpamaioT k +1 map Takoro ke 1BeTa, YTO U BTOPOH
map. [lotom BwIOMparoT odepenHol map u T.1. Bcero mpousBoasiT BbIOOp U
n00aBIICHHUE IIIAPOB 71 Pas3.

a) Hailimute 3akoH pacmpenesieHHs] CIyd4allHOW BeIWYMHBI X, paBHOU
yuciay OenbIX IMIApOB BBHIOPAHHBIX M3 YPHBI B MPOLIECCE ITUX 7 HUCHBITAaHUU.
Haitnure M(X).

0) Hamumwute 3akoH pachpefeneHuss U HalJuTe COOTBETCTBYIOIIEE
MaTeMaTU4YeCKOe OKuanue s ciydaeB k=0 u k=—1.

(Cum. mpumep 2.45 1 UCXOAHBIC TaHHBIE. )

Hcxoonvie oannvie k 3a0aue 2.435.

N|M|R|n|k|N|M\R|\n|k|NM|\R|n|k|NM|R|n|k
1(3(2(411]19(4 2[4 |1]17/4 2|3 [2[25]/5|2]3]1
21213141 )10{2 44118243 |21]26/2 5|3 |1
313|251 )11|4 |2 |5|119|4 |2 4|2]27/62 3|1
4 |2 (3|51 12|24 |5]1)120{2 4|4 2|28/2|6|3]|2
5132131113/ 4 3|3 |11(21/4|2|5/12129/6 12|42
6 |2 331143 |43 |11]22/2|4]|5/12130/2]|6|4]2
714121311154 |34 |123/3 |13 |1]31|3|24]1
82|43 |1|16|3 |4 |4 124|133 |132|2|3|4]|1

PaccMOTprM cepuio OMbITOB, KOTOPHIE MPOU3BOASATCS B HEOAMHAKOBBIX
YCIIOBUSX U TIO3TOMY BEPOATHOCTH MOSIBJIEHUS COOBITUSL 4 MEHSETCS OT ONBITA K
onbITy. Hanpumep, Bo BpeMs 00s1 M3-3a COJMMKEHUS WIM yAAJEHUsI TPOTUBHUKA
BEpPOSITHOCTh MOPAXEHWS LEIW MpPU BBICTPENE MEHAETCS OT BBICTpENa K
BBICTpETTY.

O603HauuM Yepe3 p; — BEPOATHOCTh MOSIBJIECHUS COOBITUSA A B i-M OIBITE,
a BEpOATHOCTb HEMNOSIBJICHUs COObITHS 4epe3 ¢, =1— p,. TpeOyerca HaliTu
BEPOSATHOCTb P TOro, 4TO B PE3YJIbTATE 71 OIBITOB COOBITUE A MOSBUTCS M Pas3.

MoxHo, kak u npu BbiBogie Gopmyiibl bepuymiu (2.6.1), MoaenupoBaTh
pe3yJIbTaThl 71 OIBITOB C IIOMOIIBIO M OYKB A U n—m GykB A. Paznuuumbix
nepecTaHoBOK Takux OykB Oyner C' =C'™". IMEHHO TaKuM 4HCJIOM CIOCOOOB
MO>KHO M3 1 MECT BBIOPATh 7 U MOCTaBUTh HA HUX OYKBBI A, @ Ha OCTaJIbHbIE —
GyKkBBI A.

Kaxnas mnepectaHoBKa 3TUX OyKB COOTBETCTBYET OIPEICICHHOU

MTOCJICIOBATEILHOCTH TTOSIBIICHUI M HenosBIeHUH coObITua A. K cokanenuio, B
HallleM CJIy4ya€ TMEPEeCTaHOBKHM HE PAaBHOBO3MOXHBI M CYMMHPOBATh UX
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BEPOSITHOCTU TpPYyHOeMKO. BwmecTo yTomMuTenbHOTOo mniepedopa BO3MOXKHBIX
KOMOMHAIMK OYKB MOCTYNUM cieayromum oopazom. CoctaBuM (hyHKIIUIO

Y, (2) & +pz)q,+p,2)..(q,+Pp,2) :}—[(% +p,2),
i=1

r7ie Z — HEKOTOpasl IeCTBUTENbHAS IEPEMEHHAS.

Ecnau nmepeMHOXUTH CKOOKH, MPUBECTH MOJIOOHBIE U YHOPSAIOYUTH UX IO
CTEIEHSIM Z, TO MOJYYUM MHOTOYIEH MO CTemeHsM z. JIerko MoHSATh, 4TO HpH
KOKIOW cTeneHu z' OyneT Ko3(p@HUIMEHT B BHUJAE NMPOU3BEACHUS m OYKB p U
n—m OYKB ¢ C KakUMHU-TO HUHJEKCaMHU, a IMOCJe MPUBEACHUS MOJI00HBIX
noyduTcss KO3 UIIMEHT, KOTOpBhIM OylleT paBeH CyMMe BCeX MOJOOHBIX
IIPOU3BEACHUM, T.€. paBHBIA P .

Ipumep 2.46. C pa3HbIX pacCTOSTHUN NPOU3BOJUTCS YETHIPE HE3ABUCHMBIX
BBICTpEJIA 110 OAHOM M TOM K€ 1enau. BepoATHOCTH nmonajgaHus B LENb IPU 3TUX
BeICTpenax paBHbl coorBercTBeHHO 0,1; 0,2; 0.4; 0,8. Haiitu pacnpeneneHus
Yyyciia MOMAaJaHuK U MaTEeMaTUYECKOE 0KUJAHUE ITOTO YUCTIA.

Pewienue. O603HaUUM yuCcIO0 ToNajaHUN B 1enb udepe3 X . 3anuiiem
MPOU3BOIAILYIO (DYHKIHIO

VY, (2) Hq,+pz)q, + p,2)..(q,+ p,2) =
=(0,9+0,12)(0,8 +0,2z)(0,6 + 0,42)(0,2 +0,8z) =
=0,0864 + 0,4344z +0,3784z° +0,09442° +0,0064z".

Urak, cnydaitHas BenndrHa X UMEET pacupeleICHUe:

X 0 1 2 3 4
P 0,0864 | 0,4344 | 0,3784 | 0,0944 | 0,0064

M(X)=1-0,4344+2-0,3784+3-0,0944 +4-0,0064 =1,5.
3ametum, yTo M (X) MOXHO BBIYUCIUTH HEMOCPEACTBEHHO (HE HAXOJs

IIpeIBapUTEIbHO 3aKOHa pacrnpezeneHus). llpeacrtaBuMm 4ymcino momanaHuid B
Buge X =J, +J,+J,+J,, tne J; — 4YHUCIO NONAJaHUM IIPU [-M BBICTPEIIE.
Torpa
M(X)=M(J,)+M(J,)+M(J;)+M(J,).

Ho M(J,)=0-q,+1-p,=p,. llostomy M(X)=p,+p,+p,+p, =0,1+0,2 +
+0,4+0,8=1,5.

Omeem. M (X)=1,5.

3agaua 2.46. BeposTHOCTH TOMagaHusl B LEJIb OPU BBICTPENE IS TPEX
CTPEJIKOB PaBHBI COOTBETCTBEHHO pj, p», p3. HammcaTe 3akOH pacnpeneneHus
yycia MONAJaHWKd B LIEJIb M HAWTH MATEMAaTHYECKOE OKMIAHME HTOTO YHUCIa,
€CIM KaXJbld CTPENIOK chelial 1o oaHoMmy BeicTpeny. (CMm. mpumep 2.46;
3HAYEHUS P, P2, P3 B3ATh U3 yciaoBHi 3a1aun 2.19.1.)
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Hpumep 2.47. Ha kpyroBoM »HKpaHe JIOKaTOpa PaBHOBO3MOKHO
MOSIBJIEHUE IISITHA B KaXJIOM TOUKe 3KpaHa. Pammyc skpana paBeH R. Haiitu
3aKOH pachpeAesieHusl pPacCTOSHUS OT IEHTpa JKpaHa A0 nsaTHa. Haitu
MaTEMaTUYECKOE 0KUIAHUE U JUCIIEPCUIO ATOTO PACCTOSHUA.

Pewenue. O603HaunM yepe3 X pacCcTOSTHUE OT LIEHTpA dKpaHa J0 MsTHA.
D710 paccTosiHue OyAeT MEHBIIE X, €CIU MATHO MOMaJeT BHYTPh Kpyra pajauyca
x. BepoATHOCTb 3TOT0 MO TEOMETPUUYECKOMY OIPEACIECHUIO BEPOATHOCTH paBHA
OTHOLICHUIO IUIOLIAAM Kpyra pagdyca x K IUIOLIAaJM BCETO JKpaHa JIOKaTopa.

[loaTomy @QyHKIUA pacnpenesieHus] CiaydyalHOM BelWuMHbl X UMEET BUJ
2 2
X~ X

F(x)=0 mpu x<0, F(x)=P(X<x) =
T

R R

mpu 0<x<R u F(x)=1

2
npu R < x . Torma GpyHKIWS TUIOTHOCTH BEepOSATHOCTH ['(X) = R—f npu 0<x<R,a

R

M(X):j %dx——HD(X) D(X)= j( 2Rj

0

Omeem. M(X)=2R/3; D(X)=R>/18.

2
2—)§dx=R—.
R 18

3agaua 2.47. 30Ha OTBETCTBEHHOCTHU JIOKATOPA OMPEACIIACTCA B MOISPHBIX
KOOpAMHATaX HEPABEHCTBAMH @, <O<¢@, u p, <p<100. B cmyyaiiHONi TOUKE

30HBI OTBETCTBEHHOCTH MOYKET MOSIBUTBHCS 1€Nb. PaccrosiHue ee oT jmokaTtopa —

cinyyvaiiHas BennurHa X. Cunras paBHOBO3MOKHBIMHU BCE TIOJIOXKECHHUSI LIETTM B 30HE

OTBETCTBEHHOCTH, HAIUTE (PYHKIIMIO pacTipeieTICHUs CITy4ailHOM BEJIMYUHBI X U €€

(YHKIMIO TJIOTHOCTH BEPOSTHOCTH. HaiimuTe MaTemaTuyeckoe OXUIaHWE U

JCTIEPCUIO 3TOM ciydaitHoi BenmuuuHbl. (CM. ipumMep 2.47 1 UCXOAHBIE TaHHBIE. )
Hcxoounvle oannvie k 3a0aue 2.47.

Ne | @ | @ | pr | Ne | @ | @ | p1 | Noe | @ | @ | py
1 0 /4 0 11 0O [3w4] 10 | 21 0 T 30
2 0 /2 0 12 | w4 T 10 | 22 | w4 | 3n/4 | 30
3 0 T 0 13 0 /4 | 20 | 23 0 |3mn/4 | 30
4 w4 | 3n/4| O 14 0 w2 | 20 | 24 | ©/4 T 30
5 0 |3n/4] O 15 0 n/6 | 20 | 25 0 /4 | 40
6 /4 T 0 16 | w4 |3w/4 | 20 | 26 0 /2 | 40
7 0 /4 | 10 17 0 [3mw4 ]| 20 | 27 0 T 40
8 0 /2 | 10 18 | w4 T 20 | 28 0 [3w/2 ]| 40
9 0 T 10 19 0 /4 | 30 | 29 0 /2 | 50
10 | w/4 [ 3mw/4 | 10 | 20 0 /2 | 30 | 30 0 /4 | 50

IIpumep 2.48. CnyuaitHas BenuurHa X ©MeeT (PYHKIHMIO pacpeIeICHUS
0 npux<0;
F(x)=P(X <x) {x*/36 npa x<[0,6];
I npm x>6.

Haittu M (X), D(X), P(X < 4), PQ<X <5), P(X >3).
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Pewienue. Haitnem cHauana (yHKIMIO IJIOTHOCTH BEPOSITHOCTH
0 mpu x<O0;
f(x)=F'(x) <x/18=mmpu x[0,6];

0 mnpu x>6.
6

6
Torma M (X)= Jx% de=4, M(X?)= V% dx =18. Tlostomy D(X) = M(X?) -
0 0
~[M(X)I =2.
C yueToMm omnpeneneHus U CBOUCTB (PyHKIUU pacnpeaesneHus F(x) umeeM
P(X<4)=F#) 4/9;, PQ<X<5=F®-£12) 25/36-4/36 7/12;
P(X>3)=1-P(X<3)=1-F@) *-9/36 3/4.
(B mocnennem cnydae yureHo, uto P(X =3)=0 B cuiay HEnpepbIBHOCTH

CIIy4ailHOM BEJIMYHHBI X.
Omeem. M(X)=4; D(X)=2; P(X<4)=4/9; P2<X<5=7/12;
P(X>3)=3/4

3apaua 2.48.1. Cnyyaitnas BenuurnHa X uMeeT QYHKIMIO pacpeIeICHUS
0 mpux<a;

F(x)= \/ﬁ npu x €la,a+1]j;
1 mpu x>a+1.
Haiimure M (X), D(X), P(X<a+1/9), Pla+1/16<X <a+1/4),
P(X >1/4). (Cm. npumep 2.48; a — HOMEp BapHaHTAa.)

3anaua 2.48.2. Cnyyaitnas BennurHa X uMeeT QyHKIHIO pacpeaesIeHUs

0 mpm x<O0;

A(ax —x7)
a2

1 mpu x>a/2.
Haiimure M(X), P(X <a/4), P(a/8<X <a/4). (Cm. npumep 2.48; a —

HOMED BapHaHTa).
3agaua 2.48.3. Ciyualinas BennunHa X uMeeT pacnpenenenue [lapero ¢

F(x)= mpu x €[0,a/2];

a+l
a | x
IJIOTHOCTBIO BEPOSATHOCTU [ (X) = —(—Oj opu x,<x u f(x)=0 npu x<x,,

X, \X

(a>0wu x,>0). Haitnure M(X) n P(x, <x<x,+a). (Cm. npumep 2.48, xo —
HOMEp BapuaHTa, a =2 B BapuaHtax 1-10, a =3 B Bapuantax 11-20 u a=4 B
Bapuanrtax 21-30.)
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2.9. HOPpMAABbHbIN 3QKOH pAacnpeAeAeHus

HopwmanbHbiil 3akoH pacnpeneneHnﬂ MMEET IUIOTHOCTh BEPOSITHOCTHU
(x—m)’

J(xX)=—=—expq - :

2

N2t o 2c

rae —o<m<o U G >0 — HEKOTOpbIE MapaMeTphl.
I'paduk PyHkinuu miaoTHocTH BeposiTHOCTH (2.9.1) mmeer MakcUMyM B
TOYKE X =m, a TOYKH meperuda OTCTOSAT OT TOYKU m Ha paccTosinue c. [lpu
X — Foo Pynkius (2.9.1) acumnToTruuecku npuobIMKaeTcs K Hynto (ee rpaduk

n300pakeH Ha puc. 2.9.1).

2.9.1)

f(x)“

TOUKA
neperuba

>aQ

I
I
I
I
I
I
\I

I

I

I

I

I

I

I

I

I

I

| I
] i A4
m

=Y

Puc. 2.9.1

I[ToMHMMO TEOMETPUYECKOTO CMBICIIA, HapaMeTpbl HOPMAIBHOIO 3aKOHA
pacnpeneneHuss HWMEIT W BEPOSTHOCTHBIM cMbIch. llapamerp m paBeH
MAaTEMAaTUYECKOMY OXHAAHUIO HOPMAIBHO  PACIpPEICICHHON  CIy4ailHOU

BenmmuuEbl, a mgucnepcus D(X)=o’. Ecmm X ~ N(m;c®), T.e. X umeer
HOPMAaJIBHBII 3aKOH PACIIPEICNICHNUS C TapaMeTPaMK /1 U G°, TO

Pla< X <b) d)(b_m]—d)(a_m], (2.9.2)
c c
1 t
rae O(x) E_{[e:xp ey dt — ¢ynxyus Jlannaca.

3nauenust pynknuun @(x) MOxkHO HalTHU MO Tadnuie (CM. MPUWIL., TaOl.
[12). ®ynkuus Jlamnaca HeweTtHa, T.e. O(—x)= —D(x). Iloatomy ee Tabnuia

JaHa TOJIbKO JJisi HeoTpuuarenabHbiXx x. ['paduk pynknuu Jlannaca nzodpaxken
Ha puc. 2.9.2. Ilpu 3HaYeHUsIX X >S5 OHA MNPAKTUYECKU OCTAETCS MOCTOSHHOM.
[loaTomy B Tabnuue nanbl 3HaueHus (QyHkiuu Tosbko st 0<x<5. Ilpu
3HAYEHUSIX X >S5 MOXKHO cuMTaTh, 4To P(x)=0,5.
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<ID(3c)A

0,5
=X
Puc. 2.9.2
Ecmu X ~ N(m;c°), To
P( X —ml|< o) :2‘1’(2) (2.9.3)
(e)

Hpumep 2.49. CnyuaitHas BennunHa X MMEET HOPMAJIBHBIM 3aKOH
pacnpenenenus N(m;c”). U3BectHo, uto P(X <1)=0,15866, a P(X >4)=
= 0,30854. Haifty 3HaueHNS TAPAMETPOB 71 U G°.

Pewienue. Bocnonb3yemcs hopmyoii (2.9.2):

P(X<1):P(—oo<X<1):CD(1_—mJ—CD(_§O_mj
(e) (@)

- (I)(l_—m] + ®(0) = 0,15866.
(¢)

Tax xak ®(0)=0,5, T0 —d)(l_—m]:CD(m—_lj:O,S—O,l:SS% 0,34134. Tlo
(¢) (¢)

tabmuue ¢ynkuuu Jlamnaca (cm. mpui., Ta6n. I12) naxomum, uro @(1) =

=0,34134. IlosTomMy o lwmm-1=0,
c

Ananormuno P(X >4) = P(4< X <) ﬂp(w_mj—@(“;mj 0,30854.
(6} (6}

4—m

Tak kak ®(0)=0,5 TO CI)( ] 0,5=0,30854 0,1446.1lo Ttabnuue

c
¢bynkmuu Jlammaca (cm. mpui., Ta6n. [12) maxommm, uro ®(1/2)=0,19146.

m o
=0,5 wm m—-4=-0,56. U3 cucrempl JByX YypaBHEHUH

IToaTomy
o)

m—-1l=c u m—-4=-0,5¢ Haxommm, uto m=3, a =2, T.e. o =4. Urak,
ciyyaiiHas BenuuuHa X WMeEET HOpPMaJIbHbIA 3aKOH pacmpenenenus N(3:4).
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I'paduk (QyHKIUMU TIOTHOCTH BEPOSITHOCTH HSTOr0 3aKOHA paclpeeseHUs
n3o0paxeH Ha puc. 2.9.3.

Omeem. m=3; o* =4.

f 9

A=)

il

3agaya 2.49. CiyvaitHas BenuunHa X HMMEET HOPMAJbHBIA 3aKOH

u,____
< ¥

|
| |
| I
o
l |
! 1
3 4

A

Puc. 2.9.3

pacnpenenenus N(m;c”). U3BecTHO, UTO:
a) Il HEYCTHBIX BapuaHToB P(X <&) a, a P(X <&) [5;
0) mtst 9eTHBIX BapuanTtoB P(X <=#) o, a P(X >&) .

Havinure 3HaueHus napamMeTpoB m u o’. Crenaiite 3cKU3 byHKIIHN
IUIOTHOCTH BEPOATHOCTH MPU HAUJCHHBIX 3HAYCHUSIX NapamMeTpoB. Haigure
P(X* <4). (Cm. mpumep 2.49 1 UCXOTHBIE JAHHBIE. )

Hcxoouvie oanunvle k 3a0aue 2.49.

Ne a o b B Ne a o b B
1 -2 | 0,0668 3 0,8413 |16 | -1/2 | 0,4013 2 0,1587
2 | -1 | 0,1587 5 0,0227 | 17 5 0,6915 2 0,1587
3| -1 |04332 4 0,8413 | 18 5 0,6915 2 0,8413
4 0 0,1587 6 0,0227 |19 | 2 0,0227 8 0,8413
5| -2 | 0,1587 1 0,6915 |20 | 2 0,0227 8 0,1587
6 2 0,8413 | -1 | 0,6915 | 21 3 0,1587 12 | 0,9773
7 1 0,1587 5 0,8413 | 22 3 0,1587 | 4,5 | 0,6915
8 1 0,1587 5 0,1587 | 23 0 0,3085 6 0,8413
9 | -6 | 0,0227 3 0,8413 | 24 0 0,3085 6 0,6915
10 3 0,1587 6 0,0227 | 25| -2 | 0,1587 4 0,6915
11| -3 | 0,1587 0 0,6915 |26 | -2 | 0,1587 4 0,3085
12| -3 | 0,1587 0 0,3085 | 27| 2 0,5000 4 0,6915
13 0 0,3446 5 0,7258 |28 | 4 0,6915 2 0,5000
14 | -1/2 | 0,4013 2 0,8413 |29 | -3 | 0,1587 0 0,9773
15| -3 | 0,1587 0 0,0227 | 30 0 0,3446 5 0,2742

Ipumep 2.50. Ommbka wusMepenuss X HMEET HOPMaIbHBINA 3aKOH
pacripesiesieHus, IpUYeM CUCTeMaThdeckas OmmnoOKa paBHa 1 MK, a nucrnepcus
om0k paBHa 4 MK’. KakoBa BepOATHOCTb TOTO, YTO B TPEX HE3ABHCHMBIX
M3MEPEHUSIX OIMKUOKA HU pa3y HE MPEB30UIET MO MOAYIIO 2 MK?
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Pewenue. Tlo ycmoBusim 3amaun X ~ N(1;4). Beiuumcnum cHauana
BEPOSITHOCTH TOT'O, YTO B OJHOM M3MEpPEHHM oIlrbOka He mpeB3onaer 2 Mk. [lo
dbopmyie (2.9.2)

2-1 -2-1

P X< 2):P(—2£X£2):(D(T]—CD(T] D(1/2)-D(-3/2D

=®(1/2)+D3/2) H,1915+0,4332=0,6241.
Briuuciennas BEpOSITHOCTh YUCIEHHO PaBHA 3aIITPUXOBAHHOW IIOIIAAN
Ha puc. 2.9.4.

i)
F 3

02+

m

- -3 _z -1 [ 1 2 3 4 5 x

Puc. 2.9.4

Kaxnoe usMmepeHne MOXKHO pacCMaTpUBATh KaK HE3aBUCHUMBINA OIBIT.
[Tortomy mno ¢dopmyne bepuymnu (2.6.1) BeposITHOCTH TOro, 4TO B Tpex
HE3aBUCHUMBIX U3MEpPEHUAX OIMOKa HU pa3y He NMPEB30MAET 2 MK, paBHa F,(3) =

= C33(0,6241)3 (0,3753)° =1/ 4.
Omeem. ~1/4.

3agaya 2.50. Ommbka wusMepeHuss X uUMeeT HOPMaJbHBIA 3aKOH
pacnpenenenus N(m;c”). HaiiauTe BepoATHOCTH TOTO, YTO NPH H3MEPEHHU

omuroOKa 1Mo MOAYJIO He npesvicum v. VI300pa3uTe HaleHHYIO BEPOSATHOCTh HA
pucynke. Haiinure BEpOATHOCTH TOTO, YTO B 7 HE3aBUCHUMBIX H3MEPCHUSIX
ommbOKka u3MepeHus k pas nmpeszotidem v. (CM. npumep 2.50 um HCXOIHBIC
JTaHHBIE. )

Hcxoonvie oannvie k 3a0aue 2.50.

Nelm| ? | v in|k|N|m | |v|in|lk N|m|c |v|6inl|lk
1 -1 4 (214|111 2 (225|341 ]21]|-1 9 3131
212 9 [ 3131121 0,5 4 2131122 2 (225231
31 4 31412113 2 9 314 |11}123/0,5| 4 31411
4 |2 4 |33 ]1[14] 0,5 9 31412124 /10,5(62514 3|1
51116 |54 |1]|15| -1 4 314 (2125] 2 9 31412
6|2 4 1413116 0,5 4 31411126/0,5)/ 9 [4]3 |1
711112251313 (11710516 (3|3 |1]27|1,5| 4 3132
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8|-1] 9 |24 ]1]18] 2 | 9 |3 28 | 2

N
[
O
W
N
[—

912 9 |3]13]1]19]05 ]| 4 29 0

NS
N
N
w
N

10/ 1] 4 [3[]4]12]20/051(225|/3(3]1)30]0] 9 [4|3]1

Hpumep 2.51. OyHKIUSA TWIOTHOCTH BEPOSITHOCTU CIIYYaWHOW BEJIMYHUHBI
X UMeeT BUJ

f(x)=vexp{-2x>—4/3x+1/3}. (2.9.4)
TpeOyercsa ompenenuts Kodhduiuent y, Haittu M (X) u D(X), onpenenursb
TUII 3aKOHA pacIpeiesieHns, HapucoBaTh rpaduk GyHkumuu f(x), BEIYUCIUTH
BeposiTHOCTh P(—1< X <0).

3ameuyanune. Ecnmu Kaxaplil 3aKkOH pacHpeleNieHuss W3 HEKOTOPOTo
ceMeicTBa 3aKOHOB pachpenesieHus: uMeeT (YHKIMIO pachpeereHus

F (x;a], rne F(x) — duxkcupoBanHas (QyHKUUS pacupeneieHus, a € R,

b >0, TO roBOPST, UTO 3TH 3aKOHBI PACHPEACICHUSI NPUHAODTEHCAM K OOHOMY

6udy unu muny pacnpeoenenui. [lapaMeTp a Ha3bpIBaIOT TapaMeTPOM CABHUTA, b —
— MapaMeTpoM Maciiraoa.

Pewienue. Tax kak (2.9.4) GbyHKIMS TUIOTHOCTH BEPOSTHOCTH, TO HHTETPa
OT HEe MO0 BCEH YMCIOBOM OCHU JIOJKEH OBITh PABEH €IMHUIIE:

j F(x)dx= yj e IS (2.9.5)

[IpeoGpa3yem BeIpakeHUE B TIOKA3aTele CTETICHH, BBIICTISS TTOJHBIN KBaIparT:
2(x*+2/3x-H6) 2(x*+2/3x+1/9-1/9-H6) -2(x+1/3)>+5/09.
Torma (2.9.5) MOXXHO 3amucaTh B BUJIE

ey j e 20 e =1, (2.9.6)

CremaeM 3aMeHy TepeMEHHBIX Tak, uToObl 2(x+1/3)°=¢"/2, Te.
x+1/3=t/2, dx=dt/2. Ilpenenbl WHTETPUPOBAHHS TPH ITOM OCTAHYTCS
npexHuMu. Toraa (2.9.6) mpeoOpasyercs K BUIY

T o_pndt
&5 A
v[e S

—o0

YMHOXUM U pa3feianuM JIEBYIO YaCTh pAaBEHCTBA HA +/27. [loiyunM paBeHCTBO

%y 2n & 2 g =1.

et
7l
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1 ¢ . .
Je "2 dt=1, xak MHTerpaj; MO BCEH UYHCIOBOH OCH OT
N2m 2
(YHKIMM  TUIOTHOCTH BEPOSITHOCTH  CTAHJIAPTHOTO HOPMAJIbHOTO  3aKOHA
pactpenenenus N(0,1), To mpuxoauM K BBIBOJY, UTO
2 -5/9

=——¢
"=

Tak kak

IToaTomy

f(x)=\/i—ne_”exp{—2x2—4/3x+l/3} ﬁegp{—zxz—wsx—zw}:

1 (x+1/3)?

:L e 214
2r J270,5

[TocnenHsiss 3amuch O3HAYAET, YTO CIy4dailHas BEJIUMYMHA HMEET
HOPMaNbHBIA 3aKOH pachpeseneHus ¢ mapameTpamu m=-1/3 un o =1/4.
I'paduk GyHKIMH TJIOTHOCTH BEPOATHOCTU STOTO 3aKOHA M300paKeH Ha pHC.
2.9.5. Pacnpenenenne cimyd4aiiHOW BeNWYMHBI X NPUHAMLJICKHT K CEMEUCTBY
HOPMaJIbHBIX 3aKOHOB pacnpeaenenus. [lo hopmyne (2.9.2)

P(-1< X <8) @(w]—q{zwj O2/3)+DE/3) 0,653
1/2 1/2

exp{—2(x*+2/3x+1/9)} =

e
.

L

L

Puc. 2.9.5

Omesem. y:%e_”, M(X)=-1/3, D(X)=1/4, N(-1/3; 1/4).
T

3agaua 2.51. OyHKIMS UIOTHOCTH BEPOSITHOCTH CIYyYaHON BEIUYUHBI X
MMEET BU]I

f(x)=vexp{ax® +bx+c}.
Haiinure xoaddunment y, M(X), D(X), ompeaenute THUO 3aKOHA
pacnpeneneHus, Hapucyite rpaduk ¢yskuuu f(x). Beruucaure P(|x|<2).
(CMm. mpumep 2.51 1 UCXOAHBIEC TAHHBIE. )
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Hcxoounwvie oannvie k 3a0aue 2.51.

No a b c X1 X No a b c X1 X
1 -1 2 3 | -1/3 | 4/3 16 -3 -4 2 1/3 1
2 -2 8 -1 1 3 17 -2 | -4/3 | 2/3 | -1/3 | 2/3
3 -4 —6 0 | -3/4]| 1/4 18 -3 3 0 12 | 3/2
4 -2 8 -2 1 3 19 -2 | 4/3 0 1/3 1
5 -2 | 4/3 | -2/3| 1/3 | 2/3 20 -3 4 -2 | -1/3 ] 2/3
6 ) 3 -2 12 | 32 | 21 -2 -8 0 |-3/2|-1/3
7 -2 -8 2 |32 -1 22 -2 | -4/3 0 |-1/3| 2/3
8 -4 6 2 1/4 | 3/4 | 23 -3 -4 1 1/3 1
9 -2 | 4/3 | -1/3 0 2/3 24 -4 6 0 0 3/4
10 -3 4 -1 1/3 | 4/3 25 -3 4 0 | -1/3| 4/3
11 -3 -3 1 12 | 3/2 | 26 -2 8 -1 1 2
12 -2 8 0 1 3 27 -4 6 1 0 3/4
13 -4 -6 -2 | =1/2 | 1/4 | 28 -2 -8 1 -3/2 | -1
14 -3 -4 0 1/3 | 4/3 29 ) 3 0 12 | 3/2
15 ) ) 2 | =172 1/3 30 -4 -6 -1 | -12 | 1/4

2.10. ACMMNTOTUKA CXEMbl HE3ABUCUMbBIX UCTbITAHUMA

2.10.1. AOKQABHASA U UHTErPAAbHAsA Teopembl Myaspa-Aanaaca

[Ipu GosbiioM uwuciie onbiToB 7 Gpopmyna bepuymmu (2.6.1) mpuBoauT K
0onpiIoMy 00beMy BhIuMcieHU. CyllecTBYIOT MPUOIMKEHHBIE (POPMYIIbI IS
BBIUNCIICHUS BeposiTHOCTER P (k), KOTOpble HAarOT TeM OOJIBIIYIO TOYHOCTb, YEM

OOJIbIIIE YUCTIO 7.
[lycth k — uuncno mosiBieHU coObITUS A B # HE3aBUCUMBIX OMbBITAX, B
KaxsoM u3 kotopeix P(A)=p (0< p<1). Torma npu 10CTaTOYHO OONBIIHUX 71

(x0T OBI HECKOJIBKO JECSITKOB) BEPOSTHOCTh TOTO, YTO B 7 HE3aBHCUMBIX
onbITax coObITHE 4 POBHO k pa3, onpenensercs Gopmyson

Pn(k)~mexp{ 2mpd } (2.10.1)

Ota (opMylia COCTaBISET COAEpKaHUE JIOKAIbHOU Teopembl MyaBpa—
Jlannaca. Jlns BeiuucieHus BeposiTHocTed mo dopmyne (2.10.1) ymoGHo

. 1
nonb3oBaThes Tabmuuell GyHkuum @) ———exp{—t>/2} (cM. mpui., Ta6L.
\N27
[11). Wcnonb3oBaHue 53TOM (PYHKIMHM TO3BOJISIET 3amucaTh HCKOMYIO

BepOHTHOCTB B BUC
1 k—n
P(k)~ cp( P ]

Jnpg \ \Jnpg
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BeposTHOCTE TOTO, 9TO B 7 HE3aBUCUMBIX OMBITaX COOBITHE A TOSBUTCS
ot ky 10 k, pa3, onpenensercs Gopmyson

a(kISkszcz)zq{kz”’p]@(kl—’”’]. (2.10.2)

\Nnpq \Nnpq

Ota QopMmyna COCTaBIsieT COACPKAHUE UHMESPAIbHOU mMeopembl
Myaspa—J/lannaca.

3ameuanue. [IpaBas dacts opmynsl (2.10.1) coorBeTcTBYEeT (hyHKIIMU
IUIOTHOCTH BEPOSITHOCTH HOPMAJIBbHOIO 3akoHa pacnpenenenus N(np;npq).

®opmyna (2.10.2) asusiercs dhopmyoi (2.9.2), 3anucaHHON i1 HOPMAJIBLHOTO
3aKoHa pacnpeaeneHuss N(np;npq).

Hpumep 2.52. BocempaecsaT NOPOIEHTOB IPHOOPOB TOCHE COOpPKHU
Hy)KJIaloTcsa B peryiaupoBke. KakoBa BeposTHOCTH TOro, yro cpemu 400
coOpaHHBIX 32 CMEHY MPUOOPOB B PETYIUPOBKE HYKIatOTCs: a) He MeHee 310; 0)
He 6omee 350; B) ot 304 mo 3367

Pewienue. COOpky Kaxaoro mnpubopa MOXKHO CUYUTaTh HE3aBHUCUMBIM
UCIIBITAHUEM C BEPOSITHOCTBIO TMOSABJICHUSI cOObITUSI paBHOM p =0,8. Tak kak

YHUCJIO OIBITOB BEIIMKO, TO MOXHO BOCIOJIB30BAaThCS HHTETPATBLHON TEOPEMOM
Myagpa—Jlamnaca (2.10.2):

400—400-0,8]_q{310—400-0,8-0,2]:

\/400-0,8-0,2 \/400-0,8-0,2

= d(10)+ ®(1,25) 9,5+ 0,3944 =0,8944 ~ 0,9;
350—400-0,8}_(13[ 0-400-0,8 ]:

\/400-0,8-0,2 \/400-0,8-0,2

= ®(3,75)+ D(40) 0:4999+0,5 0,9999 ~1;
336—400-0,8]_®(304—400-0,8-0,2]

\400-0,8-0,2 \J400-0,8-0,2

= ®(2) + D(2) = 20(2) = 0,9545.

Omeem. a) 0,8944 ~0,9; 6) 0,9999 ~ 1; B) 0,9545.

a) P,,,(310;400) = cp(

6) Pyy(0;350) = CD(

B) Py (304;336) = CD(

3agaua 2.52.1. BeposATHOCTH TOro, 4YTO IEpeaade IO KaHaly CBS3U
CUTHaJ U3-3a MoMexX OyJeT UCKaKeH, paBHa p. OLEHUTE BEPOSATHOCTh TOTO, YTO
MIpU HE3aBUCHMOM Tiepeade # CUTHAJIOB: a) OT k; 10 k, U3 HUX OyAYT UCKAXKEHBI;
0) He MeHee k; W3 HHMX OYIyT HCKaxeHbI; B) He Oosiee k, W3 HHUX OyayT
uckaxxeHsl. (CM. mpumep 2.52 1 UCXO/IHbIC JJAHHBIE.)

Hcxoounvle oannvie k 3a0aue 2.52.1.

Ne | p n ki | ko | Ne| p n ki | ko | Ne| p n | k| k
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1 /002|500 |5 |12)11/0,03] 700 |16 |24 210,01 500 10 |16
2 10,02]400 | 6 120]12[0,03| 800 | 18 |26]22[0,02|500| 8 |12
31002600 |9 14]13]0,01| 800 | 6 |12]23]0,02/400] 6 |15
4 1002|700 |10 16]14[0,01 | 900 | 6 |13 ]24[0,02|/600| 8 |12
510.02] 800 |12 ]20]15]0,01 |1000| 8 | 14]25]0,01 900 7 | 10
6 1002|900 [14]20]16 0,01 |1500| 12 |20]26]0,03400| 8 |13
7 10,0211000| 15 |22]17]0,01 {2000 ]| 14 |22 ]27]0,02[400| 7 |12
8 10,01 1000 8 | 14]18|0,01 |1200| 8 | 14|28 0,01 |700| 4 | 10
9 10,03] 500 {10 | 15]19]0,01 | 400 |10 |16]29]0,02/200] 3 | 9

10 10,03 ] 600 | 14 | 16 120 ]0,01 | 1600 | 12 | 18 130 0,01 |300| 3 | 8

3agaua 2.52.2. M3BeCTHO, YTO p MPOLEHTOB >KUTEJIEH HAIIETO Tropoja
MOJICP>KUBAIOT HEKOTOpoe Meporpusitue. KakoBa BeposSTHOCTh TOro, YTO MpPHU
ompoce Hayraj n KUTelell He MeHee k W3 HUX BBICKAXYTCA B MOIACPKKY
MeponpusTus. (Cm. mpumep 2.52 1 UCXOHBIE JaHHBIE.)

Hcxoonvle oannvie k 3a0aue 2.52.2.

No | p n k | Ne| p n k | Ne| p n k
1 15 [ 200 | 25 11| 10 | 400 | 35 |21 | 70 | 100 | 65
2 | 35 | 200 ] 65 | 12| 20 | 150 | 35 |22 | 50 | 200 | 110
3 20 | 150 | 25 |13 | 20 | 200 | 45 |23 | 50 | 200 | 95
4 | 25 | 200 | 55 |14 | 60 | 200 | 115 |24 | 35 | 200 | 75
51| 30 | 100 | 25 | 15| 50 | 150 | 70 |25 | 20 | 300 | 55
6 | 40 | 100 | 45 |16 | 60 | 200 | 125 |26 | 20 | 300 | 65
7 | 25 | 200 | 45 |17 | 50 | 150 | 80 |27 | 20 | 300 | 70
8 | 15 | 200 | 35 |18 | 50 | 300 | 140 | 28 | 25 | 300 | 80
9 | 45 | 100 | 50 |19 | 50 | 200 | 90 |29 | 25 | 400 | 90

10 | 50 | 100 | 45 [ 20| 50 | 200 | 105 |30 | 25 | 400 | 105

Hpumep 2.53. B crpaxoBoii kommanuu 3actpaxoBaHo 10000
aBTomMoOuseil. BepoATHOCTh MOJOMKH JIO0Or0 aBTOMOOWIS B pe3yJbTaTe
JTOPOKHO-TpAHCIIOPTHOrO mnpouctiectBusi paBHa 0,02. Kaxnaplid Biagenenn
3aCTPAaXOBAHHOI'O aBTOMOOWJIS IUIATUT B Tof 24 y.e. CTpaxoBbIX M B Ciydae
MOJIOMKH aBTOMOOWIISI B pe3yibTaTe aBapuu noiydaer ot kommanuu 1000 y.e.
Haiinute BepoATHOCTh TOro, 4YTO MO HCTEYEHUM Tofa padOThl KOMITAHHMS
MOTEPIUT YOBITKH OT 3TOTO BUAA CTPAXOBOM JAESATEIBHOCTH.

Pewenue. CtpaxoBoii cbop ¢ 10000 BmagenbiieB aBTOMOOMIICH
coctasisger 24-10000 =240000 y.e. KoMnanus notepnuT yObITKH, €CIU OyIeT
npeabsieHo Oonee 240 wuckoB mno 1000 y.e. kaxabld. BeposiTHOCTH
IIOCTYIUICHHUsI CTPaxOBOI'O HCKa OT Kaxkaoro asrommaxenbna pasHa 0,02.
OKCIulyaTallMio KaXJI0ro aBTOMOOWJIS B TEYEHUE CTPAXOBOI'O CpPOKAa MOYKHO
CUMTATh HE3aBUCHMBIM HCIBITAaHMEM. Tak Kak 4YHCJIO HCIHBITAaHUN BEIMKO
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(n=10000), To MOXHO BOCIOJB30BAThCSI HMHTETpPaIbHON Teopemoil MyaBpa-
Jlannaca. 1o ¢popmyne (2.10.2)

Pyoono (240 < k <£0000) @(IOOOO —10000-0, 02] B

\/10000-0,02-0,98

_ [ 240-10000-0,02
J10000-0,02-0,98
Omeem. 0,0021.

] ®(700) - D(2,86) 0,5-9,4979 0,0024.

3apaua 2.53. Menununckas ctpaxoBka Typucrta crout 300 py6reit. [Ipu
HAaCTYIUICHUM CTPaxoBOTO ciiydass (TpaBMa, 3a0oyieBaHWE€ U T.A.) TYPHUCT
MOJIy4aeT CTPaxoBKy m TbhiCc. pyOiei. CrpaxoBas KOMIAHHUS 3acTpaxoBalia n
TYpUCTOB. BEpOsATHOCTh HACTYIJICHUS CTPAXOBOTO CITydast JJisl KaKJI0ro TypUCTa
paBHa p. KakoBa BEpOSITHOCTb TOT'0, UTO CTPaxoBasi KOMIIAHUS TOTEPIUT YOBITKU
OT 3TOr0 BUJA CTPAXOBOM AEATEIBHOCTHU?

KakoBa BepoSITHOCTH TOrO, YTO JOXOJ KOMIIAHUM OT 3TOr0 BHAA
CTpaxoBOM naesTenbHOCTU mpeBbicuT 10k ThIC. pyOneit 6 Bapuantax 1-15, u
npeBBICUT Sk B Bapuantax 16-30, rie k — Homep Bapuanta? (Cm. npumep 2.53
Y UCXOJHBIE JJAHHBIE. )

Hcxoounvle oannvie k 3a0aue 2.53.

Ne | m n p No | m n p | Ne| m n p

1 20 12000| 0,01 | 11 |2000]0,025| 4 |21 | 20 |4000 0,015
2 20 3000 0,015} 12 | 3000 | 0,01 4 122 | 25 |4000 0,025
3 25 12000 0,02 | 13 4000 |0,015| 2 |23 | 20 |5000 0,015
4 25 13000 /0,025] 14 | 4000 | 0,02 I 124 | 25 |5000 0,015
5 20 14000| 0,01 | 15 |5000]0,025| 4 |25 | 20 |2000 0,025
6 25 14000 0,015} 16 | 5000 | 0,01 4 126 | 20 |3000 0,025
7 20 15000 0,02 | 17 |2000| 0,02 | 4 |27 | 25 |2000| 0,01
8 25 15000 0,025] 18 | 3000 | 0,01 S 28] 25 |3000| 0,02
9 20 12000]0,015)19 {2000] 0,02 | 5 |29 | 20 |4000 0,025
10 | 20 | 3000 | 0,02 | 20 | 3000 |0,015| 5 |30 | 25 |4000| 0,01

Ipumep 2.54. BeposTHOCTH TOMNAIaHus B LEb IIPU BbICTpene paBHa (,8.
CKOJIBKO HYXHO 3aIlJIAHUPOBATH BBICTPENIOB, YTOOBI C BEPOSITHOCTHIO OOJIbINIEH
0,9 MOxHO OBLIO NONYYUTh HE MeHee 30 monagaHui.

Pewenue. Kaxnpli BBICTpENI CUYMTAEM HE3aBUCUMBIM ONBITOM. U3
YCJIOBUM 3aJaud JIETKO BHUAETh, YTO YHUCJIO BBICTPEIIOB # JOJIKHO OBITh
noctatouno  OonbmmMm  (n7>30). TlodTOMy MOXHO  BOCIIOJIB30BaThCS
uHTerpanbHou Gpopmynoit Myaspa—Jlamnaca (2.10.2):
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P,,(SOSkSn)zCD( n—n-0,8 ]_CD( 30-n-0,8

n-n-0,8 _ n-0,2 :\/;/2 u npu n>30 BeruMuMHA
n-0,8-0,2 0,4\/;
n—n-0,8

\n-0,8-0,2

B utore nepaBenctBo (2.10.3) MoKHO nepenucarb B BUIE

Jn-0,8-0,2
ITo Tabmuue ¢yukmuu Jlammaca naxomum, uro @(1,28)=0,4. Tak kak
n-0,8-30
0,4/n
n—0,64n —37,5>0. Otkyna \n >6,4538, T.e. n>41,65. Urak, n >42.
Omeem. 42.

] >0,9.  (2.10.3)

3aMeThM, 4TO

Jn /2> 2,74. TTostomy CD( ] >0,4969 ~ 0,5.

¢byukuus  Jlammaca  cTporo  Bo3pactaer,  TO >1,28 wunm

3agaua 2.54. Ilpum pasnuBe BBIILUIABIEHHOIO MeETala BEPOSTHOCTH
MOJIYYUTh TOJHYIO OTJIMBKY paBHa p. CKOJIBKO HYXXHO 3aIlJIAaHUPOBATh OTJIUBOK,
YTOOBI C BEPOSITHOCTHIO OOJbIEe P mociie MPOBEPKH MOIYYUTh HE MeHee k
rOJIHbIX OTIUBOK? (CM. mpumep 2.54 1 uCXO0/IHbIE JJAaHHBIE. )

Hcxoonvie oannvie k 3a0aue 2.54.

N | p | P |k | N|p | P | k|N|p|P |k |N|p| P |k
1 109/09(25]9 [06/,09]40]17(0,8/0,8|50]|25]0,5/|0,9 |35
2 1091095/40]10/09]09 35,180,509 |30)26]0,6|0,9 30
3106/09(35]11(0,7/09|35/119/0,8/0,9|45]2710,9|0,95] 25
4 109/09(30}12|0,6|08|40)20]0,6|09 |45 |28 |0,6/0,95| 35
510,7/0930]13/0,9/095/35)21]0,7/0,9 40|29 ]0,8]0,9 |40
6 06[/08/30)14/0,6/09|25]22/0,5/09 |40]3010,910,95]|30
7 10,8/09|35]15/0,5/09 |45]23/0,9/095|50]|31|0,8|0,9 |35
8 105/09/25]16(0,9]09|40)24/0,8/0,9|30]32]0,6/|0,8 |40

3ameuanmue. [Ipu 3nauenusix 0,1< p<0,9 dopmyna Myaspa—Jlamnaca

(2.10.2) naer nmpuOIMKEHUE MPUEMIIEMOM TOYHOCTH, TaK KaK MHOTOYTOJIbHUK
pacripeiesieHus pu OOJIBIIIOM YUCJIE ONMBITOB HAOMHUHAET Mo (opme (HyHKIIHIO
IJIOTHOCTH BEPOATHOCTH HOPMAJIBHOTO 3akoHa pacupeaencHus (cm. puc. 2.10.1,
k 8-k
q

Ha KOTOPOM yKasaHbl BepositHoctd B (k) =Cy p IIPU Pa3HbIX 3HAYECHUSIX D).
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R

304 5 6 7 8
Puc. 2.10.1

2.10.2. PopmyAa lNyaccoHa

[Ipu 3HaUEHUSAX BEPOSTHOCTHU TMOSBICHUSI COOBITUS OJM3KUX K HYJIO WIH
€UHUIIE MHOTOYTOJBHUK PacClpeeieHUusl CYIIECTBEHHO HECUMMETPUYEH (CM.
puc. 2.10.1). ITpubnuxennas dopmyna (2.10.1) He oOecrneunBaeT TpueMIEMOM
TOYHOCTU. B 3THX yCIIOBUSX 1711 BBIYMCIEHUS BeposiTHOCTEN P (k) UCIONB3YIOT

o0bryHO Popmyny [lyaccona (2.10.4).
[TycTh unCIO HE3aBUCUMBIX OIBITOB 7 BETUKO (4e€M OOJbIIe, TEM JIyUlle),
a BEpOSITHOCThH COOBITUSI p MaJia (4eM MEHbIIE, TeM Jyule, Ho p > 0). Toraa
7\‘k -A
P.(k)~ ; , (2.10.4)
rae A =mnp. Oty popMyny Ha3bIBaOT ghopmynou Ilyaccona. ®opmyna [lyaccona

JaeT NPUEMIIEMYIO TOYHOCTb, €CJIU MPOU3BOAUTCS XOTS Obl HECKOJIBKO JI€CATKOB
onsbITOB, a p <0,1.

Ipumep 2.55. BeposATHOCTH TOTO, UTO U3JEIUE NPU TPAHCHOPTUPOBKE C
3aBoga nospeautcs, paBHa (0,0005. C 3aBoga OTHpPABIEHO YETHIPE THICSUYU
m3nenuii. KakoBa BEpOATHOCTh TOTrO, YTO B MYTHU MOBPEIUTCS OOJBIIE ABYX
15691 (0170784

Pewenue. TpanCIOPTUPOBKY KaXIOTO M3JCIUS MOXKHO PaccMaTpUBATh
KaK HE3aBUCUMBIN OMBIT, YUCiI0 KOTOpbiX (# =4000) Benuko. BeposTHOCTH ke
MOsIBJIEHUs COOBITHS B KaxaoM onbiTe ( p =0,0005) mana. D10 Ja€T OCHOBaHUE

BOCIIOJIB30BaThCs AJisl BhIunciienuit ¢popmynoit [lyaccona (2.7.1). 3ametum, 4to
A np 4000-0,0805=2. Hac unrepecyer BepOATHOCTb
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Puoo(k>2)= Py (3) + Pygo(4) + ... + Py (4000).

[Ipomie 53Ty BEpPOATHOCTh BBIYUCIUTH, €CIU PACCMOTPETh BEPOSITHOCTH

MIPOTUBOIIOJIOKHOTO COOBITHS:
Py (k>2)=1— Py (k £2) =1-F,00(0) — Pyyo (1) — Py (2)
2° 2! 2?
et et 1—e?—2e?-2e¢r=1-5¢7~0,31.
0! 1! 2!
Omgem. 1-5¢2~0,31.

3agaua 2.55. Ilpu pnanpHEN pagMOCBSI3M M3-3a MOMEX KaXIbld CUTHAI
HE3aBUCHMO OT JAPYIHMX C BEPOSITHOCTHIO p MOXKET OBITh MPUHAT OIIMOOYHO.
[lepenano n curnanoB. KakoBa BEpOATHOCTB TOTO, YTO k U3 HUX OYIyT MPUHSATHI
omnOoyHO? KakoBa BEpOSITHOCTh OMIMOOYHOTO MpUEeMa HE MeHee k CUTHAIOB?
(CMm. mpumep 2.55 1 UCXOAHBIC TAHHBIE. )

Hcxoonvle oannvie k 3a0aue 2.55.

Ne p n k | Ne p n k | Ne p n k
1 {001 200 | 1 |11 /0,004 | 250 | 3 |21]0,0025) 400 | 3
2 10,01 200 | 2 112]0,004 | 250 | 2 220,005 400 | 1
3 1001 200 ] 3 113[0,008| 250 | 1 |23]0,005] 400 | 2
4 (0,015,200 | 1 114[0,008 | 250 | 2 |24 0,005 400 | 3
5 10,015,200 | 2 |15]0,008 | 250 | 3 |25]0,005] 600 | 2
6 10,015/ 200 | 3 16| 0,01 | 300 | 2 |26]0,005]| 600 | 3
7 1002200 | 2 |17 ] 001 | 300 3 |27/0,005] 600 | 4
8 1002200 | 3 |18] 0,01 | 300 | 4 |28 10,0025 800 | 1
9 10,02 200 | 4 |19 ]0,0025] 400 | 1 |29 [0,0025| 800 | 2

10 {0,004 | 250 | 1 |20 /0,0025] 400 | 2 |30 ]0,0025] 800 | 3

Hpumep 2.56. 3BectHO, uTO M3 Kaxaou 1000 sneMeHTOB B cpeaHem 999
COXPAHSIIOT CBOIO PabOTOCIIOCOOHOCTh B TEUCHHE TapaHTHHHOTO cpoka. KakoBa
BEPOATHOCTh TOro, 4ro u3 3000 31eMEHTOB BCE A0 €IWHOTO COXPAHAT CBOIKO
paboTOCIIOCOOHOCTh B TE€UEHHUE TapaHTUMHOTO CpOKa?

Pewenue. PaboTy kaxmoro sJeMeHTa B TEUCHUE TApAaHTUHWHOTO CpPOKa
MOKHO CYHMTaTh HE3aBUCHUMBIM OmbITOM. Ymciao ombiToB Benuko (7 =3000).
BeposTHOCTE TOrOo, 4YTO 3JIEMEHT COXPAaHUT PabOTOCIIOCOOHOCTH B TECUCHHE
rapaHTUHOTO cpoka, paBHa 0,999. ®opmyna bepuymu (2.6.1) uz-3a 60ybI10T0
qyclia OIBITOB IS pacueToB Hempuemusiema. J[ns mpumeHeHus QGopMyIIbl
[Tyaccona OygeM roBOpuTh HE 0 pabOTOCIOCOOHBIX AJIEMEHTaX, a 00 3JIEeMEHTax
BBIICAIINX W3 CTposA. BeposTHOCTh Bbixonma u3 crpos anementra p =0,001

Torma A np =3000-6G;001=3. Bce 3000 »531eMEHTOB COXpaHAT CBOIO

paboTOCTIOCOOHOCTh, €ClIM HU OJWH W3 HUX HE BbIMAET u3 ctpos. [lo dopmyne
ITyaccona (2.7.1)

3,
Po(0) = e = 0,05
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Omeem. e =0,05.

3agaua 2.56. Kaxoe uzaenve HE3aBUCUMO OT APYTUX CTAHJIAPTHO C
BEpOSATHOCTHIO p. [IpousBenenHo n uznenuii. KakoBa BeposiTHOCTh TOTO, UTO k U3
Hux ctanaaptHel? ( CM. mpumep 2.56 ¥ UCXOHBIE JaHHBIE.)

Hcxoounvle oannvie k 3a0aue 2.56.

No n p k No n p k No n p k
1 100 | 0,99 | 100 | 11 | 200 | 0,99 | 198 | 21 | 200 | 0,98 | 200
2 100 | 0,97 | 98 12 | 100 | 097 | 96 | 22 | 200 | 0,99 | 197
3 100 | 0,98 | 96 13 | 200 [ 098 | 199 | 23 | 200 | 0,98 | 198
4 100 | 0,99 | 97 14 | 100 | 097 | 95 | 24 | 100 | 097 | 99
5 100 | 0,99 | 99 15 | 200 [0,985| 200 | 25 | 100 | 0,97 | 97
6 | 200 1099|200 | 16 | 100 [ 098 | 98 | 26 | 200 | 0,99 | 197
7 | 200 098 197 | 17 | 200 [0,985| 197 | 27 | 200 | 0,98 | 196
8 100 | 0,99 | 98 18 | 100 [ 098 | 97 | 28 | 200 | 0,99 | 196
9 100 | 0,98 | 100 | 19 | 200 | 0,98 | 195 | 29 | 300 | 0,99 | 298

10 | 100 | 098 | 99 | 20 | 200 | 0,99 | 199 | 30 | 300 | 0,98 | 295

IIpumep 2.57. B cryneHueckom cTpouTelbHOM oTpsae paboraer 400
CTYJICHTOB. BeposITHOCTh TOro, YTO CTYIEHT B TEYEHUE BCErO0 CPOKa PalbOTHI
MOJIYYUT TpaBMy, TPEOYIONIYIO BBEACHHS MPOTHUBOCTOJOHSIYHON CHIBOPOTKH,
paBHa 0,005. Kakoe MUHUMaIbHOE KOJIUYECTBO 7103 CHIBOPOTKH JOJIKHO OBITH B
MEJICAHIIYHKTE 3TOT0 OTpsifia, YTOOBI C BEPOSITHOCTHIO HE MeHee 0,95 ux xBaTuio
B CIy4yae HeoOX0IUMOCTH?

Pewienue. PaboTy Kaxaoro CTyJIEHTa B CTPOUTEIBHOM OTPSJE MOXKHO
CUMTaTh HE3aBUCUMBIM omnbITOM. MMeem Oonbinoe uucino n =400 ombITOB, a
BEPOIATHOCTh TpaBMbl p =(0,005 — mana. [lo3TOMy MOXHO BOCHOJIB30BATHCS

dbopmyroii [Tyaccona (2.7.1), B kotopoit A 400=0,005 = 2.

MuHHIMAaNBHOE KOJIMYECTBO [I03 MOKHO HAalTH KaK MUHMMAJIBHOE 71, TIPH
KOTOPOM BBIINIOJHAETCS HepaBeHCTBO P, (k <m)>0,95. HenocpencTBeHHbIH

nozcuet no popmyse (2.7.1) nokaspIBaet, 4yTo
BtOO 0)+ B;oo D+ B;oo (2)+ B;oo (3)+ BlOO 4)=
2° 2! 2? 2’ 2t
= e+ e+ e+ e+ 7 =0,9496 ~ 0,95.
0! I! 2! 3! 4!
3ameTtuMm, 4YTO J00aBJEHHE K 4YEThIpeM €Ile OJHOM 103bl JaeT
5 k
2 e’ =0,9858~0,99.
im0 Kt
Omeem. 4.

3apaua 2.57. B ayautopusix y4eOHOr0o KOpItyca YCTaHOBJICHO 71 JIaMIT JJis
OCBELICHUA. BepoATHOCTH TOro, YTO JaHHas JaMIa B TEYEHUE Mecsla
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neperoput, paBHa p. OOuH pa3 B MECSIl MIEKTPOTEXHUK OOXOIUT aAyJUTOPUHU U
3aMEHSET Teperopenine jJammbl. Kakoi 3amac JaMImodek OH JOHKCH UMETh,
9TOOBI C BEPOATHOCTHIO P WX XBaTWIO IJIs 3aMEHBI BCEX TEPETOPEBIINX
nammoyek? (Cm. mpumep 2.57 1 UCXO/IHbIE JJAHHEIE. )

Hcxoounvle oannvie k 3a0aue 2.57.

No n p P No n p P No n p P
1 200 1 0,01 | 09 | 25 | 300 | 0,01 | 09 | 21 | 400 | 0,01 | 0,9
2 400 10,005 0,9 | 25 | 500 |0,004| 0,9 | 22 | 600 |0,005| 0,9
3 11000|0,002| 0,9 | 20 | 800 {0,005 0,9 | 23 | 500 {0,008| 0,9
4 500 10,002 0,9 | 25 |2000{0,001| 0,9 | 24 | 1500 {0,001 | 0,9
5 | 250 10,004| 0,9 | 20 |3000|0,001| 0,9 | 25 | 250 {0,008| 0,9
6 300 | 0,01 | 095| 25 | 200 | 0,01 | 095 | 26 | 400 | 0,01 | 0,95
7 500 10,004 | 095 | 20 | 400 {0,005| 0,95 | 27 | 600 |0,005| 0,95
8 800 {0,005/ 0,95 | 20 | 1000 |0,002]| 0,95 | 28 | 500 [0,008]| 0,95
9 |2000|0,001]0,95] 25 | 500 [0,002| 0,95 | 29 | 1500 |0,001| 0,95
10 | 3000 0,001|{ 0,95} 25 | 250 |0,004| 0,95 | 30 | 250 |0,008 | 0,95

Ipumep 2.58. IIpeacrour npousBectu npoduiaktuyeckuit ocmotp 400
yCTpOMCTB. BeposATHOCTH TOro, YTO B OCMAaTPHUBAEMOM YCTPOMCTBE HEKOTOPBII
aneMeHT norpelyeTcst 3aMeHuTh, paBHa 0,005. KakoBa BepOSITHOCTh TOTO, UTO
MPUAETCS 3aMEHUTh HE 00JIEe YEThIPEX 3JIEMEHTOB?

Pewenue. OcMOTp KaXIOro yCTPOMCTBA MOKHO CUMTATh HE3aBUCUMBIM
OMBITOM, U BCEro Takux omnbITOB IuiaHupyerca n =400. BeposTHOCTh 3aMeHBI
neramu  p=0,005 — wmama. Iloatomy dQopmyna Myaspa—Jlannaca

HCIIpHUCMIICMA. B »tux YCIOBHAX JIYUHIC BOCIIOJIB30BATLCSA ACUMIITOTHYECKOMU

2k
dopmymoit Ilyaccoma. Tak kak A np =400-0,805=2, TO Pn(k)zge‘z.

Hoaromy Fy(k<4)  BiH0)+ Pyyo (D) + Ppo(2) + By (3) + P (4) =

0 1 2 3 4
=2—e_2 2—6_2 2—6_2 +2—e_2 +2—e_2 =0,953.
0! 1! 2! 3! 4!

Omeem. 0,953.

3apaua 2.58. 3BecTHO, UTO TOJABKO b% PaKOBHUH KEMUYKHUI] COJEPKAT
KemMuykuHy. Halimute BEpOSTHOCTH TOTO, YTO B 7 JOOBITBIX PaKOBHHAX
oOHapyxuTCs He Oosee m xemMuykuH. (CMm. mpumep 2.58 1 UCXO/IHbIE JJAHHEIE. )
Hcxoounvle oannvie k 3a0aue 2.58.

N | n | b |m|N| n b |m|N| n | b |m|N|n|b | m
1 (100 1 | 3 ]9 |150(02| 3 |17 |50 1 |2 |25250(0,2]| 5
2 (1500 1 | 2 110200 | 1 4 118100105 2 [26 (300 1 | 3
3 (2000 1 | 3 11250025 |19 (200|0,5| 3 |27 1(400/0,5| 4
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4 1250(0,2] 4 |12 |1000| 0,1 | 3 |20 |250 4 128 [800/0,5] 5
S 1300 1 | 5 ]13]400(0,25| 3 |21 300 5 1291200 3
6 1400/0,5] 3 |14 | 600 [0,25]| 5 |22 /400/0,5| 4 | 30 /300 4
7 180010,5| 4 | 15| 800 (0,05 4 123 |100/0,5| 3 |31 /400/0,5]| 3
8 [100] 2 | 3 |16 |1000{ 0,1 | 3 |24 /200]1,5| 4 | 32 1600|0,25] 5

2.11. PyHKUMM CAYHAUHBIX BEAUYUH

[Iycte h(x) — onHo3HauyHas QyHKUs. OyHKIMEN CTydallHON BETUYMHBI
X Ha3biBaeTCcsl Takas ciy4yaiiHas BenuunHa H =h(X), xoTopas NpUHUMAET
3HaueHue A = h(x;) Kaxabll pa3, Korja BeJIMYUHA X NPUHUMAET 3HAYEHUE X;.

TpeOyeTcs HallTH 3aKOH pachpe/ieNieHus CydailHOW BeNWuyuHbl H, 3Has 3aKOH
pacnpeneneHus  BenuuuHbl X,  PemeHne  3TOM  3amadyd  pacCMOTPUM
nocnenoBarensHo B nmyHkrax I, 11, III, IV B 3aBucuMocTH OT THMa ciy4ailHOM
BEJIMYMHBI U 0COOEHHOCTEN QpyHKIUU /(X).

I. Ilycts X — puckperHas ciyuaiinas BenuuuHa. Ecnu dyskius /s(x) B

00J1acTH BO3MOKHBIX 3HAYEHUM X MOHOTOHHA, TO BeIMUMHA H MpUMET 3HAUCHUE
h.=h(x;) Toraa u Toiapko Torma, korga X =x,. CienoBaTelIbHO, BO3MOKHBIMU

3HaueHWsIMHU [ OynyT 3HaueHust A, = h(x;), U 3TUM 3HAYEHUSAIM COOTBETCTBYIOT
BeposiTHOCTU p, =P(H=h) B(X =).

II. Ecnmm h(x) HEMOHOTOHHAa M CYIIECTBYET HECKOJbKO 3HAYEHUU
X(sX5,...,X, , IPA KOTOPBIX 1 = h(X;), TO

Plh(x)=h] PX xwm=X x,wHm.. wmX =x | ZB(X X,).=
i=1

CrnenmoBaTenbHO, Uil HAaXOXJICHHMSI 3aKOHA pacHpeiesieHUsl CIydaiHou
BennuuHbl H = h(X) Hy)XHO BBIYUCIHUTH BCE €€ 3HAYCHUSI, PACIOJIOKUTh UX B
MOpsiAKE  BO3pacTaHusi, OTOpachbiBas TMOBTOPSIOIIMECS, U KaXKIOMY U3
MOJIYYEHHBIX 3HAUYEHWH /; TpuUNHUCATh BEPOATHOCTb, PABHYID CYMMeE
BEPOATHOCTEN T€X 3HAUEHHUN X, U1 KOTOPBIX /1 = h(x,).

Hpumep 2.59. J[luckperHas ciydailHass BEJIMYMHA HWMEET 3aKOH

pacrpeneneHus
X ) 0 2 4
P 0,4 0,2 0,3 0,1

HaiiTn 3akoH pacnpenenesns ¥ = 9 — X°.
Pewenue. BepoATHOCTH BO3MOXXHOIO 3Ha4eHUs ), =—7  paBHa

BeposiTHOCTU coObiTust X =4, T.e. 0,1. BepoaTHOCTH BO3MOXXHOTO 3HAYEHUS
¥y, =5 paBHa CyMMe€ BEpOSITHOCTEM HECOBMECTHBIX COObITMH X =-2 1 X =2,

102




t.e. 0,4+0,3=0,7. BepostHOocTh 3HaueHus y,=9 paBHa P(X =0)=0,2.
Hckomoe pacnipeneneHmne uMeeT BUJL

Y —7 5 9
P 0,1 0,7 0,2

3agaua 2.59. CiyuvaiiHas BenuunHa X HMMeeT OMHOMHUAJIBHBIM 3aKOH
pacnpejiesieHus ¢ napamerpamu n u p (t.e. P(X =k)=C'p*q"™*, rne ¢ =1-p,
k=0,1,2,...,n). HalimuTte 3aKk0H pacnpeneNeHus] CIy4allHON BEIUYHHBI

Y=4X — X°. Havingnte marematudyeckue OXHUIaHUE BEIWYUHBI Y. B HeueTHBIX
BapuaHTax 7 =3, B 4eTHbIX — n =4. (Cm. ipumep 2.59 1 uCcXOaHbIE JTaHHBIE. )
Hcxoonvie oannvie k 3a0aue 2.59.

p No p No p No p No p No

o o o e | p
0l | 6 | 05| 11 |04 ] 16 | 0,8 | 21 | 0,7 | 26 | 1/3

0,4 7 /3 112 107, 17 | 0,6 | 22 | 0,2 | 27 | 0,9

0,2 8 0,6 | 13 | 1/4 | 18 | 09 | 23 | 3/4 | 28 | 0,3

1/4 9 0,3 | 14 | 3/4 | 19 | 2/3 | 24 | 1/6 | 29 | 5/6

N &R =Z

16 | 10 | 23 | 15 | 05 ] 20 | 01 | 25 | 0,8 | 30 | 0,7

Hpumep 2.60. Cnyyaiinbie BenuuuHbl X| 1 X, HE3aBUCUMbI K UMEIOT
Ka)KJ1as1 3aKOH paclpeIeJICHHUS:
X -1 0 2
P 0,6 0,3 0,1
Ha¥itu 3aKOHBI paclpeielIeHus CIly4alHbIX BenuuuH: ¥ =2X; Z =X, + X,;

U=X; W =X,X,. Haiitu MaTeMaTH4eCKUE OXMIAHUS STHX BEITHYHH.
Pewenue. Oynkuns y =2x MoHOTOHHA. [loaTOMYy Y MOXET mpUHUMATH

3HaueHus —2, 0, 4 ¢ BEpOSATHOCTAMH, PABHBIMH BEPOATHOCTSIM COOTBETCTBYIOIIUX
3HayeHui X. OTcrona

Y —2 0 4
P ,6 0,3 0,1
uM@)=-2:-0,6+0-0,3+4-6,1 —0,8. Haiimem Bo3MOXHBIE 3HAUCHUSI Z:
Z =-1+(-1)=-2 c BepostHocThi0 p =0,6-0,6=0,36;
Z=-1+6& -1 cBeposatHocThiO p =0,6-0,3=0,18;

Z =—-1+2=1 c Bepoarnoctero p=0,6-0,1=0,06;

Z =0+ (-1)=-1 c BepositHOoCcTHIO p =0,3-0,6=0,18;
Z =0+0=0 c Beposaraocteio p=0,3-0,3=0,09;

Z =0+2=2 cBeposaraocteio p =0,3-0,1=0,03;

Z =2+ (-1)=1 c BepositHOoCTRIO p =0,1-0,6=0,06;
Z =2+0=2 cBeposaraocteio p =0,3-0,1=0,03;

Z =2+2=4 c¢BepostHoctbio p=0,1-0,1=0,01
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CymMmupysi BEpPOSTHOCTH TMOBTOPSAIOIIAXCA 3HAYEHHN Z, TMOJIy4aeM 3aKOH
pacnpeneneHus:

Z -2 -1 0 1 2 4
P 0,36 | 0,36 | 0,09 | 0,12 | 0,06 | 0,01

uM(Z)=-2-0,36+(-1)-0,36+0-0,09+1-0,12+2-0,06+4-0,81 —0,8.

Cnyyaitnas BemwumnHa U mpunmmaer 3Hadeus: U =(-1=1 ¢

BeposiTHOCTBIO 0,6; U =0 ¢ BepostHOCThIO 0,3 1 U =2° =4 ¢ BepOATHOCTHIO
0,1. IToatomy 3akoH pacnpenenenust U uMeeT BUL:
U 0 1 4
P 0,3 0,6 0,1
uMU)=0-0,3+1-0,6+4-0,F 1. Haiinem Bo3MoxHBIE 3HaAUEHUS W:

W =-1-(-1)=1 c BepostHocTsto 0,6-0,6 =0,36;

W =-1-0=0 c BepostHocThIO 0,6-0,3=0,18;

W=-1-2 -2 cBepostHoctstio 0,6-0,1=0,06;

W =0-(-1)=0 c BepostHocTsto 0,3-0,6 =0,18;

W =0-0=0 c Beposaraoctsio 0,3-0,3=0,09;

W =0-2=0 c Beposaraoctsio 0,3-0,1=0,03;

W =2-0=0 c Beposaraoctsio 0,1-03=0,3;

W=2-(-B -2 c¢BepostHoctbio 0,1-0,6=0,006;

W =2-2=4 ¢ BepostHocThio 0,01.

Cymmupysi BEpOSTHOCTH IOBTOPSAIOIIMXCS 3HA4YCHUM W, mnoiiydyaeM 3aKoH
pacnpeneneHus:

w -2 0 1 4
P 0,12 0,51 0,36 0,01
unMW)=-2-0,12+0-0,51+1-0,36 +4-0,81 0,16.
Omeem. Y -2 0 4
P 0,6 | 0,3 0,1

P 0,36 | 0,36 | 0,09 | 0,12 | 0,06 | 0,01
U 0 1 4

P 10310601
w | 2 0 1 4

P |o0,12]0,51]036]0,01
M)=-0,8 M(Z¥ 0,8 ML) 1, MEV) 0,16.

3agaua 2.60. CrnyuaitHas BenuunHa X uMeeT OWHOMMAIBHBIA 3aKOH

pacrpesieNienus ¢ apamerpamu 1 u p (1.e. P(X =k)=C'p"q"™", rne q=1-p,

104



k=0,1,2,...,n). Haiimute 3aKOHBI pacHpeNCNICHUsI CICIYIONINX CIy4alHbIX
BemmunH: a) ¥ =2X;6) Z=X+X;B) U=X*,1) V=X -X (B nyHKTax 6) u T)
MpeAnoaraeTcs He3aBUCUMOCTh CllaraéMbIX HM  COMHOXUTenei). Haitaure

MaTeMaTHYeCKue OXHJaHus STuX BelnyuH. (B HedeTHhIX Bapuantax n=3, B
4yeTHbIX BapuanTax n =4.) (CMm. npumep 2.60 1 ucxonHsle JaHHBIE K 3a7a4e 2.59.)

IIpumep 2.61. B kaxjoil urpe Urpok MOXKET BBIUTPaTh OAUH PYOJIb C
BEPOSITHOCTBIO p U MPOUTPaTh pyOJb C BEPOSTHOCTHIO ¢ =1— p, T.e. pe3yabTaT
i-d UTPBl MOXKHO OXapaKTEPU30BaATh CIYYaWHOW BEIMYMHOM X;, KOTOpas UMEET
3aKOH paclpeaeieHus

X -1 1

i q p
ITycts § — pesynbrar n urp, t.e. S =X, + X, +...+ X,. TpeOyercs HaliTh

M(S), D(S) u o(S).

Pewenue. 110 cBOMCTBY MAaTEMATUUECKUX OKUIAHUN

MS)=MX,+X,+..+ X3 MX)+MX,)+...+M(X)).
Taxk xaxk M(X,)=(-1)-q+1-p=p—-q, 10 M(S)=n(p—q). B cuny
HE3aBUCHUMOCTH CIIy4alHbIX BEJIMYUH X;

D(S)=D(X,+ X, +...+ X3 DX)+D(X,)+...+D(X)).

Tak xak M(X)=(-1)’q+1*-p=p+qg=1, 10 DX,)=1-(p—q) =
=(1-p+qg)1+p—=) 2q-2p=4pqg. Uostomy D(S)=4npqg un o(S)=

= ID(S) =2 /npyq.

Omeem. M(S)=n(p—q); D(S)=4npq; o(S)=2/npq.

3agaya 2.61. Yactuima B HayajlbHbII MOMEHT BPEMEHH HAXOJUTCS B
Hayajie KOOPAMHAT HAa YHUCIOBOM OCH. B Kaxayr W3 MOCIEAYIOMHNX CEKYHI
YacTUIla MEPEMENIACTCS Ha JBE €AWUHHUIBI BIIPABO C BEPOSITHOCTHIO p WM Ha
€IMHUILYy BJIEBO C BEPOSTHOCTHIO ¢ =1— p.IlycTth S — monoxeHue (KOOpaUHATA)

yactulbl uepe3 n cekyna. Halinure M (S), D(S) u o(S). (Cm. npumep 2.61,
BEJIMYMHY p BO3BMUTE M3 UCXOJHBIX JaHHBIX K 3a1aye 2.18.1.)

III. PaccMoTpyM MOHOTOHHYIO (YHKIHMIO OT HEMPEPBHIBHOW CilydaitHOM
BenuuuHbl X. IIpeanonoxum, uro QyHkuus /(x) MOHOTOHHA M HEMpEephIBHA

BMECTE CO CBOEW MPOM3BOAHOW B 0OJACTH BO3MOKHBIX 3HAUYECHUW CIy4alHOM
BenuuMHbl X. IlycTh X nmMeeT HenmpepbIBHYIO (DYHKLHIO TUIOTHOCTH BEPOATHOCTH
f(x), a Bemmumna H =h(X) uMeeT HENPEpHIBHYIO (GYHKIUIO TUIOTHOCTH

BEpOSITHOCTU g(/), KOTOPYIO MPECTOUT HANUTH.
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xX+Ax

Jns manpix Ax BeposATHOCTh P(x < X <x+ Ax) jﬁ f(®)dt= f(x)Ax.

CootBerctBeHHo P(h<H <h+Ah)=g(h)Ah. ®Oyukius h(x) MOHOTOHHA,
MOATOMY KaXKJIbI MHTEpBaa (x,Xx + Ax) oToOpakaeTcsi B3aMMHO OJJHO3HAYHO Ha

HEKOTOPBIN uHTEpBaN (4,4 + Ah) (cMm. puc. 2.11.1).

H)

h+Ah

Y
P

0 x x+Ax

Puc. 2.11.1

3Haunt, coObItHI X< X <x+Ax u h<H<h+ Ah >KBUBaJIECHTHBHI U

BEPOSITHOCTHU ATUX COOBITUN PaBHBI
P(x< X <x+Ax)= P(h< H <h+ Ah). (2.11.1)

[Toatomy f(x)Ax = g(h)Ah. Tlocnennee paBeHCTBO B mpexaene mpu Ax — 0
CTAaHOBHTCSI TOYHBIM PABEHCTBOM

f(x)dx = g(h)dh. (2.11.2)

N3 nuddepenunpyeMocTd 1 MOHOTOHHOCTH (PyHKIUU A = h(x) ciuemyet

cyliecTBoBaHue oOpaTHOU QyHKuuu x =x(/). [loacTtaBuss 3Ty QyHKIUIO U ee

mubdepennman dx = dx(h) dh B paBeHcTBo (2.11.2), nonyuum
fIx(h)] d);—(hh) dh = g(h)dh. (2.11.3)

3HaK MOJYJIsSl B3ST MOTOMY, 4YTO B JIeBOM yacTu paBeHcTBa (2.11.3) ctout
HEOTpUIaTEIbHAsl BEIWYMHA, a MPOU3BOJHAs (PYHKIUU X(/) MOMXKET OKa3aTbCs
orpuniatenbHoi. CpaBHHMBasg JIEByI0O M TIpaByl0 4acTu paseHcTBa (2.11.3),
MPUXOJUM K BBIBOAY, YTO
dx(h)

—, 2.11.4
I ( )

g(h) = flx(h)]
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Hpumep 2.62. Ilpsmas nuHUS BpamaeTrca B IUIOCKOCTH U OCbh €€
BpallleHusI HaxouTcst B Touke ¢ koopaunatamu (0,1). Ilpsimasi mpuBoauTCs BO

BpallleHUe, KOTOpPO€ OCTAaHABJIMBAETCS TMOJ JAchcTBHEM cuil TpeHusa. [lpu
OCTAaHOBKE PaBHOBO3MOXKHO JIH00O€ TMOJOXXKEeHUuEe mnpsiMou, T.e. yron X (puc.
2.11.2) umeer paBHOMEpHOe pacrpeneneHue B orpeske [0,7m]. Haittu 3akon
pacnpeziesIeHusl TOUYKH IepeceyeHust NpsiMoi ¢ ockio adcuuce.

Pewenue. O003HaYUM KOOpPJAMHATY TOYKH NMEPECEUEHHUs MPSIMOM C OCBhIO
abcuucc uepe3 H. OueBuano, uto H aBusiercsa Pynkuuen ot X. U3 puc. 2.11.2
BHUJIHO, YTO 3HAYEHUs CIy4yalHbIX BeMWMUYMH X U H CBsSI3aHBl COOTHOILIEHHEM

h =ctg(x) umu x =arcctgh. Otkyna %

Y

/\ V= 10

H

Puc. 2.11.2

Cnyuaitnass BenuurHa X paBHOMEpPHO pacripefieneHa B oTpeske [0,7] ¢
WIOTHOCThIO BepositHocTH  f(x)=1/m mpm O0<x<m wm f(x)=0 mpu

1
ocTayibHBIX Xx. M3 popmynsl (2.11.4) umeem g(h):—-1 Ex DTO MIOTHOCTH
T 1+
BEpPOSITHOCTH 3aKOHA pacnpenenenus Komu.
1 1
Omeem. g(h)=—- .
s =T

3amaua 2.62. Yepes touky A(a,b) nHayran mnpoBeneHa mnpsmasi. Bce

MOJIOKEHUST TPSIMOW  PaBHOBO3MOXKHBI. Haiinmure pacmpeneneHue TOYKH
nepeceyeHus 3Tou npsiMoi: a) ¢ oceto OX; 0) ¢ ocbto OY. (CMm. npumep 2.62 u
HCXOHBIE JJAaHHBIE. )

Hcxoounvie oannvie k 3a0aue 2.62.

Ne|la|b|Ne|a|b|N|a|b|N|a|b|N|a|b|N|al|b
12146 |3 |6[11(4 |7 164 10|21 |5 |6 (26| 8|2
202|517 (317112148174 |3 22,62 27|8|3
312|683 |8 |13[(2|7[18|5]|2)23|/6 |3 |28| 8| 4
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Ipumep 2.63. B Touke A(0,0,1) Ha BepTUKAIBHOM OCH HAXOJUTCS

HMCTOYHUK KOPIYCKYJISIpHOTO u3inyudeHus. (Tpaexktopun 4acTull, BbIIECTAIOIINX U3
TOUYKU A, — Tpsimble duHUU.) [lomaraeM MHTEHCUBHOCTH M3IY4YEHHUS MO BCEM
HaIpaBJICHUSIM OJMHAKOBOU. TpeOyeTcs HAWTU pacupenesieHHe PacCTOSHUSI OT
Hayajla KOOpPAWMHAT JO TOYKA TNONAJaHWsl YAaCTUUBl B TOPU3OHTAIBHYIO
MJI0CKOCTh. TpelyeTcsi HallTU TakXke BEPOSITHOCTh MOMaJaHUsl YaCTHUIBI B KPYT
Ha TOPU3OHTAJIBHOM IUIOCKOCTH paanycoM 7 =1 ¢ ILEeHTpOM B Hayajie
KOOPJIHHAT.

Pewenue. Ilyctb p — paccTossHME OT Hadajla KOOPAMHAT OO0 TOYKH
MONaJaHus YacTUIbI B TOPU3OHTANIbHYIO TUIOCKOCTh. st yrma X (cMm. puc.
2.11.3) paBHOBO3MOKHBKI BCe 3Ha4YeHUs B oTpe3ke [0,/ 2].

F 3

147

=

—

a 1

r

Puc. 2.11.3

[loaTomy cinywaiinas BenuuumHa X wuMeeT (QYHKIHMIO IUIOTHOCTH

BEPOSITHOCTHU
2/n mpu xe[0,m/2],
f(x)= {

0 mnpum OCTaNBHBIX X.

3aMeTuM, 4YTO %:th . Tak xak oOpatHas (QYHKIUS HMEET BUJ

x=x(p) arctgp, To o popmyne (2.11.4)

2 1

g(p) 71+p2.

BeposTHOCTh nonajanusl 4aCTULIBI B KPYT HA TOPU30HTAIBHOM TIIOCKOCTH
pagnycoM ¥ =1 ¢ HEHTPOM B HaYaJie KOOPJAUHAT PaBHA

1 1
2¢ dp 2 2w
Pp<l) = dp —|—== —arct = —=01|=
<0 Jeedp L Zagp], 2(2-0]

1
>
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1
Omeem. g(p) :E !
T

1+p2 C 2

3agaua 2.63. B Touke A(0,0,a) Ha BepTUKAIBHOH OCH HAXOJHUTCS
HMCTOYHUK KOPMYCKYJSIpHOTO u3iayueHus. (Tpaexktopun 4acTull, BbUIECTAIOIINX U3
TOYKU A, — mpsiMble JTuHUU.) [lonaras MHTEHCUBHOCTh U3JIYYEHHUS 1O BCEM
HampaBJIeHUSAM OJWHAKOBOW, HAWIHWTE pacHpeicieHHUE pacCTOSHUS OT Havaja
KOOpAMHAT JI0 TOYKM NOMNaJaHus YacTUIbI B TOPU3OHTAIBHYIO IJIOCKOCTb.
Haiinute BepoOSATHOCTH TMOMAJaHUS YaCTHIBI B KOJBIIO HA TOPU3OHTAIBHOMN
IJIOCKOCTU C ILIEHTPOM B Hauaje KOOPJIWHAT U BHYTPEHHHUM pPAJAUYCOM a M

BHEIIHUM PAJINYCOM a3 (Cm. mpumep 2.63, a — HOMEp BapHaHTAa.)

Ipumep 2.64. [Iycts X ~ N(0,1), a H =aX + b, tne a u b — HekoTOpHIE
ITOCTOsIHHBIE. HalTh 3aK0H pacnpenesieHus Clly4YaliHON BEJIMYUHBI .

Pewenue. 113 paBeHCTBa x:h_b [I0JIy4aeM, 4TO dx(h) :l. Tak xaxk
a dh a
1 x’
xX)= exp< —— ¢, To 1Mo popmyie (2.11.4) nmeem
J () Ton p{ 2} (opmysre ( )
1 (h—-b)*| 1
h)=——expy——5——.
&) J2n p{ 26° }a

3uaunt H ~ N(b,a”) npu x € (—o0;0).
Omsem. N(b,a’).

3agaua 2.64. CiyualiHas BenuuuHa X HMMEET IUIOTHOCTh BEPOSTHOCTH
f(x). Cnyuatinas BenmwumHa H =aX +b. Haiimure MmIOTHOCTH BEPOSTHOCTH

CIIy4aiiHON BEIWYUHBI H.

2

B 1-6 BapmanTax f(x)= X npu x €[—2,2] u f(x)=0 mpu ocTaTbHBIX

x; B 7-12 BapmanTax f(x) :ﬁ (3akoH pacnpenenenust Kommu); B 13—18
n(l+x

BapuaHTax f(x)= (3akOoH pacmpejiesieHus apkcuHyca); B 19-24

1
m1—x
2
BapuanTax f(x)=0,5¢™;B 25-30 Bapmanrtax f(x)= 3 al

f(x)=0 mpu octanmpabIX Xx. (CM. mpumep 2.64, BeTU4INHBI @ U b BO3BMHUTE U3

npu xe€[-2,2] u

HMCXOIHBIX TAaHHBIX K 3a7a4e 2.62.)

IV. Ecnu pynkuusa /#(x) HEMOHOTOHHA, TO BMECTO MCXOJIHOTO PaBEHCTBA
(2.11.1) umeem paBeHCcTBO (cM. puc. 2.11.4)
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P(h<H<h+Ah) =P(x, < X <x;+Ax, mmux, < X <x, +Ax, wu ...)
=P(x, < X <x,+Ax)+P(x, < X <x,+Ax,)+... .
Kaxxnoe cnaraemoe B 3TOM pPaBEHCTBE COOTBETCTBYET OTAEIBHOMY
UHTEpBay MOHOTOHHOCTH (yHKIMHU /(x). [loBTOpsis paccyxnenus nmyHkra 11
JUIS KQKJI0T0 MHTEpBajla MOHOTOHHOCTH, MOKHO 1OKa3aTh, YTO

dx,(h) dx,(h) dx (h)
h) = h ke Nl———=+...+ h)]|—2—, 2.11.5
g(h) = flx,(h)] I Slx, ()] I flx, (W] T ( )
rae x,(h),x,(h),... — ¢yHkoun, oOpaTtHele K /A(X) Ha COOTBETCTBYIOLIMX
MHTEpBaJlaX MOHOTOHHOCTH.
H)
h+Ah /
h
0 X

Puc. 2.11.4

Hpumep 2.65. CiyualiHas BenuurMHa X UMEET IUIOTHOCTH BEPOSTHOCTH
F)=———
n(l+x7)
H=X"

Pewenue. ®ynxims h=x" HemoHoToHHas. Ha wmmTepmanme (—o0;0) oHa
yObiBaeT, a Ha uHTepBaie (0,00) Bo3pactaer. OOparHble (YHKIIMH UMEIOT BH

HaliTh 1IOTHOCTE BEPOSITHOCTH CIYyYalHOW BEIUYUHBI

CcOOTBETCTBEHHO X =—h 1 x =~// . B cooTBeTCTBIN C dbopmynoit (2.11.5) umeem
1| -1 1 1 1
h)= + = npu /> 0.
g(h) w1 h) |2dk| w(+hy|2vn| adhQen) T

1
Omeem. g(h)=——— upu h >0.
g(h) i1+ h) P

3agaua 2.65. CinyuwaliHas BenuuumHa X HMMEET IUIOTHOCTh BEPOSITHOCTH
f(x). Cnyuaitnas BenmwumHa H =@(x). Haligure TUIOTHOCTH BEPOSTHOCTH
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x+2

cinydvaitHorr BenmuuuHbl H. B 1-6 BapmanTax f(x)= nmpu xe[-2,2] u

f(x)=0 mnpu ocrampHBIX X, a ©(x) exp{-al|x|}. B 7-12 BapumanTax
1
f(x)=——= mpu xe(-Ll), m f(x)=0 mnpum octanpbHBIX X (3aKOH
1 —x

3(a” —x%)
4a’
npu xe(—a;a) u f(x)=0 npu octameHBIX X, O(x)=x". B 19-24 BapmanTax

pacmpenenenus apkcunyca), ¢(x)=ax’. B 13-18 BapuanTax f(x)=

f(x)=0,5¢™", a o(x)=ax’. B 25-30 Bapuanrax f(x)= 2-x npu x €[-2,2] u

f(x)=0 mpu ocTampHBIX x, O(x)=ax’. (CM. mpumep 2.69 M HCXOIHBIE

JaHHBIE. )

Hcxoonvle oannvie k 3a0aue 2.65.
No|a|Noja|No|a|Neja|[Ne|a|Ne|ja|Ne|a]|Ne|ja]|Ne|a]|Ne|a
12437 |1|10]16|13|1|16|/4 |19 |1 |22|16|25|1 |28|16
215|684 (11(25/14|2 |17|5]|20| 4 [23(25|26| 4 (29|25
314165199 ]12|36|15|3 186219 |24/36|27|9 |30]|36

V. PaccMOoTpuM CMEUIaHHYIO Cly4dailHyl0 BelWuuHy X, QyHKUOUA
pacmpenencHuss KOTOPOM HMMEET TOYKM paspelBa X;,X,,...,X, CO CKadyKaMu

m
COOTBETCTBEHHO D), D,,...p,. OTO O3HA4aer, 4ro X, IOMHUMO BO3MOXKHBIX
3HAYEHUU HYJIEBOU BEPOATHOCTH, UMEET 3HAYEHUA X,,X,,...,X, C OTJIMYHBIMU OT
HYJIL BEPOSITHOCTAMHU D), D, ,... D, -

B sTOoM cilydae IIOTHOCTH paclpesiesicHus BEPOSTHOCTEH B TOYKaX
X, Xy,...,X, OOpamaercs B 0ECKOHEUYHOCTb, T.€. (POPMAIILHO HE CYLIECTBYET. DTy

TPYAHOCTh MOXHO OOOWTH, €CIIM BOCTOJB30BaThCSA Oenvma-@yuxyuet O(x),
KOTOpasi MOHUMAETCSl KaK Mpou3BOJHasA (B 00OOIEHHOM CMBICIE) OT (DYHKIIMU
enquHIYHOTO ckadka M(x)=0 nmpu x<0 u n(x)=1 npu x>0. Harmamao O(x)
MOKHO TIPEJICTaBUTh CeOE IUIOTHOCTHIO PACTIPEIEICHUS «Maccy», MMPU KOTOPOH B
Touke x =0 cocpemoToueHa €IWHUYHAS Macca, a Macca BO BCEX OCTAIBHBIX
TOYKax paBHa Hymr0. [IoaToMy

[ o(x)dE)dx  ¢(0)

JUTSL BCEX HEMPEPBIBHBIX (DYHKIIHIA.
OYHKIUIO PaACHpEeNICHUs CMEUIAHHOW CIIy4YalHOW BEJIMYUHBI MOKHO
Pa3NIOAKUTh HA HETIPEPHIBHYIO U CKAUKOOOPA3HYI0 KOMITOHEHTHI:

F(x):f?(x)+ipkn(x—xk),

k=1
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rae F(x) — "enpepbiBHas (DyHKIMS, KOTOpas HE YObIBaeT U u3Mensiercs: ot ()
m

1o 1 Zpk . Torma f(x)= f(x)+ Zka(x —x,), u ¢popmyna (2.11.4) mpumer
k=1 =
BUJI

g(h) = flx(n)]

‘”wﬂ f} S(h—h,),
rae h, =h(x,).

Hpumep 2.66. CnyuaiiHas BenuurHa X HMMEET 3aKOH PaCIpECIICHUS
Komm ¢ HKIIMEW TUIOTHOCTH BEPOSITHOCTHU x) =—————. CiyuaitHas
bynKi p Jf(x) i)

BenuuuHa Y =@(X), rae dyukmus ¢(x) 3amaHa rpaduyecku (cm. puc. 2.11.5)
HaiiTu ni10THOCTh BEPOATHOCTH BEJIMUYUHBI Y.

Y=(|)(X)‘

-

N"

...........................

Puc. 2.11.5

Pewenue. N3 rpapuka pyHkuuu @(x) BUAHO, YyTO 3HaUeHHUS X € (—o0,—1]
Hpeo6pa3y10Tc;1 B 3HaueHue Y =-1

. Hoatomy P(Y =-1) =P(—o< X <) =
17 1 o om) 1 1
= —dx —arctg(x)‘ —+— |=—. Aranoruudo P(Y =1)=—.
1+x 4 2) 4 4
Ha wunrtepBane (—1,1) dynkuus y=-x. OOpartHas ¢QyHKUuS: X =-—).
IToaTomy
2(7) = —— |l —
TR T ey
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OKOHYATeNbHO C YY€TOM 3HAYCHUM, UMEIOIINX HEHYJIEBbIE BEPOSITHOCTH,

nony4aeM g(y) :lS(y +1) +18(y —-1) +;2 mpu ye[-L1] u g(y)=0
4 4 n(l+y7)

npu y ¢[-1,1].

Omeem. g(y) :lS(y +1) +18(y -1) +;2 npu y €[—1,1]

4 4 n(l+y7)
u g(y)=0 npu ye[-11]

3agaua 2.66. [1o 3amanHOM TNIOTHOCTH BEPOSITHOCTU f(X) CitydaitHOU

BEJIMYMHBI X HAWTU TJIOTHOCTH pactpeneneHus ¥ = @(X).

1 —-x2/2

1
B 1-6 BapmanTax f(x)=———; B 7-12 Bapuanrax f(x)=————c¢e ;
p S(x) (1) p S(x) N

B 13-18 Bapmantax f(x)=0,5¢™; B 19-24 BapmanTax f(x)= x+2

pu

e[-2,2] u f(x)=0 mpu octanpHBIX X; B 25-30 Bapuantax f(x)= 2-x npu

€[-2,2] u f(x)=0 mpu oCTaTHHBIX X.
B 1, 7, 13,19, 25 Bapumantax o) -1 nmpu x<-1, ¢(x)=x npu
e[-1L1] u ¢(x)=1 mpu ocraneubix x. Bo 2, 8, 14, 20, 26, 30 Bapuanrtax
o(x)=1npu x<-1, o) —x npu xe[-1,1] u o) -1 npu ocranbubix x. B
3,9, 15, 21, 27 Bapuantax @(xy —x—1 npu x<-1, ¢(x)=0 npu xe[-1,1] u
o(x> 1—x nmpu ocraneubix x. B 4, 10, 16, 22, 28 Bapuantax ¢@(x} x+1 npu
x<—-1, o(x)=0 npu xe[-1,1] u ¢(xx x—1 npu ocraneubix x. B 5, 11, 17, 23,
29 Bapuantax @(x)=0 mpu x<0, o(x)=x npu x=>0. B 6, 12, 18, 24 30
BapuaHtax @) —x npu x<0, ¢(x)=0 nopu x>0. (Cm. npumep 2.66.)

3ameuanue. Eciiu HacC UHTEPECYIOT TOJIBKO MATEMATUUYECKOE OXKUAHUE U
aucriepcus  ciydaiHo BenmwumHbl Z =@(X), TO HET HE0OXOAUMOCTHU

MPEIBAPUTEIBLHO HAXOAUTD 3aKOH PACTIPEAECICHUS STON CITyYailHON BEJIMYUHBI.

MoxHo Beruucnute M(Z) u D(Z), ucnons3ys 3aKOH pacrpeereHus
CIly4aiiHOW Benu4uHbI X, 0 (hopmysiaMm

M(Z)= j o(x) f(x) dx, (2.11.6)

D(Z)=ME&*)~[M(2)} j 0 (x)f(x)dew(x)f(x)dx} ,

ectu X — HempepblBHAs cllydailHas BelWYMHAa C (QYyHKIUEH [IOTHOCTH
BeposSITHOCTU f(X), ¥ Mo hopmyam
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M(Z)= Y 0(x)P(X =x,),

D(Z2)=M(Z*){M(2) Z(P () P(X= x;)— {Z(P(X,-)P(X=X,-)} :

ecan X — AUCKPCTHAsA cnyanHaﬂ BCJINYHHA.

Hpumep 2.67. Otpesok [0;a] mpou3BOIBHBIM 00pa3oM JEIUTCS Ha JBE
4acTH (BCE MOJOKEHUSI TOUKU JEJCHUSI B 3TOM OTPE3Ke OJMHAKOBO BO3MOKHBI).
[Tony4yeHHbIE YaCTU OTpe3Ka COCTABJISIOT IBE CTOPOHBI MPSIMOYTobHUKA. Hailtu
CpelHee 3HAUYCHHE €T0 IJIOMIAAN U AUCTIEPCUIO STOM TUIOIIAIH.

Pewienue. O003HaUMM NIIMHY OJHOM M3 yacTed oTpe3ka yepe3 X, Toraa
Jpyrasi 4acTh OTpEe3Ka UMeeT JUIMHY a — X , a IUIoNab NMPSIMOYTOJIbHUKA paBHA
S=X(a—X)=aX —X*. Tak KaK Bce TOJOXKEHUS TOUKHU JICICHUSI B OTPE3Ke

OJMHAKOBO BO3MOXKHBI, TO X MMEET paBHOMEPHOE pacHpeleeHne Ha OTpe3Ke
[0;a] ¢ dyHKmmer mnotHOCTH BeposTtHocTH f(x)=1/a npm x€[0;a],
f(x)=0 mnpm ocrampHBIXx Xx. IlodTOMy cpenHee 3HAYCHHWE TUIOIIAIA

MPSIMOYTOJIBHUKA paBHO 1O popmyie (2.11.6)
2

M(S) = j(ax - xz)édx =%.

Jncniepcus miomanau paBHa

D(S)=M($*)~[M(S)] j(ax o dx (a* ] 6)° ‘% :

Omeem. a* | 6; éa“.
90

3apauva 2.67. Cinyuaitnas BenuunHa X npuHuMaet 3HaudeHus B [0,a] u
uMeeT (YHKIUIO TIOTHOCTH BepOoATHOCTH f(x). B HedeTHbIX BapmaHTax f(X)

— IUIOTHOCTb paBHOMEpPHOro pacmpeneneHus B [0,a], B 4ETHBIX BapHaHTax

f (x)=% mpu x€[0,a] u f(x)=0 mnpu ocrampHBIX Xx. Haiigure
n(a” +x

MaTeMaTH4YeCKOe 0KUAAHUE CIIyYalHON BEJINYUHBEI Z.

B 1, 6, 11, 16, 21, 26 Bapumantax Z paBHa IUIOIIAJH ITOBEPXHOCTH
HWIHHAPA C paInycoM OCHOBaHUs X u BeicoTor a — X . Bo 2, 7, 12, 17, 22, 27
BapUaHTax Z paBHa 00beMy KOHycCa ¢ paguycoM ocHOBaHUs X U BhicOTOM a — X .
B 3, 8, 13, 18, 23, 28 papuaHTax Z paBHa IUIOMIaAN poMba ¢ auaroHansMu X u
a—X.B4,9, 14, 19, 24, 29 BapuanTtax Z paBHa 00beMy LWJIKUH]IPA C PAANyCOM
ocHoBaHust X u BbicoTor a—X. B 5, 10, 15, 30, 25, 30 Bapuantax Z paBHa
IJIOIIAIU PaBHOOEIPEHHOIO TPEYTrOJIbHUKA C OCHOBaHHEM X U BBICOTON a — X .
(Cwm. mpumep 2.67; a — HOMEpP BapHaHTAa.)
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2.12. PyHKLUM HECKOABKMUX CAYHAMHBIX APryMEHTOB

2.12.1. CBepTKQ

Ilycte Z=X+Y, rae ciy4aiHble Beau4YuHbl X U Y HE3aBUCUMBI U
UMEIT (YHKIMH IUIOTHOCTH BEPOATHOCTH f,(X) U f,(¥) COOTBETCTBEHHO.
Crnyualinas BenuurHa Z UMeeT (QYHKIUIO IIOTHOCTH BEPOSTHOCTH

£ = [ () fy(z=x) dx. (2.12.1)

Bripaxenue B mpaBoit wactu (2.12.1) HazbiBaeTcst ceépmioii (HyHKIUH
IUIOTHOCTH BEPOSTHOCTH f,(x) u f,()).

Ecnu cinyuaiinbie Bennuunbl X U Y HeoTpuiarenbhsl, To opmyna (2.12.1)
MMeeT BU:

f@)=[£(x0)f(z=x) dx. (2.12.2)

IIpumep 2.68. Ilycts cnydaiiHble BenuuyuHbl X; U X, HE3aBUCHUMBI U
paBHOMEpPHO pacrpeneneHbl Ha oTpeskax [0,2] u [0,3] coorBeTcTBeHHO. Haiitu
3aKOH pacIIpeseieHus CllydalHoW Beauuunel Z = X, + X,.

Pewenue. Bce 3HaueHus CiydailHOM BeJIWYMHBI X| PaBHOBO3MOXHBI B
orpeske [0,2], m03TOMY €€ IIIOTHOCTb BEPOSITHOCTH f,(X) BO BCEX TOYKAX 3TOrO

OTpe3Ka J0JDKHA OBITh OJJMHAKOBA, T.€. MOCTOSTHHA. 3HAYEHHE 3TOU MOCTOSHHOM
HaxoJIUM W3 YCIIOBHUS, YTO UHTErpaid OT (QYHKIMH IJIOTHOCTH BEPOATHOCTH IO
BCEM BO3MOXXHBIM 3HAUECHUSIM CIIy4ailHOW BeNWYWHBI paBeH eauHune. Urak,
cilydaliHas BenuuuHa X; uMeeT (PyHKIUIO INIOTHOCTH BeposiTHOCTH f(x)=1/2

npu x€[0,2] u f(x)=0 npu ocrampHbix x. M3 Tex xe cooOpakeHU
cillydaiiHasi BenMuuHa X, HMMeeT IUIOTHOCTh BeposATHocTH f,(x)=1/3 mnpu
x€[0,3] u f,(x)=0 npu ocrampHbX Xx. Tak kak X; u X, HEOTpPULATEIILHBI, TO
(YHKLUIO MJIOTHOCTH BEPOSITHOCTH f(z) ciaydaiiHOW BenuuuHbl Z =X, + X,

MOXHO HaliTu 1o popmyiie (2.12.2).
IIpu z <0 mnpoussenenue ¢Qynkuuin f(x)f,(z—x)=0 u nosromy u3

dopmyst (2.12.2) cienyer, uto f(z)=0. Ilpu 0<z<2 (cMm. puc. 12.1)

f(2) :Jﬂ(x)ﬁ(Z—X) dx= J%-%dx: Z

6
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f(x) A
filx)=1/2
h(z—x)=1/3
z—3 0 > 5 =
Puc. 2.12.1

Ipu 2<z<3 nonyqaeM (cm. puc. 2.12. 2)
1

f(Z)— fl(X)fz(Z x) dx= J— —dx_g
f(x)A
fi(x)=1/2
h(z—x)=1/3
5 J— -
Puc. 2.12.2
Ipu 3<z<5 (cm. puc. 2.12.3)

5-z
f(2)= Jf(x)fz(z x) d= j——dx_ -
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f(x)A

L(x)=1/2

Ih(z—x)=1/3

0 z—3 2 z X

Puc. 2.12.3
[Ipu 5<z ¢yskmus f(z)=0 Ttak kak B dopmyne (2.12.2) mox 3HaAKOM
UHTerpaia npoussenenue f (x)f,(z—x)=0.

Utak, f(z)=0 mpu z<O0, f(z):% mpn 0<z<2, f(z):% npu

2<z<3, f(z)zs—;z nmpu 3<z<5, f(z)=0 mpu 5<z. I'padux dyHKIUN

IUIOTHOCTH  BEPOATHOCTH  f(z) wm300pakeHn Ha puc. 2.12.4. 3akon

pacnpcacicausa ¢ TaKOM IIJIOTHOCTBIO BCPOATHOCTH HHOI'Ja HA3BIBAIOT
TpallCuuCBU/IHBIM.

f(2) A

13—

| | o
0 2 3 5 ~Z

Puc. 2.12.4

Omsem. f(z)=0 mpu z<O0, f(z):% mpn 0<z<2, f(z):% npu
5-z

2<z<3, f(2)= npu 3<z<5, f(z)=0npu 5<z.

3agauya 2.68.1. CnyyaitHble BennurHbl X U Y HE3aBUCHUMBI U PABHOMEPHO
pacripesienieHbl Ha oTpe3kax cooTBeTcTBeHHO [0,a] u [0,0]. Haiinure mioTHOCTH
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pacnpeneneHus cliydahHod BenuuuHbl Z =X +Y. Halinure BeposITHOCTH
Pla<z<b) m P(z<a). (CMm. npumep 2.68, BenmuuuHbl a U b BO3BMUTE U3

HMCXOIHBIX TAaHHBIX K 3a7a4e 2.62.)

3ameuanmue. [lng Z = X - Y dopmyna (2.12.1) umeet Bua

f(z)= j £ f,(z +x) dx. (2.12.3)

3agaya 2.68.2. Ilycte cnydaiinble BenuuMHbl X W Y HE3aBUCUMBI U
KakJIasi U3 HUX PaBHOMEPHO pacmpezeneHa B oTpeske [0 —b;0 + b]. Tlokaxwure,
YTO Ccly4dauHas BennunHa Z =X —Y wuMeeT pacnpeieieHue, KOTOpoe He
3aBUCHUT OT 0, U HalUTE IUIOTHOCTh BEPOSATHOCTH 3TOM CIy4allHON BEITUYMHBI.
(Cm. mpumep 2.68, popmymny (2.12.3); b — HOMep BapuaHTa.)

3agaua 2.68.3. Cinyuaiinble BeqWunHBl X| U X, HE3aBUCHUMBI U Kaxkaas
UMeeT TmoKazareiabHoe pacmpenenenne F(x)=1-exp(-Ax), 0<x, A>0.

[Tycts Z =X, + X,. Haiinute M (Z), MIOTHOCTb pACIHpENEICHUS CIydalHON
BenuuuHbl Zu P[ X, + X, <M(Z)]. (Cm. npumep 2.68; A — HOMEp BapHaHTA.)

3agava 2.68.4. IIpu n3mepeHnn JUIMTENBHOCTH UMITYJIbCA JOIYCKAKOTCS
MOTPENTHOCTA TIPH OTCYETEe Hadalla W KOHIIA WMITYJIbca. OTH TOTPEITHOCTH
He3aBUcUMBL. [lycTh morpemHocTs (ommOKka) oTcuera Haudala ummylbca X
uMeeT (YHKIMIO TUIOTHOCTH BeposTHOCTH f(x)=2x/a’ mpu xe€[0,a] n
f(x)=0 npu octambHbIX Xx. IlycTh MOTpENIHOCTH OTCUETA KOHIIA UMITYJIbCca Y
uMeeT paBHOMepHOe pacnpenenenue B [0,a], T.e. f(y)=1/a npu ye€[0,a] n
f(y)=0 mpu ocrampHbIX y. Haiinure BEpOATHOCTH TOTO, YTO CyMMapHas

olIMOKa B ONPEEICHUH JUTUTEIIbHOCTH UMIyibca Z = X +Y He mpeB3OHIET a.
(Cwm. mpumep 2.68; a — HOMEp BapHaHTa.)

Ecru X wm Y He3aBUCHMBIE AUCKPETHBIE CIy4allHbIE BEIWYUHBI U
Z=X+Y, 1o nns Hux ¢popmyna ceeptku (2.12.1) umeet Bu:

P(Z=k)=P(X+Y =k) = B(X=x)P(Y k-x,). (2.12.4)

Hpumep 2.69. Ilyctb cnydaitHble BenuuuHbl X; U X, HE3aBUCUMBI U
KaXKJ1asi UMEET Fr€OMETPUYECKUI 3aKOH PACIIPEICIICHUS:
X 1 2 3 4 k

P p rq | p¢ | pd | - | pg”!

TpeOyercs HaliTH 3aKOH paCIpeeNeHus CllydaiiHol Beanuunsl Z = X, + X,.
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Pewenue. OueBngno, uro Z = X, + X, MOXKET IPUHUMATh 3HA4YCHUS 2, 3,
4,... . B cootBerctBUM ¢ hopmyoii (2.12.4)

P(Z=2) =P(X= DAY #) pp p’,

P(Z=3) BX BPY 2)+P(X=2)P(E 1) p-pg+pq-p 29°q.

P(Z=4) BEX BPY 3)+PX=3)P(E D+P(X=2)P(E 2) -

=p pq° +pq° p+pq-pg=3p'q’.

3aKOHOMEPHOCTh O00pa30BaHUS BEPOSATHOCTEW MIsi Z B JIOCTaTOYHOU

CTETeHN MpOsBUIAack. MOXHO TNpPENonoxkuTs, uto P(Z =k)=(k-1)p°q“ .

BwMmecto paccyxaeHuil 1o METoly MAaTeéMaTH4eCKOW MHAYKIUHA MOXKHO MPOCTO
3aMETUTh, YTO MPU BHIUUCICHUH KAXIOU ClIeIyIOIIed BEPOITHOCTU JOOABIsAETCS
elie OJHO CJlaraéMoe M B KaXKJIOM cjaraeMom JJ00aBiseTCsl MHOXHUTEIb (.

Hostomy P(Z =k +1)=kp*q".
Omeem. P(Z =k)=(k-1)p°’q" ™, rne Z=2,3,4,... .

3agaua 2.69. Cnyuaiinble BeqWuMHBI X| U X, HE3aBUCHUMBI U Kaxzaas
MMeeT OMHOMMAIBHBINA 3aKOH pacipeiejieHHs ¢ mapamMeTpaMu n =3 u p, T.€.

P(X:k) pk(l_p)S_ka: k 0717273' =
Haiinure 3akoH pacnpeneneHus ciaydaiiHon BenuuuHsl Z = X, + X,. (Cwm.
npumep 2.69, BeNMUYUHY p BO3BMUTE U3 UCXOJHBIX JIAaHHBIX K 3aaaue 2.59.)

Hpumep 2.70. Cnyuaiiasie X u Y He3aBucHMBI, niprudyeM X paBHOMEPHO
pactipenenena Ha otpeske [0;2], a ¥ umeet pynkiuto pacupenenenust F(y)=0

mpu y<0, F(y)=y" npu 0<y< 1 u F(y)=1 npu 1< y. Tpebyercs HaiiT
JUCIIEPCHUIO MPOU3BEICHUS ATUX BEJIUYKH.

Pewenue. 1lo CcBOWCTBY HOHMCHEPCUM JUIsi HE3aBHCUMBIX CIy4alHBIX
BEJIUYMH X U Y

D(XY)=D(X)D(Y) + D(X)[M (V)] + D(Y)[M (X)]".
Bpruncivm BeIWYMHBI U3 MPAaBOM YacTH 3TOTO PAaBEHCTBA. Tak Kak BCe
3HaueHus X paBHOBO3MOXHBEI B oTpe3ke [0;2], To f(x)=1/2 mpu x€[0;2] u

f(x)=0 npu octanbHbIX x. [ToaTOMy
2

Ll NI
M(X)—ngdx—l, M(X )—_([x ~dv=

0

b

4
3

D(X)=M(X>3>— [ME)] g—lz %
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CnyyvaitHass BenuunHa Y uMeeT (QYHKIHMIO TUJIOTHOCTH BEPOATHOCTU
f(»)=F'(y)=2y npu 0<y< 1 u f(y)=0 npu ocranbHbIX y. [ToaTOMY

1 1
2 1
M)=[y-2ydy=2, MOP) =[5 2pdy=—,
0 0

2 » 1 4 1
DY)=M ¥ 3 [M(B3)] 579 18
B urore D(XY)=(1/3)(1/18)+(1/3)(2/3)> +(1/18)-1>=2/09.
Omeem. D(XY)=2/9.

3agaya 2.70. Cuyuaiimple X u Y HeE3aBUCUMBI WU PaBHOMEPHO
pacripefiefieHbl  COOTBeTCTBeHHO Ha otpe3kax [0,a] wu [0,b]. Hailigure

JUCTIEpCUI0 TTpou3BeieHus ATuX BeauuuH. (CM. npumep 2.70, BeIUUYUHBI a U b
BO3BMHTE M3 UCXOJIHBIX JAHHBIX K 3amaue 2.62.)

2.12.2. PacnpeaeAeHue CUCTEMbI ABYX AUCKPETHbIX CAYHAUHbIX BEAUYUH

Pacnpenenenne cucteMbl JBYX NUCKPETHBIX ciaydaHbix (X,Y) Benmuun

MOXHO 33/1aThb B BHUJE TaOJUIbI, B KOTOPOM MEPEUUCIEHBI Mapbl BO3MOXHBIX
3Ha4YeHUH (X,)) U UX BEPOATHOCTHU:

X n
Y X1 X2 X3 Xn p(yj)zzplj
i=1
V1 P P21 P31 Pl PO
V2 P12 P22 P32 . Pn2 p(»)
3 P13 P23 P33 e Pn3 p(3)
ym plm pZm p3m oo pnm p()}m)
mm=2m pex)) | pa) | pxs) | .. | p(x)
=

B oroit tabmuue p, =P(¥ x7 ), i 1,2,...n, F 1L2,....m Ilpu

i=1

TOM Zpijzl, P(X:xi):Zpij 51 P(Y:yj):Zpij. Ecm X un Y
i,j j=1

HE3aBHCUMBL, TO p; = p(X,) p(¥,).
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IMpumep 2.71. 3aK0H pacupeAeneHnus] JUCKPETHOIO CIYy4YaiiHOTO BEKTOpa
3a71aH B BUJI€ TaOJUIIbL:

, X 0 2 | p(y)
0 0,2 0,1 0,1 0,4
1 0,1 0,3 0,2 0,6
P(X =x) 0,3 0,4 0,3

TpeOyercs HaliTU pacnpeneneHue CciaydyalHbIX BeluuuH Z =XY u
W=|X>-Y"|.
Pewenue. Haiinem BO3MOKHBIE 3HAUEHUS CITy9alHOW BEITMYMHBI Z:
Z =—1-0=0 c BeposTHoCcThIO 0,2;

Z =—-1-E -1 ¢ BepostHocThiO 0,1;
Z =0-0=0 c BepostHocthio 0,1;
Z =0-1=0 c BeposTHOCTBIO 0,3;
Z =2-0=0 c BepostHocthio 0,1;
Z =2-1=2 c BeposatrHocThIO 0,2.

3aKOH pachpeAesieHUs] CIIy4YalHOW BEJIIMYMHBI Z 3aldIlIeM B BUJIE pAla

pacrpeaeneHus

Z

-1

0

2

P

0,1

0,7

0,2

CrnydaitHas BennunHa W npUHUMAET 3HAYCHU:
2 2
W =|(-1)"-0"| =1 c BepostHOCTHIO 0,2;

W =|(=1)>-1>| =0 c BeposTHOCTHIO 0,1;

W =|0>-0%|=0 c BeposTHOCTHIO 0,1;

W =|0>-1*| =1 c BeposTHOCTHIO 0,3;

W =|2>-0%| =4 c BeposTHOCTHIO 0,1;

W =|2>~1*|=3 c BepoarrocTsIo 0,2,

Y UMEET Pl paclpeieIeHUs

w 0 1 3 4
P 0,2 0,5 0,2 0,1
Omeem. Z -1 0 2
P 0,1 0,7 0,2
w 0 1 3 4
P 0,2 0,5 0,2 0,1

3agaua 2.71. Cnoy4ailHbIi BEKTOpP AUCKPETHOTO THMA PACHPENECIEH IO

3aKOHY, OIMpeeIsieMOMY TaOIHIIeH:
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X X X3 X4 ()
Y
Vi P P12 J4E 0,05 O
W2 J 23! P2 0,02 0,03 p(YZ)
pex) | p(x1) | p(xa) | p(xs) | p(xs)
Hanpgure 3akoHbl pacnpefeneHus ClydyahHbIX BeauyuH Z = XY,
U=|X-Y|,V=Y"-X".
B neuernsix BapuanTax: x, =—1; x,=0; x,=1; x,=2; y,=-1, y,=1. B

Y4EeTHBIX BapHaHTax: x,=-2; x,=-1; x;,=0; x,=1 y=-2; y,=2. (Cwm
npumep 2.71 1 uCXoiHbIE JAHHEIE.)
Hcxoounvle oannvie k 3a0aue 2.71.

z

P | P12 P13 | P21 | P2 Ne P11 | P12 | P13 | P21 | P22 Ne P P12 P13 | P21 | P2

0,10,2/0,1/0,3/0,1}11}0,3/0,1|0,1{0,1]0,2}21/0,1]0,2/0,3]0,10,1

0,2/0,1/0,3/0,10,1}120,1/0,1|0,1{0,2/0,3},22/0,2/0,3/0,1]0,1{0,1

0,1/0,3/0,1/0,1]0,2}130,1]0,1]0,2/0,3/0,1}23/0,3/0,1/0,1]0,1{0,2

0,30,1/0,1/0,2/0,1|140,1/0,2/0,3/0,1]0,1}24/0,10,1/0,1]0,2]0,3

0,1,0,10,2/0,1]0,3}15}0,1|0,1}0,1/0,1/0,1}25/0,1/0,1/0,2]/0,3]0,1

0,1/0,210,3/0,1/0,1}16 /0,1]0,2/0,1/0,3/0,1}26/0,3/0,1/0,1]0,1{0,2

0,2/0,3/0,1/0,1}0,1}170,2/0,1]0,3/0,1/0,1}27/0,1/0,1/0,1/0,2]0,3

0,30,1/0,1/0,1/0,2|180,1/0,3/0,1/0,1]0,2)28/0,1]0,1/0,2/0,3/0,1

ORI (NN A (W |-

0,1/0,110,1/0,2/0,3}190,3/0,1]0,1/0,2/0,1}29/0,1/0,2/0,3]/0,1]0,1

[y
(=]

0,1/0,110,2/0,3/0,1)2010,1]0,1]0,2/0,1/0,3]30/0,1/0,1]/0,1]0,1]{0,1

2.12.3. PacnpeaeAeHne oyHKLMU ABYX CAYHAUHbIX BEAUYUH

PaccMoTpuM  (QyHKIMIO ABYX cllydaidHbIX BenuunH Z =@(X,Y),
(X,Y)
miockoctn). Ilycte cinywaiinas Touka (X,Y) wumeeT (QyHKUMIO TIIOTHOCTH

rae
— CHCTE€Ma [JBYX CIy4YaWHBIX BEJMYHMH (CIy4alHbI BEKTOpP B

BeposiTHOCTH  f(x,y). Haiinem ¢ynkuuro pacmpenenenus G(z) ciydaiiHON

BEJINYUHBI Z.
Jlns kaxzaoro z oOo3HauuMm 4yepe3 W(z) oOnacTb Ha MJIOCKOCTH, B

KOTOpOW BbINOJHSETCS HepaBeHCTBO O(X,Y)<z. UToObl 3TO HEpPaBEHCTBO
BBITIOJTHWIIOCH, Ciy4aliHas ToO4Yka JOJDKHA Tnonacte B oOnacte W(z). Ilo
OTIPEICTICHHUTO
G(z)=P(Z<z) PR(X.Y)<z] PEX,Y)eW()]= [[ f(x.y)dxdy.
w(z)
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Torga mMJIOTHOCTH pacHpeiesieHUus CIy4ahHOM BEJIWYMHBI Z paBHA
!
g(2)=G'(2).

IIpumep 2.72. B kBagpaT co cTOpOHOI a Hayraja OponieHa Touka. [lycts ¥
— paccTosiHuEe OT ATOM TOUKHM 10 OJiMKailiiei cTOpoHBI KBajpaTa. Cunrtas Bce
MOJIOKEHUSI TOYKM B KBaJApaTe pPaBHOBO3MOXKHBIMHU, HaWguTe (QYHKIUIO
IJIOTHOCTU BeposiTHOCTH BenuduHubl ¥, M (Y) u D(Y).

Pewienue. Ilyctb ¥ — paccTostHue OT TOUYKH 10 OJrbKaillieil CTOpPOHBI
kBagpata. [ns omnpeneneHHoctd OyleM cyuTaTth, 4YTO TOYKa IOoMajga B
TpeyronbHuk AOD (cMm. puc. 2.12.5).

.h.l:'(
& g C
E
MR SN
¥ :(
>
A i o ox
Puc. 2.12.5
Jlist Bcex TOYEK ATOro TpeyrojibHuKa AD — Onuxaiias CTOpoHa

kBazgpara. Tak Kak Tomans TpeyronsHuka AOD pasHa a’ /4, TO TIOTHOCTH
BEPOATHOCTU CIydaiHOI TOYKM B 5TOM TpeyrombHuke f(x,y)=4/a’. Bme
TpeyroasHuka f(x,y)=0. PaccTossHuE OT TOYKH 10 OCHOBaHUS OyAET PaBHO ),
ecii Touka ymager Ha orpe3ok MN. Ilockombky OK =KN=a/2-y, TO

IUIOTHOCTh ~ BEPOSTHOCTH  CIyY4alHOM  BENWYMHBI Y  TIOJy4YHM,  €CJIH
MIPOUHTETPUPYEM IIJIOTHOCTh BEpOSTHOCTH f(x,y) B mpeaenax ot —(a/2—y)

1o (a/2—-y) (r.e. or Touku M 10 Touku N):
N 4 4 8y
fG)= § fepds —(a-29 —==5 mpu ye[0a/2]

—(al2—-y) a

al2
u f(y)=0 npu ocrampubix y. IlosTtomy M (Y)= Jy(i—g—yj dy :%, Tt
a a

0

al2
4
BBIYMCIIEHHS JWCIepCHM Haiinem cHauama M (Y?)= J y (— _8_yj dy =—.
a
0
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Otkyna D(Y)= =M (Y3 [MY)] % - (—j -4

Omeem. M(Y)=a/6; D(Y)=a/72.

3apmaua 2.72. B paBHOOEApPEHHBIM TPEYroJbHUK C OCHOBAHUEM da U
BBICOTOM /1 Hayraj OpomieHa Touka. [lycte ¥ — paccTosiHMe OT 3TOW TOYKHU 110
OCHOBaHMSI TpeyronbHukKa. CuuTas BCE TMOJOXKEHHUS CIy4YalHOW TOYKH B
TPEYroJIbHUKE PAaBHOBO3MOKHBIMH, HaWIUTE (DYHKIIMIO TNIOTHOCTH BEPOSTHOCTU
Benuuunbl ¥, M (Y) u D(Y). (Cm. mpumep 2.72; a — HOMEp BapuaHTa.)

Hpumep 2.73. /IBe BepHmIMHBI TPEYroJIbHUKA COBNAJAIOT C KOHIIAMHU
IUMaMeTpa Kpyra pagudyca R, a TpeTbsl BEPIIMHA PACIHOJIATAeTCs B CIIy4anHON
Touke (x,y) B BepxHed mojoBuHe Kpyra. [lomaras paBHOBO3MOXHBIMH BCE
MOJIOKEHUSI TPEThEeil BEPIIMHBI B BEpXHEH MOJIOBUHE Kpyra, HAMAUTE (PYHKIIUIO
IJIOTHOCTH BEPOSATHOCTH JUIA IUIOIIAAM TPEYrOJIbHUKA W MaTEMaTHYECKOE
0’KUJAHUE 3TOW IUIOLIAIH.

Pewenue. Tak kak Bce TOJOXKEHHS TOYKH (X,)) B HOIYKpyre

PaBHOBO3MOXHEI, a TIUIOMAAb TONyKpyra paBHa nR’/2, TO TJIOTHOCTh

BEPOATHOCTH CIy4YailHON Touku (x,)) umeeT Bum: f(x,y)= BO BCEX

R2
TOYKax HOHYprra, 51 f(x,y):() BHC HOHYprra. OCHOBaHI/Ie TpGYFOJ'IBHI/IKa
IIOCTOSHHO H paBHO 2R, da BBICOTA TpGYl“OJ'IBHI/IKa paBHa OpI[I/IHaTe CﬂyqaﬁHOﬁ

1
Touku y. [loaTOMy miomanb TpeyrojibHUKAa paBHA S =§'2R'y=Ry. Bricora

TpeyrojbHUKa OyJeT paBHA ), €CIM ClIydyallHas TOYKa YMaJeT Ha OTPe30K AB
(cm. puc. 2.12.6). Jlna mnonydeHHs] TUIOTHOCTH BEPOSITHOCTH B TOYKE Y
HE0OX0IMMO TTPOCYMMHUPOBATH TJIOTHOCTh BEPOSTHOCTH f(X,)) BIOIL OTpE3Ka

AB:

2 2

R’ -y R’-y 2 2
2 44 R" —
fW= [ fand | —sd S ye[0.R].
_le_yz _JR)?

B utore Cp€aAHEC 3HAUYCHUC TUIOIaa TPCYroJIbHUKa PaBHO

R 2 2 R

4R -

M(©S)=[Ry=""Tay ify\/Rz—yz dy =
7 R TRy

2 fips 2 2 2 (RP—y)"7|x_4R

= R - d R -y —_ . = = .

an( VR -y = =,
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)

T

o
:"""‘"

Puc. 2.12.6
4R?
Omeem. —.
3r

3agava 2.73.1. OcHOBaHMEM TPEYTOJBHHKA CIYKAT OTPE30K OT TOUKHU A
no touku C. Tperbsi BepuminHa B(x,y) Haxoautcs B obmactu D. Cuuras

PaBHOBO3MOXXHBIMHA BCE€ TIOJIOKEHUS TOYKH B B oOmactu D, HalTu
MAaTEMaTHYECKOE OKHUIAHUE IUTOAaau TpeyroyibHuka ABC.
B BapuanTax 1-10: a — Homep Bapuanra, A(0,0), C(a,0),
D={0<x; x<a; 0<y; yS\/;}.
B BapuanTax 11-20: @ — nomep Bapuanta munyc 10, 4(0,0), C(a,0),
D={0<x; x<a; 0<y; y<x’}.

B BapuanTax 21-31: @ — nomep Bapuanta munyc 20, 4(—a,0), C(a,0),
2

. 2
D:{ogy; ysu}.
a
(Cwm. mpumep 2.73.)

3agaua 2.73.2. JIBe BepLIMHBI TPEYrOJbHUKA COBHANAIOT C TOYKAMU
A(0,0) u B(a,0). Ilonoxenue tperheil BepmuHbl C(X,)y) PaBHOBO3MOXKHO B
mo6oii Touke obmactt D={0<x<a; 0<y; y<(x—a)’}. Haiimure dyHKIMIO
IJIOTHOCTU BEPOSTHOCTU MJI IUIOIIAAM TPEYroJdbHUKA W MaTEeMaTUYeCKOoe
oxxuaanue 3tou miomanu (Cm. mpumep 2.73; a — HOMEp BapHaHTa.)

3apaua 2.73.3. Onna BepinHa TpeyrojabHuka Haxoautcs: B Touke A(0,0),
BTOpass — B Touke B(a,0), a moNoXeHne TPEeThell BEPIIMHBI PABHOBO3MOXKHO B
obmactu, orpanuyeHHou JuHHsIMH Y =0, X=a u Y= @ . Hannmure
(YHKIMIO  TUIOTHOCTH  BEPOSATHOCTH ISl IUIOMIQAM  TPEYrojbHUKAa,
MaTeMaTHYEeCKOE OKHUIaHNEe 3TOU IUIoImaan u ee qucnepcuro. (Cm. mpumep 2.73;
a — HOMEp BapHaHTa.)
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Ipumep 2.74. Bce nonoxxeHus: ciyyailHoi Touku (X,Y) paBHOBO3MOMXKHBI
B KBaJpaTre CO CTOPOHOM, paBHOU enunune. Hainure (yHKIUIO MIOTHOCTH
BEPOSATHOCTH CIIyYalHOW BeJIMUMHBI Z = XY W ee cpenHee 3HaUYCHHE.

Pewienue. Tax kak Bce TMOJOXKEHUS chaydaiiHoW Touku (X,Y)
PAaBHOBO3MOXKHBI B KBaJIpaTe CO CTOPOHOM, paBHOW €MHUIIE, TO 3Ta ClydaiiHas
TOYKa UMeeT QYHKITUIO TUIOTHOCTH BEPOATHOCTH f(x,y)=1 BHyTpHW KBagpara u
f(x,y)=0 BHe kBagpara.

Hailinem cHavana ¢yHKUMIO pacupenesieHus ciydailHod Benuuunsl Z. [lo
onpenenenutro  F(z)=P(Z<z) P[(X5Y)<z]. HepasenctBo (X,Y)<z
BBITIOJIHSETCS, €clii chaydaiiHas Touka (X,Y) okaxkeTcsi BHYTpHU KBajpaTa HIKE
runepooibl xy =z (cm. puc. 2.12.7). [loatomy

F(z)=P(Z<z)=1-P(Z=2z)=P[(X,Y)eS]=

=1 [[#(x,y)dxdy l—j.dxj.:dy l—j.(l—i)dxzz(l—lnz) mpu 0<z<1.

(®)] z z/x

Y &

L4

0 X
Puc. 2.12.7
0 mpu z<0,
OxoHYaTenmbHO MOXKHO 3anucath: F(z)=3z(1-Inz) mpum 0<z <1,
1 mpu 1<z
Hudbdepenuupys F(z) no z, noaydyaeMm yHKIHIO IUNIOTHOCTA BEPOSATHOCTH
0 mpu z<0,
f(z)=9-Inz mpu 0<z<l,
0 mpu 1<z

M(Z) = M(Z)= jz(—lnz) dz=1/4.

0
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0 mpu z<0,
Omeem. f(z)=<—-Inz mpu 0<z<1, M(Z)=1/4.
0 mpu 1<z

3apmaua 2.74.1. Cnyuaitnas touka (X,Y) B kBampare D={0<x<a,
0<y<a} wumeer (yHKIHIO TIOTHOCTH BeposATHOCTH f(x,y)=4xy/a mupu
(x,y)eD u f(x,y)=0 Bue D. [lyctp Z = XY — mpousBeacHNE KOOPJAHHAT

touku. Halimure: QyHKIMIO TUIOTHOCTH BEPOSITHOCTH CIyYalHOM BENMYUHBI Z,
M(Z) u P(Z <a). (Cm. npumep 2.74, a — HOMED BapUaHTA.)

3apmaua 2.74.2. [lnmoTHOCTH BEpOSITHOCTH ciy4yaliHOM Touku (X,Y) B
kBaapare [0,1]x[0,1] wmmeer Bumg f(x,y)=2(ax+by)/(a+b). Haiigure
(GyHKIMIO pacnpeliesieHus] clydailHoW Benu4yuHbl Z = XY, ee MaTeMaTH4ecKoe
oxkunanne M(Z) nm P[Z<M(Z)]. (Cm. mpumep 2.74 u UCXOAHBIE JTaHHBIE K

3agaude 2.68.1.)

3ameuanmne. Eciu TpeOyeTcs HaWTHU JHIIL MaTeMaTHYECKOE OXKUJIaHHE
cinyuyaiiHoi BenuuuHbl Z =@(X,Y), TO HET HEOOXOAMMOCTH MPEABAPUTEIHLHO

HAaXOJUTh 3aKOH pacmpenenenus Z. Eciu u3BectHa, Hanpumep, f(x,y) —

(yHKIMS TUIOTHOCTH BEPOSTHOCTH ciydaitHo Touku (X,Y), TO cpenHee
3Ha4YeHUE Z MOXHO BBIYUCIUTh HEMOCPEICTBEHHO MO (popMyie:

M (Z) = [[o(x,)f (x, ) dxdy, (2.12.5)

rie D — o01acTb BO3MOKHBIX 3HAUEHUI JBYMEPHOM CitydaiiHOM BearuuHbI (X, Y).

Ilpumep 2.75. Bce mnonoxenus ciaydaiHod Touku (X,Y) B obOnactu
D={(x,y): x+y<4, x>0, y>0} paBHOBO3MOXHBI. Benuuuna X paBHa
CTOpPOHE OCHOBAHMS MPABWIHHOW YETHIPEXYTOJbHON MUpaMUJIbI, a Y paBHSAETCS
BBICOTE JTOM mnupamunbl. Halinure wmaTreMatndeckoe OXHuaaHue oObeMa
MAPAMU/IBI.

Pewenue. Obnacte D mnpencraBisieT U3 ceOs TPEYroJbHUK, IUIOLIAAb
KOTOpPOro paBHa BOChMHU. Tak Kak Bce MOJOKEHUs ciiydailHoil Touku (X,Y) B
TPEYTOJLHUKE PABHOBO3MOKHBI, TO (DYHKIIHS TUIOTHOCTH BEPOSATHOCTH f(X,))
BHYTPH 3TOT0 TpeyroipHuKa nocrosiHaa. [loatomy f(x,y)=1/8 Bo BHyTpeHHHX

TOYKaX TpeyroidbHuka u f(x,y)=0 BHe TpeyroiabHuKa (cM. puc. 2.12.8).
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vat

¥a

Puc. 2.12.8

O6beM mmpamuasl pasen V =(1/3)YX?. Tlostomy no dopmyne (2.12.5)
uMeeM

4 4-x 4
M(V):%”g;xzézdxdy i]xzjydxdy 4i8jx2(4—x)2dx %zo,ﬂ.
D 0 0 0

Omeem. M (V)= % =~ 0,71

3apmaua 2.75. Bce nonoxkenusi ciydaiiHod Touku (X,Y) B obGmactu D
PABHOBO3MOKHBI.

B HeueTHbIX BapuanTax obnacts D = {(x,y): x>+ > <a’; x>0; y>0}.
B getnbix Bapuantax obmacte D ={(x,y): y < Jx; x<a; y2>0}.

Koopnunatet X m Y 3TOM cioy4allHOM TOYKH OIPEAEISIIOT pPa3Mepbl
reomeTpudeckux ¢uryp u Ten. Hailaure MmaTeMaTuueckoe OKHUIaHue CIIydaiHON
BenuuuHbl Z, ecnu: B 1, 6, 11, 16, 21, 26 BapmaHtax Z paBHa IUIOWIAAA
MOBEPXHOCTH LUJIMHJIPA C PaJIMyCOM OCHOBaHUA X M BbIcOoTOM V; BO 2, 7, 12, 17,
22, 27 BapuaHTax Z paBHa 00beMy KOHyca C paJinycoM OCHOBaHUs X U BBICOTOM
Y; 83,8, 13, 18, 23, 28 BapuanTax Z paBHa IIonaad pomoa ¢ auaroHaasiMu X u
Y; 84,9, 14, 19, 24, 29 Bapuantax Z paBHa 00beMy LUJIUHIpA C PaJIUyCcOM
ocHoBaHMs X u BbIcoTOM Y; B 5, 10, 15, 30, 25, 30 BapuanTax Z paBHa miomaaq
PaBHOOEIPEHHOTO TpeyrojibHUKa ¢ ocHOBaHueM X u BbicoToi Y. (Cm. mpumep
2.75, a — HOMEp BapHaHTA.)

IIpumep 2.76. PaBHOBO3MOHBI BCE MOJIOKEHUS ciiydaitHo Touku (X,Y)
B Kpyre paauyca R ¢ LIEHTpOM B Havalie KOOpAUHAT (MHA4Ye TOBOPS, CIydalHbII
BekTop {X,Y} pacnpeneneH paBHOMEpPHO B yKa3aHHOM Kpyre). TpeOyercs

HAWTHU TUIOTHOCTh BEPOSTHOCTH CydaitHOU Benmnuuubl Z = (X +Y)/ X.
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Pewenue. Tak Kak BCE€ IIOJIOKEHUSA CIIy4aliHOM TOYKE B Kpyre
2
PAaBHOBO3MOKHBI, a IUIOIIAAb Kpyra paBHa TR°, TO IUIOTHOCTb BEPOSATHOCTHU

1
ciiydaiiHOW TOYKH f(x,y) = e BHYTpH Kpyra u f(x,y)=0 BHe Kpyra.

Haiinem cHawana ¢QyHKIUIO pacnpeneneHus ciydaiiHoil Benuwuunbsl Z. Ilo
ONPEIEIICHUIO

F(z)=P(X <2) P(X):';Y <z].

X+Y

HepagenctBo <z npu X >0 mpeoOpa3zyercs k Bugy X +7Y <zX

wm Y<(z-1)X, a npu X <0 nonysaem Y >(z—-1)X. Dro o3Hauaer, 4ro,

HEPABEHCTBO BBINIOJHAETCS B 3alUTPUXOBAHHOW Ha puc. 2.12.9 u puc. 2.12.10
obmactu D..

y={z-10%

arctgrz-1)
lI R

R = R :( -R aretgiz-1) X
o, o,
npu z >1 npu z <1
Puc. 2.12.9 Puc. 2.12.10
ITosTomy

X;Y <zj ij f(xa) dxds n;zz _gdxdy 28,

F(z)=P(X <2) P(

rae S, — IUIOIIA/lb KPYTOBOI'O CEKTOPA C YIJIOM OL.
3amMeTuM, 4TO TAaHIEHC yrjla HakjoHa mpsiMod y =(z—1)x paBeH z-—1.

[Toatomy npu z>1 yron o 0,5t+arctg(z—1). [Ipu z<1 toxe a=0,57T+
+arctg(z —1), Tak kak B 3TOM ciydae arctg(z—1)<0. Iloatomy miomanp
CEKTOpa

1 T
S =—R*| =+arcte(z-1) |.
«=5 (2 g( )]

Hrak,

1 1 T I(~n
F(z)= 2-—R* Z+arctg(z—1 —|=—+arcte(z—-1) |.
(2) =25 (2 g( )] n(z g( )]

B urtore nonyuaem
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1 1
zy=F%¢) ——F+——,
J@=re) o 1+(z-1)
T.€. CTAHJIAPTHBINA 3aKOH pacnpeneieHns Koum, TonbKO CIBUHYTHIN HA €AUHUILLY
BIpaBo (cM. puc. 2.12.11).

fiz)
1

03 4
oz

a1 T

Puc. 2.12.11

Omeem. l !

T 1+(z-1)*

3amaua 2.76. PaBHOBO3MOXXHBI BCE MOJIOKEHUSI ciydaitHoi Touku (X,Y) B
Kpyre paauycoM b C ILEHTpoM B Hayaie koopauHar. TpeOyercss HailTu
IJIOTHOCTh BEPOSTHOCTH ciydaiiHOW Benmmuuubl Z =aY / X. (Cm. mpumep 2.76,
b — HOMEp BapuaHTa, @ BO3bMHUTE U3 UCXOAHBIX JAaHHBIX K 3a1aue 2.71.1.)

Ipumep 2.77. Bpems 0e30TKa3HON pabOThl KaXXJOrO 3JIEMEHTA HUMEET
IIOKa3aTeNbHBI 3akoH pachpenenenus (F(x)=P(X <x)=1—e™*, x>0,
A>0, M(X)=1/A). Cuuras, 9TO DJIIEMEHTHI BBIXOJAT U3 CTPOS HE3aBHCHMO

Ipyr OT Apyra, HAUTH cpeaHee BpeMs 0e30TKa3HOW paboThl («HapabOTKy Ha
OTKa3») JJIsl K&KJO0N U3 CUCTEM:
a) 0)

=

Pewenue. O603HaunM BpeMs 0€30TKa3HOM pabOTHI i-TO dJIEMEHTa 4Yepes
X;. Cuctema a) BBEIXOJWT U3 CTPOSI BMECTE C MEPBBHIM OTKA3aBIIUM 3JIEMEHTOM,
O3TOMY BpeMsl Oe30TKa3HOM padoTel mHepBod cucTeMbl Y =min(X,,X),).

3amerum, uto P(X,>x)=1-P(X,<x)=1-4—-e7) . Haitnem dynximio
pacrpeneneHusi BEJIMYUHbI V-
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F(y)=P(Y <y)=P(min(X,, X,) <y)=1-P(min(X,, X,) > y) =
=1-P(X,>y,X,>y) 1-PX,>y)P(X,>y) 1-ee™ 1=,
Oxkasanocs, 4ro BenuuuHa ¥ = min( X, X,) UMeeT NOKa3aTeabHbIA 3aKOH

pacnpenenenus ¢ mapameTpom 2A. Hapab®oTka Ha OTKa3 JjIs1 CHCTEMBI C
ITOCJICIOBATEILHBIM COCTMHCHUEM 3JICMECHTOB paBHA

MY)= j VadE () j y-2e My 1/2,
0 0

T.€. B JIBa pa3a MEHbIIIEe HapaOOTKH HA OTKA3 OJHOTO DJIEMEHTA.

Cucrema 0) paboTtaeT 0€30TKa3HO, TTOKAa B pab0YeM COCTOSTHUHM HAXOIUTCS
X0Ts Obl OJIUH U3 JIBYX 3yieMeHTOB. [loaTomy ee Bpemsi 0e30TKa3HOUM pabOThI
Z =max(X,,X,). HaiineM ¢pyHKIMIO pacnpenencHus BEINYUHbI Z:

F(z)=P(Z <z)=P(max(X,,X,)<z)=P(X,<z,X,<z)=
P(X,<z)P(X,<z) F(2)Ez) (1-eZ).
Hapa60TKa Ha OTKa3 Id CHUCTEMbl C IIapaJUICJIbHBIM COCIMHCHHEM

AJIEMEHTOB (TaKO€ COEIUHEHHE MPU OJAHOBPEMEHHO PAOOTAIOMIMX 3JIEMEHTaxX
Ha3bIBAIOT HArPY>KEHHBIM WA «TOPSYUM» PE3EPBUPOBAHKEM ) PaBHA

M(Z)=[zdE(z) [2(0-2e7 +e™Fdz [2(2he™ —20e™ ¥z 3/ 20
0 0 0

Omeem. a) 1/2); 0) 3/2A.

3apaua 2.77.1. Ciyuaiinsle BenuuuHbl X,, k=1,2,...,n, pacupelcieHsbl

paBHOMepHO Ha oTpe3ke [0,a]. Haitnute ¢yHkuuio pacupeneyieHus u GyHKIHIO
IUIOTHOCTU BEPOATHOCTH ClIlydallHOW BenumuuHbl Y =max{X ,X,,...,X },
e — n

1<k<n
CUuTas BEINYNUHbBI X} HE3aBUCUMBIMH. BBIUMCIINTE MATEMATUYECKOE 0XKUIAHUE U
TUCTIEPCHUIO CIydalHOW BenwuwHbl Y. Beraucnmre BepostHOcTh P(Y >a/2).

(Cm. mpumep 2.77 u UCXOAHBIC TAHHBIE. )
Hcxoonwvie oannvie x 3a0auam 2.77.1.

Ne|nja|N|n|a|N|n|la|N|n|a|N|n|a|N|n|a
1 {226 2|7 |11 |3 |2 |16|3 |7 (214 |2 26| 4|7
2 (2137|128 12/3 3173 |8]22|4 |3 ]27|4 8
312148219133 |4 |18|3 |9 1(23|4 |4 28|49
4 (21519 |2(10]14 |3 (51193 (10244 5129|410
51216103 |1 153 |6 204 |1 ]25|4 |6 30|51

3apmaua 2.77.2. Cnydaiinble BenuuuHbl X;, k=1,2,...,n, pacnpenencHsl

paBHOMepHO Ha oTpe3ke [0,a]. Haitnute dyHkuuio pacnpeneyieHus U GyHKIHIO
IUIOTHOCTH BEPOSITHOCTU  CIOy4allHOH BenuuuHbl Z =min{X,,X,,....X,},
—— n

1<k<n

cuuTasa BCIIMYHHBI )(k HE3aBUCHUMbIMH. BEIUMCINTE MATEMAaTHYECKOE OXHUIaHHu€ u
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TUCTIEPCHUIO CITy4daiiHOW BenmmuuHbl Z. Beramcnute BepostHOCTs P(Z <a/?2).
(Cum. mpumep 2.77 u ucxoaHbIe NaHHBIC K 3aaaue 2.77.1.)

Hpumep 2.78. Ilycte X, X,,..., X, — IOCIE10BATEIBHOCTh HE3ABUCUMBIX
CIIy4yalHBIX BEJIMUMH, KaXJash U3 KOTOPBIX UMEET PaBHOMEPHOE paclpe/iesieHre
B unrepBaie (0,1). [Tycte Z =min{n: X, + X, +...+ X, 21}. TpeOyercs HaliTn
M(Z).

Pewenue. Tlo ycrnoBuro Kaxias W3 CIyYalHBIX BEJIWYMH PaBHOMEPHO
pacnpeneneHa B uarepsaie (0,1), T.e. uMeeT QPyHKUHIO pacTpeeIeHUs]

0 npu x<0;

F(x)=P(X <x)} <x npu 0<x<1;

1 mpu 1<x.
CootBercTBytomas (GpyHKIHS MWIOTHOCTH BepoaTHOCTH f(x)=1 mpu x € (0,1) m
f(x)=0 npu ocraneubixX x. [loHATHO, YTO Z IpUHUMAET 3HAYCHUA 2, 3, 4, ... .
ITosTomy

M(Z) :Z#P(Z I 2P(Z 2)+3P&Z 3)+4PEZ 4)+5PEL S)+...=
k=2
=P(Z=2)+P(Z=3)+P(Z=4)+P(Z=5)+...
+P(Z =2)+ P(Z=3)+P(Z=4)+P(Z=5)+...
+P(Z 3)+PE 4)+PE 5+...
+P(2 4)+PE 5+...
+P(£2 5)+...

:1+P(222)+P(223)+P(Z24)+P(Z25)+...:1+iP(sz).

Beenem  o6o3nauenne P(X,+X,+...+X <y)=¢q,(y), O<y<I.

3aMeTuM, 9TO
P(Zzk)= P(X,+ X, +...+ X, ;<D =¢q,(]).
Jlerxo Buzets, uto ¢q,(y) = P(X, <y)=y. Torna nomxas BEpOsSTHOCTb TOTO,

y y 2
yro X, + X, <y paBHa qz(y):_[f(u)ql(y—u)du=J1-(y—u)du=y7. Torna
0 0

y 1 y 3
q,(y) = Jf(u)qz (yv—u)du :E-[l (y—u)du= % [lpofomkast  paccykaaTh
0 0 .
NOJOOHBIM 00pa3oM, MOITyYUM PEKYPPEHTHOE COOTHOLIEHUE JUIS BEMUYMH ¢, (V) :
y y
0.("=[f)g, (y-w)du g, (y-u)du. (2.12.6)
0 0
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4 5

I[lo dopmyne (2.12.6) q4(y):%, qs(y)z% u 1.4 Ilo Meromy

k-1

MaTeMaTHYECKON HHIYKIMH MIpearoaraem, uro ¢, (1) = h , OTKyJa
y k-1 k
(y—u) y
9.V =|~——du="—.
! (k—1)! k!
B urtore nonyyaem, 4yto
M(Z)=1+> P(Z=k¥ 1+ X=q,(1) S PUE LI
— e 21 31 4

Omeem. e~2,7.

3apava 2.78. Ilycte X, X,,..., X

n

— MOCIIEN0BATEIbHOCTh HE3aBUCHMBIX
CIly4aiHbIX BEJIMYMH, KaK[as U3 KOTOPBIX UMEET PABHOMEPHOE paclpeneIcHNe
B uaTepBaie (0,a).

ITycte B HedeTHpIX BapuaHtax Z=min{n:X,+X,+...+X,K6 >22a}. B
YeTHBIX BapuaHTax Z =min{n: X, + X, +...+ X, >3aj}.

Haiinure M (Z). (Cm. npumep 2.78, a — HOMEpP BapHaHTA.)

2.13. LleHTpaAbHAsA NPpeAeAbHAs Teopemda

DopMyIUpOBKa IEHTPAIBHONW MPEaeabHON TeopeMbl (011 O00UHAKOBO
pacnpeoenenHvix cla2aembix).

ITycts X, X,,...,X, — DIOCIEN0BAaTENbHOCTh HE3aBMCUMBIX OJHMHAKOBO

pacinpCaciaICHHbIX CJ'Iy‘-I&lfIHBIX BenuuynH. Ecim AUCIICPCHUHU CJ'Iy‘-I&lfIHBIX BCINYNH
KOHCYHbBI W OTJIIMYHBI OT HYJIsI, TO IPH JOCTATOYHO OONBIIUX 7 3aKOH
pacnpeaeacHus CyMMBI

X+ X, +...+X,

CKOJIb YIOJHO OJIN30K K HOPMAJIbHOMY 3aKOHY PaCIIpCaCICHNA.
B YCIOBUAX TCOPEMbBI UMCCT MECTO MPCACIbHOC COOTHOIICHUC

Zn:Xi —nm
i=1
on

P <X

R 1 7 22
— ,m:[oe dx
rae m=M(X,), D(X,)=c".

Hpumep 2.79. Crpenok B AecaTKy nomnagaeT ¢ BeposTHOCThIO 0,4, B
NEBATKY — C BepoATHOCTHIO (0,3, B BOCBMEpKYy — ¢ BeposTHOCTBhIO 0,2, B
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ceMepky — ¢ BeposTHOCThIO 0,1. KakoBa BepOATHOCTH TOro, 4to mnpu 25
BBICTpenax cTpenok HabepeT ot 220 no 240 oukoB?

Pewenue. IlycTh mpu i-M BBICTpENIE€ CTPEIOK BBHIOMBAET X; OYKOB.
Benmnuunbl X; He3aBUCUMBI M1 IMEIOT OJTHO M TO K€ PACIIPEACIICHUE

X 7 8 9 10
P 0,1 0,2 0,3 0,4

3ameru™M, uto M(X,)=7-0,1+8-0,2+9-0,3+10-0,4=9, a D(X,)=
=(7-9)"-0,1+(8-9)>-0,2+(9-9)>-0,3+(10-9)*-0,4=1.

25
CymMma o4koB Y = ZX ., OyIlyun CyMMO#1 00JIBIIOrO YKCIIa HE3aBUCUMBIX
i=1
OIMHAKOBO DPAaCHpPEACIICHHBIX CJAaraéMbIX C OIPAHUYEHHBIMH JIHCIEPCHUSIMH,
MMEET 3aKOH pacrpeneneHus OIU3KUil K HOpMaJIbHOMY C TapaMeTpaMu

M(Y)zzvﬁ(éxi) iM(Xi) 25.9 =225

D(Y) = D{%Xi) iD(Xi) 25.1=25.

B utore Y ~ N(225;25). Illoatomy 1o dpopmyie (2.9.2)
P(220<Y <240) @(@] - @(@] -
=d3)+DdEF) 0,4986+6,3413 0,8399 ~0,84.
Omeem. 0,8399 =~ 0,84.

3apaua 2.79. Urpanbsblii KyOuK mnoaOpacwkiBaloT 7 pa3. OILEHUTH
BEPOSITHOCTh TOTO, YTO CYMMAapHOE€ YHCIO OYKOB mpeB3oiaer 3n+10. (Cwm.
npumep 2.79, n — Homep BapuanTa 1mtoc 50.)

IIpumep 2.80. PerynupoBka npubdopa 3anumaetr BpeMms oT 4 1o 10 muH.
PerynupoBmiuky mnpeactoutr otperyiaupoBate S50 mnpubopoB. Cuwmrtas s
Ka)XJ0ro npubopa paBHOBO3MOKHBIMH BCE 3HAUYEHHsI BPEMEHU PETYJIMPOBKHU B
YKa3aHHBIX Ipefenax, OLEHUTb BEPOATHOCTh TOTO, YTO PETYIUPOBIIMK
CIpaBUTCS ¢ pabOTOM 32 MECTh YaCOB.

Pewenue. Ilyctb X; — BpeMsi peryJdpoBKH i-ro mpubopa, a
Y=X+X,+X,+...+ X, — BpeMsa BBIIOJIHECHUS PaOOTEl padbodnM.

Tpebyercsa naittu P(Y <360). Benuuuna Y aBnsieTcs cymMoi O0JBIIOTO YKCa

OJIMHAKOBO PACIPE/ICICHHBIX HE3aBUCHMBIX CIIYYaWHBIX BEIIWYMH, KaXKIas W3
KOTOpBIX orpanuyeHa. [Io neHTpanpHOU NpenesbHOM TeopeMe Y MMEeT 3aKOH
pacripefienieHusi OMU3KUM K HOPMalIbHOMY 3akoHy pacmnpezaenenus. Haitnem
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mapamMCTpbl 3TOIO0 3daKOHA, T.C. MATCMATHYCCKOC OXHWIAaHHMC MW JUCIICPCHUIO

BeNMYMHBI Y. Tak Kak ciaydalHble BEJIMYUHBI X; HE3aBUCUMBI, TO
MX)=MX)+M(X,)+...+ M(X,)

D(Y)=D(X,)+D(X,)+...+ D(X5,).
Beruncnum M (X,) m D(X,). Ilo yciaoBuio Bce 3HaueHHs CIydaliHON

BEJIMYUHBI X; paBHOBO3MOXKHBI B 0Tpe3ke [4,10]. [ToatoMy dyHKIMS MIOTHOCTH
BEPOSITHOCTU 3TOW CIIy4allHOM BEJMYMHBI B YKa3aHHOM OTPE3KE MOCTOSIHHA.
UtoObl 1mUIOMIa[b, 3aKJIOYeHHas MexXay rpadukoM (YHKIUU TUIOTHOCTH
BEPOSITHOCTH W OCBIO aOCIUCC, paBHsUIACh EIUHUIIE, CIEAYET MOJOXKUTh
f(x)=1/6 mpu xe[4,10] u f(x)=0 mpum ocrampHBIXx Xx. C y4eTromM 3TOTO

HMEEM
10

10
M(X)= jx-1/6dx=7, DEX) j(x—7)2 1/ 6dx =3.
4 4
[Moatomy M (Y)=50-7=350, D(Y)=50-3=150, o(¥)~=12,25.

Urak, Y ~N(350;150). J[ns BbIUKMCICHUS HCKOMOH BEPOSITHOCTH

BOcIoiab3yeMcsa Gopmynoit (2.9.2) u tabnuueit Gpynkiuu Jlammaca (cMm. npui.,
tabm. I12):

P(Y<360) P200<Y <360) @ 2097330 _q[200=350
12,25 12,25
=d(0,82) + ®(12,24) 0,294+0,5%0,8.

Omeem. 0,794 ~0,8.

3agaua 2.80.1. PerynnpoBka KakI0ro MEXaHU3Ma 3aHHMAeT BpeMsA OT a
no b munyt. Cuurtas Bce 3HAUEHUS BPEMEHM PETYJIUPOBKUA B 3TOM HHTEPBAieC
PaBHOBO3MOXKHBIMHU, OLIEHUTh BEPOATHOCTH TOTO, YTO Uil PETYJIUPOBKH 7
MEXaHU3MOB pabouemy xBaTUT m 4YacoB. (Cm. npumep 2.80 U HCXOIHBIC

JTaHHBIE. )
Hcxoonwle oannvie k 3a0aue 2.80.1.

Ne | a b n | m| N | a b n | mj| N | a b n | m
1 2 8 |60 | 5 |11 | 2 6 [100] 7 |21 | 3 9 |60 | 5
2 2 110150 6 |12 | 3 7 |50 4 22| 4 8 | 60| 7
3 3 9 |50 6 |13 | 3 7 170 6 |23 | 4 8 | 70 | 6,5
4 4 8 |40 | 4 |14 | 3 7 |35 3 124 3 9 |55 6
5 2 8 |50 4 15| 4 | 6 [100] 8 |25 | 4 |10 |60 | 7
6 2 8 |70 6 |16 | 4 | 6 | 35| 3 |26 5 9 |50 6
7 4 110170 8 |17 | 1 5160 3 127 5 9 |70 | 8
8 2 6 |50 3 |18 | 3 5 15| 3 |28 4 10|70 8
9 2 8 180 ]65]19 | 3 7 |80 16,529 | 1 9 |50 | 4
10| 2 | 12|50 | 6 |20 | 3 51451 3 130 1 9 |70 | 6
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3amaua 2.80.2. Bpemsi cmyxObl (B yacax) Kaxaoro HpeaoXpaHUTENs
CIIy4allHO W WMEEeT IUIOTHOCTh BeposTHocTH f(x)=1-exp{—Ax}, x=>0.
IleperopeBmmii IpeaOXpaHUTEIh TPAKTHYSCKH MTHOBEHHO 3aMEHSCTCS HOBBIM.
O1eHHTh BEPOSATHOCTH TOTO, YTO 3allaca 7 IPeJOXPaHUTEIICH XBaTUT Ha 71 9acoB
pa6otel (A =0,01 B BapmanTax 1-10; A =0,02 B BapmanTax 11-19; A =0,03 B
BapuanTax 20-23; A =0,04 B BapuanTtax 24—30). (Cm. npumep 2.80 1 HCXOTHBIC
JTaHHBIE. )

Hcxoonvie oannvie k 3a0aue 2.80.2.

Ne | n | m [N | n| m [N | n | m [N | n | m | N | n | m

25 [3000] 7 | 55 [6000) 13 | 40 |2500] 19 | 70 [3500) 25 | 35 |1000

30 |3000] 8 | 60 [6000] 14 | 45 |2500] 20 | 30 |1000| 26 | 40 /1000

35 140000 9 | 65 |7000] 15 | 50 |2500] 21 | 45 [1500] 27 | 50 |1300

40 [4000| 10 | 70 |7000] 16 | 55 |3000] 22 | 65 |1750) 28 | 55 |1500

45 |5000] 11 | 25 |1500) 17 | 60 |3000] 23 | 75 [2000) 29 | 60 |1500

QN A (W |-

50 |5000) 12 | 30 |1500] 18 | 65 |3500] 24 | 25 [ 700 | 30 | 70 | 750

Ipumep 2.81. XKeton nns urpansHoro apromara ctout 10 py6reit. [Ipu
MCIIOJIb30BAHUM OJIHOTO KE€TOHA (B OT/AEJIIbHOU UrPe) BEPOATHOCTh HE MOIYYUTH
Huuero paBsHa 0,8, BeposiTHOCTh noyuuTh 20 pyOreit paBua 0,15, BeposTHOCTh
nonydyeHus S0 pyo6sneii paBua 0,04 u BepositHocTh nosrydenust 100 pyOseid paBHa
0,01. Urpox xynun xetoHoB Ha 1000 pyOneii. KakoBa BEpOSITHOCTH TOTO, YTO
WUTPOK HE OKAXKETCS B MPOUTPHIIIE?

Pewenue. Urpok xkynun 1000 :10 =100 >xeroHoB. Pe3ynbrar kaxaoil urpbl
(MCIIOJIb30BAHUE OJTHOTO JKETOHA) SABJISIETCS CIyYaitHOW BETUYMHOU X; C 3aKOHOM
pacrpeneneHus

Xi —-10 10 40 90
P 0,8 0,15 | 0,04 | 0,01
BbIUTphIII yKa3aH ¢ y4€TOM CTOMMOCTH KETOHA.

Pesynbrat 100 urp o6o3naunm uepe3 ¥ =X, + X, +...+ X,,,. Benuuuna

Y saBngercs cymMoi OOJBIIOTO YMCIa OJMHAKOBO  pacHpeaesieHHBIX
HE3aBUCUMBIX CIIyYaliHbIX BEJIMYMH, KaXIas U3 KOTOpbIX orpanuueHa. I[lo
LEHTPaJIbHOM MpeeabHON TeopeMe Y MMeeT 3aKOH pachupeneNeHus] OMu3Kui K
HOPMAJIBHOMY 3aKOHY pacmpeneneHus. Halimem mapamerpsl 3TOro 3akoHa, T.€.
MaTEMaTUYECKOE OXKUIAAHUE W AUCHEPCHUI0 BENUYMHBI Y. Tak Kak CiydanHbIC
BCJIMYMHEI X; HE3aBUCHUMBI, TO

MX)=MX)+MX,)+...+M(X,,,) u DY) D(X,))+D(X,)+...+D(X,,).
Tak kak

M(X,)=-10-0,8+10-0,15+40-0,04+90-6,01 -2,

a D(X,)=(=10+2)*-0,8+(10+2)*-0,15+(40 +2)*-0,04 + (90 +2)*- 0,0 228,
To M(Y)=-2-800 —200, D(Y)=c"(Y)= 228-100=22800, c(Y)~151.
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Urak, Y wumeer NpPUMEPHO HOPMAJIBHBIM 3aKOH pPacCIpeIelICHUs
N(-200; 22800). Urpok He okaxkeTcs B mpourpsiiie, ecnu ¥ > 0. Ilo dhopmyrne

(2.9.2) umeem
P(Y=0) P(0<Y <9000) @(90:00 - HOO)] _ q)(o - (—200)j _

151 151
=d(61)-d(1,32) 0,5-9,4066 = 0,009.
Omeem. ~0,09.

3apaua 2.81. Jlorepeitnbiii 6mnet ctout 20 pyosneir. C BepOsITHOCTBIO p;
Owner okaxeTcss 03 BBIMIPHINIA, C BEPOATHOCTBHIO p, HAa OWJIET BBHIMAACT
BBIUTPBII 1IeHOM 100 pyOsel u ¢ BEpOSATHOCTHIO p3 OWJIET BBIMTPAET BBIUTPHIIIT
neno 200 pyOneii. KakoBa BEpOSITHOCTH OCTaThCS B MPOUTPHINIE, €CIH
npuodpectu n 6unetoB? (CM. npumep 2.81 U UCXOAHBIEC TaHHBIE. )

Hcxoounvle oannvie k 3a0aue 2.81.

Ne | pilplps|n | N|p | pplps|n|N|p | p|ps|n
1 10,9 10,08{0,02] 20 | 11 | 0,9 {0,06]0,04| 25 | 21 | 0,9 {0,08(0,02| 45
2 10,910,07/0,031 60| 12 | 0,9 {0,09{0,01] 40 | 22 | 0,9 10,07]0,03| 30
3 10,910,0600,04 20| 13 | 0,9 (0,08(0,02( 35| 23 |0,9(0,06/0,04| 45
4 10910,09/0,01| 50| 14 | 0,9 |{0,07(0,03| 40 | 24 | 0,9 {0,09]0,01| 35
5 10,910,08[0,02| 30| 15 |0,90,06/0,04| 35| 25 | 0,9 [{0,08(0,02| 50
6 [0,910,07/0,03| 50| 16 | 0,9 |10,09/0,01| 20 | 26 | 0,9 {0,07]0,03| 25
7 10,910,06[0,04| 30 | 17 | 0,9 |10,08/0,02| 40 | 27 | 0,9 [0,06(0,04| 50
8 [0,910,09/0,01| 45| 18 | 0,9 0,07/0,03| 35| 28 | 0,9 [{0,09(0,01| 30
9 [0,910,08[0,02|251( 19 |0,910,06/0,04| 40| 29 | 0,9 [0,08(0,02| 60
10 1 0,9 10,07]0,03| 45 | 20 | 0,9 10,09|0,01| 25 | 30 | 0,9 10,07|0,03| 20

[Tycts k /n — dacToTa MoOsSBICHHUIA COOBITUS B 77 HE3aBUCHUMBIX OIIBITAX, B
KaXJIOM M3 KOTOPBIX BEPOSITHOCTh MOSABIEHUS coObITUsl paBHA p (0< p<l).
Torma mpu mocraroyHo OonbIMX 7 (TOpSIAKA JIECSITKOB, COTEH W T.O.) AJIA
moboro 0 <o UMEIT MecTo caeayromas Gopmyina

P(k/n—pl<a)~ 20| —2— |, (2.13.1)
rq
n

rae ® — dyunkius Jlannaca.

Hpumep 2.82.1. BepostHOCTh poxaeHus Manpunka paHa 0,514.
Onpenenuts BEPOSITHOCTH TOrO, 4YTO Jojist MainbunkoB cpeau 400
HOBOPOKJEHHBIX OYJIET OTIMYAThCS OT BEPOATHOCTU POKIACHUS MalbUMKa HE
6onee yeM Ha 0,05 B Ty UK JPYTYIO CTOPOHY.

137




Pewienue. Poxnenue pebeHKa MOXXHO paccMaTpuBaTh KaK HE3aBUCHUMBIN
OIBIT C BEPOATHOCTHIO «ycnexa» p =0,514 (1o 1aHHBIM CTaTUCTHKHU Ha KaXAyIO

TBICSIYY HOBOPOXKJEHHBIX Tpuxomutcs 514 manbuukoB). Torma mo ¢opmyne
(2.13.1)
0,05
P(lk/n—0,514/<005) 20| = 20(2:0004)  0,9545.
J0,514-0,486 / 400

Omeem. 0,9545.

Ipumep 2.82.2. BepostHocth coObiTusi P(A)=p=0,9. Ckoibko

HE3aBUCUMBIX ONBITOB HY)KHO IpOJENaTh, YTOObI C BeposITHOCTHIO 0,95 OBITh

YBEPEHHBIM, YTO YACTOTA MOSBIICHUS COOBITHS B 3TUX ONbITAX OyIET OTINYATHCS

OT BEpOSITHOCTU cOoObITUS HE Oosee uem Ha 0,05 B Ty Uiu Apyryro CTOPOHY?
Pewienue. 3anumem ¢popmyny (2.13.1) nns Haiiero ciayvas:

P k <0,05| 2@ _00 =0,95.
10,9-0,1/n

—-0,9
[To tabnuue pynknuu Jlamnaca naxoaum, uro 2d(1,96) =0,95. Tloatomy

n

0,05-0,05- \/; /0,3=1,96. Otkyna n~138,3. YciaoBus 3agaud BBHITOTHSIIOTCS

pu n >139.
Omeem. n>139.

3amauya 2.82. Monery noadpacbeiBatoT n pa3. KakoBa BeposSITHOCTH TOTO,
YTO YacTOTa BBIMAJACHUS repba OyIeT OTIMYAThCA OT BEPOSTHOCTH BBIMAJCHUS
repba He Oosiee, 4eM Ha O B Ty WIH APYryl0 CTOpoHY. CKOJBKO pa3 HYX HO
noAOPOCUTh MOHETY, YTOOBI C BEPOATHOCTHIO P MOKHO OBLIO yTBEPKIATh, UTO
4acTOTa BbINaJieHus repba OyAeT OTINYaeTCs OT BEPOATHOCTH BhIMaAeHUs repdoa
He 0oJiee yeM Ha o, B Ty Wiu JApyryto cropony? (Cm. mpumepst 2.82.1, 2.82.2 u
HCXOHBIE JJAHHBIE. )

Hcxoounvle oannvie k 3a0aue 2.82.

n o P Ne n o P Ne n o P

256 10,021 09 | 11 | 841 1 0,03]097] 21 | 400 | 0,03 | 0,95

289 10,01 1095] 12 | 900 | 0,05 | 0,98 | 22 | 441 | 0,06 | 0,96

324 10,03 /09 | 13 | 961 | 0,10 1099 | 23 | 484 | 0,10 | 0,97

361 10,05/097] 14 11024| 0,03 1 090, 24 | 576 | 0,10 | 0,99

400 1 0,04 1 098 | 15 |1225/0,04 | 095 ] 25 | 676 | 0,04 | 0,95

484 10,03 1099] 16 |1600)| 0,02 | 096 | 26 | 729 | 0,10 | 0,96

576 10,050,900 | 17 | 256 10,04 | 097 ] 27 | 641 | 0,10 | 0,98

676 10,02 095| 18 | 289 10,03 1098 | 28 | 900 | 0,10 | 0,95

729 10,05 1096 ] 19 | 324 10,02 099 | 29 | 961 | 0,10 |0,999

[y
Slelewan|n|is|wN=Z

784 10,02 1097] 20 | 361 | 0,04 1090 30 [1024 0,04 | 0,99
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2.14. Kosapuauus

Baxxnyro nnpopmanmio o cucreMe ciaydalHblX BeauuuH (X,Y) nmarot ee
YUCIIOBbIE XapaKTepUCTUKU. K HUM OTHOCATCS MaTeMaTHYECKUE OXKHUIAHHS
Kaxnoi u3 e M (X)=m,  u M(Y)=m,. [lapa uncen m, u m, ykaspiBaer

Ha IUIOCKOCTH KOOpPJIHWHAThl CPEAHEHW TOYKH, OTHOCUTEIBHO KOTOPOH
MPOUCXOAUT paccessHue MoJoKeHuM ciydaitHot Touku (X,Y). Jucnepcun

2 O2 2 O2
D(X)=0c,=M(X") wu D¥)=oc,=M(Y") xapakrepusyiloT pa3dpoc

ITOJIO’KEHHUM CITy4aiiHOM TOYKH BJOJIb COOTBETCTBYIOINX KOOPANHATHBIX OCEH.
JI1s XapaKTEepUCTUKU 3aBUCUMOCTHA MEXAY X U Y UCIIOJIB3YIOT BEIUYUHY

G, CoV(EY) M(XY) ME —m)Y-m,)l,

Xy
KOTOpas HAa3bIBACTCA Koeapuauuezl HJIKM KOBApHallMOHHBIM MOMCHTOM. 3aMCTI/IM,

aTo cov(X,X)=#(X?) Gi. U3 onpenenennst koBapuauuu CIeAyeT, 4YTO
cov(X,Y)=M[XY — Xm,—Ym +mm J=M(XY)-MX)M(Y),
OTKyJa
M(XY)=MX)M(Y)+cov(X,Y).
Kpome toro D(X +Y) B X)+D(Y)=x2cov(X,Y).

Ecmu ciyyaiinpie BemnunHbl X M Y HE3aBUCHUMBI, TO UX KOBapHUalys paBHa

HYJIIO U TOTJa
MXY)=M(X)MY) u D(XtY) DeX)+D(Y).

KoBapuamuss  comepxuT uHpOpManuio O  3aBUCUMOCTH  MEXIY
BeanurHaMmu. Ho 3HaueHnue o, U3MEHAETCS NIPU U3MEHEHUH €IUHUIL U3MEPEHHUS
Xu Y. IlosroMy aJis XapaKTEPUCTUKUA 3aBUCUMOCTHU MEXY BEJIMUMHAMU yI00HO
paccMaTpuBaTh BEJIUYUHY

cov(X,Y)  M(XY) M(XY)-M(X)M(Y)

r. = A%
' D) DY) o0, 6,G,

KOTOpast Ha3bIBaETCS Koo puyuenmom xoppensyuu éenuyun X u Y.

Bemmunner D(X)=02,, D(Y)= Gi u cov(X,Y) xapakTepusyroT pa3dopoc

. (2.14.)

MOJIOKEHUN CIIy4YalHOW TOYKa Ha IUIOCKOCTH. DTH YHCIIOBBIE XapPAKTEPUCTHUKHU
MPUHSTO 3aMUCHIBATH B BUJIE MATPHUILIBI

o cov(X,Y)
cov(X,Y) o, ,

KOTOPYIO HA3bIBAIOT KOGGpudquHHOZJ Mampuuezl cucniemol CJZyllClZZHblx 6eJIUHYUH

(X.0).

(14.2)
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2.14.1. KoppeAsLuUOHHASA 3ABUCUMOCTb

Haubonee mnpoctoii u wu3BeCTHOM (QOpMON 3aBUCUMOCTH MEKITY
BEJIMYMHAMHU ABJISIETCS (DYHKIIMOHAJIbHASI 3aBUCUMOCTD, MPU KOTOPOUM KaKIOMY
3HAQYEHUIO apryMEHTa COOTBETCTBYET CTPOrO ONpeieNIeHHOE 3HaUeHUE (DYHKIUU.
OyHKIMOHATbHAS 3aBUCHUMOCTh MOXKET OBITh W MEXIY CIydyalHbIMU
BenmurHaMu. CylIeCTBYeT MHOM, IIMPOKO PACIPOCTPAHEHHBIM B MPUPOJE, THUIL
3aBUCUMOCTH ME¥XK]y CIIy4YalHBbIMHU BEIIMUMHAMH. JTa 3aBUCUMOCTD MPOSBISECTCS
B TOM, UTO 3aKOH PaCIpEICICHUs OJTHOW CIIy4ailHON BEIIMYMHBI U3MEHSETCSA IPU
M3MEHEHUH JIpyrou. Takas 3aBUCUMOCTb Ha3bIBAETCS CMAMUCMu4ecKou.

Cnenyer 3aMeTUTh, 4TO ()YHKIIMOHAJIbHASI 3aBUCUMOCTH OBIBA€T JIUIIb B
TEOPETHUYECKUX IMOCTPOCHUSAX WM B YCIOBHUSX CHELHUAIBHO MOATOTOBICHHBIX
onbITOB. DU3NYECKUI ONBIT B TOM U COCTOUT, YTO UCCIEAOBATENIb CTAPAECTCS 1O
BO3MOKHOCTH UCKJIIOYUTH BIUSHHUE BCEX MOCTOPOHHUX (DAKTOPOB U HAOIIONATH
3aBUCUMOCTb B YUCTOM BHUJE.

SIBiieHUs OKpYKAIOIIETO0 HAC MUPA B3aUMOCBSI3aHbl U BO3JAEHUCTBUE OJTHOU
MIEPEMEHHOM Ha JPYTyH MPOUCXOJUT NPU OJHOBPEMEHHOM BO3JCHCTBUU
MHOXECTBA  JPYrMX TMEPEMEHHBIX, [MOATOMY Jaxe (PYHKIUOHAIbHBIC
3aBUCUMOCTH MPOSABISIOTCS KaK 3aBUCUMOCTH CTATUCTUYECKUE.

Wrtak, npu CTaTUCTUUECKOW 3aBUCHUMOCTH U3MEHEHHE OJHOW BEJINYHUHBI
MPUBOJUT K U3MEHEHUIO 3aKOHA pacupeneneHus apyro. Ecnu Y — nuckpernas
cily4yallHas BEJIMYMHA, TO 3TO O3HAYAET, YTO MNPHU KaXJAOM (PUKCHUPOBAHHOM
3HaueHUu X =Xx uMeeTcs Ha0Op BO3MOKHBIX 3HAYEHUU } U COOTBETCTBYIOIIUX
uM BepostHocTel p(y/x)=P(Y =/ X =x). Ilocmemqnum o0003HaUYCHHEM

IIOJYCPKHUBACTCA, YTO pC€Ydb HACT O COOBITHH Y:y Inpru yCJIOBHH, YTO

MPOU30ILIO0 coObITHE X = X.
HaGop BO3MOXHBIX 3HAUYEHWH ) W COOTBETCTBYIOIIMX WM YCIIOBHBIX

BEpPOSITHOCTEN 00pa3yET YCIOBHbIU 3AKOH PACHpedeneHUs. (Z p(y/x)=1).
y

JInst HempephIBHOM CIIy4ailHOM BEJIWYMHBI MOKHO BBECTU IOHATHE
YCJIOBHOM (PYHKIIMU pacrpeieieHusi WiIu YCIOBHOW IJIOTHOCTU BEPOSITHOCTH.
Ecmu  paccmotpers  BeposiTHocTH  coObITHH  A={x<X <x+dx} u

B={y<Y<y+dy}, To 10 aHaOrMM C TEOPEMOW YMHOKEHHUS BEPOSTHOCTEU
COOBITUH MOXHO TONYYUTHh I YCIOBHOM IUTOTHOCTH BEpOSTHOCTH f()/ X)
cootHomenue f(x,y)=f,(x)f(y/x), tne f(x,y) — IIIOTHOCTb BEPOSTHOCTU
cucreMs! (X,Y), a f,(x) — MapruHanbHas INIOTHOCTb BEPOSITHOCTH CIIyYalHON
BeJIMYMHBI X. 13 5TOro cooTHOIIEHUS

f(y/X)=f;)z’§)=wf(x’y) .
[ @y
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Ha npotsixenun 3toro pasaena OyaeM NPOBOAMTH BBIKIAAKU TOJIBKO IS
JUCKPETHBIX CIy4alHbIX BEIUYUH. J[J11 HENPEpBhIBHBIX CIy4alHBIX BEJIMYUH BCE
pacCyKIeHUsT W BBIBOJABI OCTAHYTCS B CHJIE, €CIM 3aMEHUTh CYMMBI Ha
MHTErpajbl, 8 BEPOSITHOCTU Ha IUIOTHOCTH BEPOSTHOCTH.

Crartuctuyeckas 3aBUCUMOCTb CJOXKHA Juid  u3ydyeHus. TpynHo
IIPOCJIEINTh 332 W3MEHEHHEM BCEro 3aKOHA pacnpeneneHus cpasdy. [Ipome
COCPEOTOUYUTHCS HA U3yYEHUN U3MEHEHUS YHCIOBBIX XapaKTEPUCTHK, B IEPBYIO
odepellb MaTEMATUYECKOTIO OKUIAHUS. Y CIIOBHBIM 3aKOH PACIPECICHUS UMEET
YHCIIOBbIE XapaKTEPUCTHKHU TaKUE )K€, KaK U OOBIYHBIE 3aKOHBI PACIPEICICHHUS.
B wactHoctn, M (Y / x) = Z yp(y /x) — nns AUCKPETHOM ciydailHOW BETMYHHBI

y
Ha3bIBAIOT YCIOBHBIM MaT€MATUYECKUM OXKUJAAHUEM, WIIK CPEAHUM 3HAYEHUEM Y
MpY 33JaHHOM 3HaueHHU X =Xx. /[ HEenmpephIBHOW CIIy4YaHOW BEJIWYWHBI €T0

-

BEIMHCISIOT B Buge M (Y / x) = J yf(y/ x)dy. Ecnu yclioBHBIE MaTeMaTHYECKHE
o

OXKHMJIAaHUSI TPHU PaA3HBIX 3HAYEHUAX X COEAUHUTH, TO TIOJYUYHUTCS JIUHUA,

Ha3bIBaeMas Jaunueu pezpeccuu Y na X. YpaBHEHME 3TOW JIMHUU HA3BIBAIOT

ypaBHeHueM perpeccur ¥ Ha X (cm. puc. 2.14.1, Ha KOTOPOM TOUKaAMU MMOKAa3aHbI

BO3MO>KHbBIC 3HAUEHUsI IBYMEPHOM ciyuyaiiHoi Benuuunbl (X,Y)).

Y

X

Puc. 2.14.1

Koppenayuonnou 3asucumocmoto Y o X HazpiBaeTcsl (DyHKIIMOHAIbHAS
3aBUCUMOCTh  YCJIOBHOTO cpenHero 3Hauenuss Y ot X. ['paduxom
KOPPEIALIMOHHON 3aBUCHUMOCTH CIYXKUT JIMHUS perpeccun. Hampumep, poct
yesioBeKa X 1 ero Bec Y CBsSI3aHbl CTAaTUCTUUYECKON 3aBUCUMOCTBIO. J{J1s1 KaXki0ro
3HAYEHHUS POCTA CYLIECTBYET LETOE PACIIPEICIICHUE BO3MOXKHBIX 3HAYCHUH Beca.
Mexny STHMHM BEIMYMHAMHU CYIIECTBYET W KOPPEISIMOHHAS 3aBUCHUMOCTS,
KOTOpasi JJisl JIFAEH 3pesioro BO3pacTa BhIPAXKAETCsl U3BECTHOU (hOpMyIIOit:

Y(xr) = X(cm)—100.

BwMecTte ¢ M3MEHEHHEM YCIIOBHOTO CPETHETO 3HAYCHUSI MOKET U3MEHATHCA

u pa3dbpoc Y OTHOCHUTENBbHO YCJIOBHOTO cpefHero 3Hauenus. [lpu kaxagom

141



3Ha4eHUU X =X MOXXHO BBIYUCIUTH JAUCIEPCUI0 COOTBETCTBYIOIIUX 3HAUYCHUI
Y. DOty nucnepcuio Ha3bIBaIOT ycinogHou Oucnepcueti. Hampumep, s
JUCKPETHOU CITy4aifHOW BEJIMYMHBI YCIOBHAS AUCIIEPCUS paBHA

FW /s D[y-MY I/ x).

Besikyro 3aBHCHMOCTD M3YYarOT JJIST TOTO, YTOOBI YMETh MO H3BECTHOMY
3HAUYEHWIO OJHOW BEJWYWHBI TPENCKa3biBaTh 3HaueHwe aApyrod. [lpum
CTaTUCTHYECKOW 3aBUCUMOCTH MEXIy BEIMYMHAMH MOYKHO HCTIOJIB30BaTh IS
MPOTHO3a JHHUIO perpeccuu. Ecnu crano u3BecTHO, 4To X =X, TO B Ka4eCTBE
MpEANoJiaraeMoro 3HayeHus Y MOXHO Ha3BaThb COOTBETCTBYIOIIEE YCIOBHOE
cpennee 3Hauenne M (Y /x), T.e. OpAMHATY JUHUHU PETPECCUU TIPU JTAHHOM X.
Ecmu Y npunumaer 3Havenue y, o y — M (Y /x) Oymer ommOKOW MPOTHO3a U
BenuunHy o(Y /X) MOXHO paccMaTpwBaTh KaK CpPEIHIOI KBaJIPATHYCCKYIO
omuOKy NMporHo3a Y mo 3HadueHuio X Ipu yKa3aHHOM criocoOe JelCTBUH.

[IpencraBneHre O cpeaHeM KBaapaTe ONIMOKKA MPOTHO3a Y 1O JIMHUU
perpeccuu JaeT CPeaHsS U3 YCIOBHBIX TUCIIEPCUI

’(Y/X) Y= (Y/x)P(X=x).

3nech 3HaueHns o (Y /x) B3ATHI C YYETOM BEPOATHOCTH KaXKIOTO

3HaueHns x. Bemmumna o (Y /x) paBHa cpeaHeMy KBagpaTy OTKIOHEHHs
3HAYEHUU Y OT JIMHUU perpeccuu. Ee MOXKHO 3anucaTh B BUE
c(Y/X¥ MX-MY/X)].
3amMeTuM, 4TO TpU MPOTHO3Ee Y 1o 000N Jpyrodl JUHUU CPEHUIM

KBajpaT omuOKu mporHo3a Oyxaer Oonbmie. B camom gene, st mro0oit
MMOCTOSIHHOM @

M(X -a)=M[X-M(X)+M(X)-al MEX-MX)]’+
2AM(X)—alM[X —M(X)]+M[M(X)-a].
Bropoe cmaraemoe B mOpaBoM YacTM pPaBHO HYJIK, TakK Kak
M[X -MX)]=M(X)-M(X)=0. Tperbe crmaraemoe, O4CBHUIHO, HEOTPHUIIA-
TesbHO. [TooToMy
M(X —a)’ >M[X -M(X)T.
PaBeHcTBO BO3MOXHO Juilb Npu a = M (X). DT0 03HAYaeT, YTO CpeHsA

KBaJpaTUyeckas omuOKa MNpOorHo3a OyJleT HaWMMEHBIIEH, €cCld CIy4aiHyIo
BEJIMYMHY MPOTHO3UPOBATH IO €€ CpeAHeMYy 3HaueHuto. JIuHus perpeccuu
MIPOXOJUT Yepe3 yCIOBHbIE cpenHue 3HaueHus Y. [lo3ToMy MOXKHO yTBepKAaTh,
YTO JIMHUSL PETPECCUU MUHUMUSUPYEm CPeOHIO K8AOPAMUYECKYI0 OWUOKY
NPOCHO3A CAYYAUHOU 8eudUunbl Y no HAba0aemomy 3Hadenuro eeaudunsl X.
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2.14.2. AvHerHaa KoppeAsaums

Koppenauus Ha3blBaeTcs JuHeunou, €CIU JUHUAS PETPECCUU  OJHOU
BEJIMYMHBI Ha JIPYTyIO SIBIAETCS MOpsiMoil. B mpoTHBHOM ciydae TOBOPST O
HEJIMHEWHON KOPPESLIHU.

[lycte nuuus perpeccun wmmeer Bun M (Y / X)=px+b. CormacHo

CBOMCTBY JIMHUU PETPECCHUU, JIOJKEH ObITh MUHUMAJIEH CpPEJHUN KBajpaT
OTKJIOHEHHH Y OT 3TOM JIMHMU, T.€. MUHUMAaJbHON JNOJKHA OBITh BEJIMYHHA

MY -b-px)* F(b,p),
IpuueM ee MUHAMAJbHOE 3HaueHne paBHO o~ (Y / x).

[Tlapametpsl b W p MOXHO HAWTH W3 YCIOBUS MHUHUMyMa (DyHKIUU
F(b,p). HeoOxo1uMpble yCcIoBHs 3KCTpEMyMa JAIOT CUCTEMY YpPaBHEHUI

pPM(X*)+bM(X) =M (XY),
pM(X)+b=M(Y),

peIIeHUs] KOTOPOW UMEIOT BHU]I

p=r, X, b=M(Y)-r,~LM(X), (2.14.3)
cS)( cS)(
rae ry, — Koa(pduuueHt kxoppensuuu (2.14.1). Ecmu Beipaxenus (2.14.3)
noAcTaBuTh B F'(b,p), TO mocie psaa npeoOpa3oBaHUM MOITYYaeTCs, YTO
o¥Y/X) o(Y)1—-ry). (2.14.4)

N3 cootnomenust (2.14.3) u (2.14.4) MOXHO u3BJIE€Yb HMH(POPMAIUIO O
ceoticmeax Kodghuyuenma Kopperayuu.
1. Tak kak (Y / X)>0 u o°(¥Y) >0, 10 1 -1, >0, OTKY12 —-1<r, <L

2. Ecnn 1, =0, To B cwiy (2.14.3) u yrnoBod KO3(QMHIMECHT JUHUM

perpeccun paBeH Hy0. JluHus perpeccum mapamiensHa ocu OX. B stom
CJIy4ae TOBOPSIT, YTO BEIIMUHUHBI HEKOPPEIUPOBAHbl, TAK KaK CPEIHEE 3HAUEHUE
He U3MeHsieTcsl npu u3MeHeHuu X. OTCyTCTBUE KOPPENSIIIUOHHON 3aBUCUMOCTH
HE BCerja O3Ha4aeT HEe3aBUCHUMOCTh BenuuyuH. Hampumep, npu mOCTOSITHHOM
CpeHEM 3HAYECHUM Y MOXKET HM3MEHSThCA Pa3z0pPOC 3HAUYEHUH OTHOCUTEIHHO
cpeanero (cm. puc. 2.14.2, Ha KOTOpPOM TOYKaMH H300pakKE€HbI BO3MOKHBIC
MOJIOKEHUS CIIyYaliHON TOUYKH).

3. U3 (2.14.3) cnenyeT, 4To yriioBoi KOA((PUIIMEHT JIUHUU PETPECCUH P U
KOO((HUIMCHT KOPPEISLUMA MMEIOT OJuHaKoBble 3Haku. Ecim 7, >0, 1O

TOBOPSAT, YTO BEIWYUHBI KOpPpeaupo8anvl nonodxcumenvHo. B 3ToM ciydae
00JbIIEMY 3HAUEHHUIO BEJIMYMHBI X COOTBETCTBYET OOJIBLIEE CPEIHEE 3HAUCHHE
Y (em. puc. 2.14.3). Eme pa3 momguyepkHeM, YTO peyb HAET HMEHHO 00
YBEJIMYEHUU CcpefHero 3HaueHus Y. B oTnenbHbIX onbiTax O0oJbiieMy X MOXET
COOTBETCTBOBATh MeHblliee Y. Hanmpumep, MOI0KUTETBHO KOPPEIUPOBAHBI POCT
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H BCC YCIOBCKA, BO3paCT M BbICOTAa ACPCBA, KA4YCCTBO ChIPbA MW KadCCTBO
MNPOAYKIMH U T.IO.
YA YA

0 X 0 X
Puc. 2.14.2 Puc. 2.14.3

Ecau r,, <0, TO rOBOpAT, YTO BEJIUYHMHBI KOPPEIUPOBAHbL OMPUYAMENLHO.

DT0 03HayYaeT, 4To OOJIBIIEMY 3HAYCHUIO OJHOW BEIMYWHBI COOTBETCTBYET B
CpeIHEeM MeHbIIlee 3HaueHHUe apyroi. Hampumep, Yuciio mponmycKoB 3aHATHN U
YCIIeBAEMOCTh KOPPEIUPOBAHBI OTPUIIATEIIBHO.

4. Ecmu r, =11, To u3 (2.14.4) cnexyer, uTO c’(Y/X)=0. B stom

ciyyae pa3z0dpoca OTHOCUTEIBHO JIMHUM PErpeccu HeT. Mexay BelnYyuHaMU
CYILIECTBYET JUHEWHAas (YHKIIMOHAIbHAS 3aBUCUMOCTb.

5. U3 (2.14.4) cnenyer, uto ¢ (Y/X)—>0 npu |r, [->1. 3Hauut, yem

Oonpllle MO MOAYJIIO KOA(PPUIMEHT KOPPENsIuU, TEM TECHee MPUIIETaI0T
3Ha4YeHUs Y K JIMHUU PErpeccuu, TEeM MEHbIIE CPEeAHUN KBajapaT OLIMOKH
nporuo3a Y mo HaOmonaemomy 3HaueHuto X. Ha puc. 2.14.4 ans cpaBHeHHs
MoKa3aH pa3Opoc MONOKeHHM ciy4yailHoil Touku (X,Y) OTHOCHUTENBHO JIMHHUU

perpeccHy IIpH ABYX Pa3HbIX 3HAYCHUAX KO3(QPUIMEHTA KOPPEIAUE 7Yy < 7y

Yy

L@
(1) &
,

Xy

Puc. 2.14.4
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Kospduument xoppenayuu caysxcum mepot nuHeUHOU 3a8UCUMOCTU
mexncoy  eenuuunamu. OH  noxkasvléaem  HACKONbKO — CMAMUCMUYECKAs
3a8UCUMOCHb OUZKA K PYHKYUOHATLHOLL.

OtMetrum, uto B cuiy (2.14.3) ypaBHEHHE JIMHUH PETPECCUU MOKHO
3amucarhb B BUE

Y=rX+b r,~L=X+M(¥)—r,~LM(X)
GX X
501058
Y‘—M(Y):,,wa. (2.14.5)
GY GX

Ipumep 2.83. CmyuaiiHple BenuuMHbl X W Y HE3aBUCUMBI U HMEIOT
OJIMHAKOBOE pacIpe/ielleHHe ¢ MaTeMaTHIECKAM OKHIAHUEM 711 U IUCTIEpCHeii G~

1) Hatitu k03¢ dutnimeHT koppensiuu crydaiHeix Benmmaud U = aX +bY
ulV=aX->bY.

2) Haittu ko3 uiumentT Koppeiasiuu MEXIy CIy4alHbIMUA BEIMYUHAMU
Z=X+Y ukX

M[(U—MU)(V—MV)] .
Pewenue. 1) Ilo ompenenenuto r, = . Hanpgem
s(U)o(V)
HEOOXOIUMBIE JJISl BBIYUCIIEHHS 7y, BEIMUUHBL. 110 cCBOMICTBAM MaTeMaTHYECKOTO
OXXKUJAHHA U JUCIIEPCUU UMEEM:
MU)=M(aX +bY)= a M(X)+bME') am+bm,
MWV )=M(@aX -bY) aM(X)—-bM((Y) anz—bm,

U=U-MUB aX +bY —M(aX +bY)=aX +bY —(am+bm) =
=a(X —-m)+b(Y —m) :a)o('+b)o’.
AHaIOTUYHO, V =V-3MV) a)o('—b}o’ ,
MU -~ MUYV ~MV)Ee M(@V) M[(aX+bY)aX-bY)]=
=M@ X*-b’Y?) =M X’ -b°MY*=
=a’M(X —-m)’ -b’M Y —m)’ =a’c’ —b’c> oXa’ -b).
Tak kak X 1 Y He3aBUCHUMBI, TO
DU)=D(aX +bY)=a’D(X)+b’DE&) & (a’+b*),
D(V)=D(aX -bY)=a’D(X)+b’DE&) oc°(a’+b°),
B pesynbraTe umeeM
o’ (a’-b%) B a’-b’

r = - .
2 2
G\/a2+b26\/a2+b2 a’+b

u
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2) BplumiciuM BETWYHHBI, KOTOpPHIE HEOOXOAWMBI IS WCIIOJIH30BAHUS
dhopmyIibl

_ M(XZ)-M(X)M(Z)

G xOy

XZ

Tak kak X 1 Y He3aBUCHUMBI, TO
MZ)=M(X+Y)= M(X)+M€') m+m=2m,

D(Z)=D(X+Y¥ DX)+D{Y) o’ +c’ =207,
MXZ2)=M[X(X+Y)] MEX)+M(XY)= M(X*)+M(X)MLY)
=M(X*)—m*+2m*> o +2m’.
o+ 2m-m-2m 1
602 V2
Omeem. r :ﬂ' r :Lz0,71.

uy Cl2+b2 > "Xz \/5

[TosTomy ry, ~0,71.

3agaua 2.83. CnyvaitHple BenuunHbl X W Y HE3aBUCUMBI U UMEIOT
OJIMHAKOBOE pacCHpe/iesIeHHe ¢ MAaTEeMAaTHYECKUM OXXHIaHUEM m U JUCIepcue
o°. Haiinure kod3(pdUIHEHT KOPpeIsIHH ciydaitapix BenmuuuH U =aX +bY un
V=cX —-dY. Haiinure K03hGOUIUEHT KOPPEIANUN CIyYalHBIX BEITHYUH
U=aX +bY uX. (Cm. mpumep 2.83 1 UCXOTHBIC TaHHBIC. )

Hcxoonvie oannvie k 3a0aue 2.83.

Ne | a b c d | Ne | a b c d | Ne | a b c d
1 4 3 2 1 |11 | 1 3 1 1 |21 1 |-1]| 2 1
2 1 2 1 2 112 | 1 1 3 1 22| 1 1 |21
3 2 1 2 1 |13 | 1 1 1 3123 | 1 |2 2 1
4 2 2 2 2 114 | 3 1 1 1 124 |1 |2|-2]1
5 1 2 2 1 |15 | 4 1 1 1 |25 | -1 | 2 2 | -1
6 2 1 1 2 116 | 1 4 1 1 126 1 |3 | 3 1
7 1 2 1 1 |17 | 1 1 4 1 1271 |-3|-3]1
8 1 1 2 1 |18 | 1 1 1 4 128 3 | -1 |-3]|1
9 1 3 3 1 119 | 4 1 1 4 129 3 | -1 2 1

10 | 3 1 1 3120 1 4 4 1 |30 3 1 |21

IMpumep 2.84. PaBHOBO3MOXXHBI BCE IOJOXKEHUSA CIYYaWHOW TOYKHU
(X,Y) B Tpeyrombuuke D c BepumuHamu A(0,0), B(0,1) u C(2,1). Haiitu
Kod(ppuuMeHT Koppensauuu ciy4dailHeix BenuunH X u Y. Haiftu nuHuio
perpeccun ¥ Ha X W OUEHUTHh TOYHOCTHh NPOTHO3a BEIWYMHBI Y TIO
HaOJI0JaeMOMY 3HaUYCHHIO X.

Pewienue. PaBHOBO3MOXHOCTH BCEX MOJIOKEHUM citydaitHoit Touku (X,Y)

B TpeyroiabHuke ABC (cMm. puc. 2.14.5) o3Ha4aeT, 4To IIOTHOCTh BEPOSITHOCTH
f(x,y)=0 BHe 3TOTrO TpPEyroJbHWKA, & B TOYKAX TPEYroJbHUKA IOCTOSHHA.
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ITnomane TtpeyrombHuka ABC paBHa 1. B Toukax TpeyroiabHHUKa MOIOKUM
f(x,y)=1. Tem cambiM COOJIOJCHO YCIIOBHE pPaBEHCTBA EIWHUIIC O0BEMa,
3aKJIIOYEHHOTO0 MEXIy (YHKIMEH MIOTHOCTU BEPOSTHOCTH M KOOPAMHATHOM
MJIOCKOCTBHIO (HAallOMHHUM, YTO 3TO SBJISIETCS OJHUM U3 OTJIMYUTEIbHBIX CBOMCTB
(YHKIHMY TUIOTHOCTY BEPOSITHOCTU CUCTEMBI JIBYX CITy4YailHbIX BEJTUYUH).

& foew ¥

¥

/ g 4 *

Puc. 2.14.5

MapruHanbHble QYHKIUU TUIOTHOCTA BEPOSITHOCTH BeIMUUH X U Y paBHBI
COOTBETCTBEHHO:

fi(x) = J:Idy l—g npu x €[0,2], f,(x)=0 mpu x ¢[0,2];

x/2
2y

£, = [1dx=2y npu ye[0,1], £,(»)=0 npu ye[0,1]
0

Beraucinm BCIIMYHNHBI, HeO6XOI[I/IMI>IC JJIsI  HUCITIOJIB30BAHHA (bOpMy.]'I
(2.14.3) u (2.14.5):
2

2
MX)=[x(1-x/2)dx=2/3, M(X*)=] x’(1-x/2)dx=2/3,
0

0
1 1
M(Y):jy-zydy=2/3, M(Yz):_[yz-2ydy:1/2,
0 0
1

o o 2
M(XY):jdxj(x—2/3)(y—2/3)-1dy=1/18.

0 x/2

2
Torm o} ME)-[M(XF 2-5=2, 6, =32,

0} ME) MO 5= 0, -
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I[lo ¢popmynam (2.14.3), (2.14.5) naxoguM KOA(DPUIUMEHT KOPpEISAIUU
1

Tyy :5 Y YpPaBHEHUE JIMHUU PETPECCHUU y:Zx+§. Ecmu ucnons3oBats 3Ty
JIMHUIO PETPECCUM I IPOrHO3a Y MO M3BECTHOMY 3HAYEHUIO X, TO CpEIHUU
KBaJipar OImHOKHU MPOTHO3a o bopmyie (2.14.4) paBeH
o’ (Y £X) i 1—l =Lz0,042.

18 4) 24

Omeem. y=1x+l; o’ (Y £X) Lz0,042.
4 2 24

3agaua 2.84.1. PaBHOBO3MOXHBI BCE IOJOXKEHUSA CIYyYallHOM TOYKHU
(X,Y) B tpeyronbuuke c¢ BepmmHamu A(0,0), B(a,0) u C(a,b) B HEUETHBIX
BapuanTtax, u ¢ BepumHamu A(0,0), B(a,0) u C(0,b) B BapuaHTax YETHBHIX.
Haiitu kosdduuuent koppensiuuu ciaydaiHbix BenuuuH X u Y. Hailtu nuHuio
perpeccun ¥ Ha X W OUEHUTHh TOYHOCTh NPOTHO3a BEJIWYMHBI Y TIO

HabOmogaeMomy 3HadueHuto X. (CMm. mpumep 2.84 1 HCXOIHBIC TaHHBIE.)
Hcxoonvie oannvie k 3a0aue 2.84. 1.

Nela | b |Ne|a|b|N|a|b|N|a|b|Nj|a|b|Nj|jal|b
1236 |3 |-1|11|-3|1|16|-4|-1|21|4 |2 26| 4 |-3
2 2|37 |-3|212|-3|-1|17|3 |3 122|4 |-2|27|5 |1
3 |-2|1]|8|-3|-2|13|3 |2 183 |[-3]23|-4|2 28|52
4 |-2|-1}19|2|21]14]3 |-2]19/4 |1 |24|4/-2|29|-5]|1
51311102 |-2|15|-4|1 (20|4 |-1|25|4 |3 (3052

3amaua 2.84.2. CnyuaitHas Touka (X,Y) uMMeeT (QPYHKIHUIO IJIOTHOCTH

2(ax+Db
BeposiTHOCTH [ (X, y):(ax—y) npu (x,y) B E€IUHUYHOM KBaJpatTe

a+b
[0,1]x[0,1] mu f(x,y)=0 BHe sTOro KBampaTta. Haligure mis Kaxmol wu3s
CIIyYalHBIX BETUYMH (YHKIUIO TUIOTHOCTH BEPOSTHOCTH, MATEMaTHYECKOE
OKHJaHUE, AUCTepcrio. Berauciure KodQPUITUEHT KOPPETSITUN STUX BEITUIUH.
Hailinure nunuto perpeccuu Y Ha X. (Cm. ipumep 2.84.2 1 UICXOHBIE JaHHBIE.)
Hcxoonvle oannvie k 3a0aue 2.84.2.

Nela | b|Ne|a|b|N|a|b|N|a|b|N|a|b|Nj|al|b
1|1 |16 3|2 (114|216 5|1 213 |5|26|1]6
2 (1217|123 |12(2 4171 |5[22|5/|41]27|6]|2
3 (2182|2134 |3 18|52 [|23,4|51[28|2 |6
4 (1 (3]9|4|1|14[3 4192|5244 |4]29| 6|3
513111014 153 3205|325/ 6|1,30| 3|6

IIpumep 2.85. IlonOpackiBaioT nBa urpainbHbiXx KyOuka. Ilycte X —
YHUCJIO BBIMABIIUX «ISATEPOK», a ¥ — UYUCIO HEUETHbIX 0uKkoB. Haiinure 3axoH
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pacripefienieHust ciaydyaiHoro Bektopa {X,Y}, ero MaTeMaTU4YECKOE OKUJIaHUE U
IUCIIEPCUOHHYI0 MaTpuLy. Halinute ko3¢ pULHEHT KOppessiLuu 7,

Pewenue. Ecnu KyOMKH OIHOPOAHBI U CHUMMETPUYHBI, TO BEPOSTHOCTb
BBITIAJICHUS KXo rpaHu paBHa 1/6. 3anuiiemM cHavalia 3aKOH pacrpeieeHus
ciaydaiiHoro BekTopa {X,Y}. Kaxzaasd HW3 KOMIOHEHT BEKTOpa MOXKET

npuHUMaTh ToJIbkO 3HaueHud 0, 1 u 2. [loaToMy 3aKOH pacnpeaeaeHus MOKHO
MPEACTABUTH B BUJE TAOJIHIIBI:

v X 0 1 2 P(Y =y)
0 1/4 0 0 1/4
1 1/3 1/6 0 1/2
2 1/9 1/9 1/36 1/4
P(X =x) 25/36 10/36 1/36 1
B knerkax tabnuiibl 3anvcanbl BepositHocT P(X =x u Y = y). Hampumep,
P(X=1&Y =1) l-l+l-l:l, TaK KaK C BEPOSTHOCThIO 1/6 Ha mepBOM

KyOuke mosBHUTCA «5», a Ha BTOPOM KyOWKe C BepoATHOCThIO 3/6=1/2

BBITIAJIET YETHOE YUCIIO, TUO0 HA0OOPOT, Ha EPBOM KyOHMKE — YETHOE YUCIIO, a

22 1
Ha BTOpoM — «5». Wnu, nanpumep, P(X =0 & Y= 2) g-gzg, TaK KaK Ha

KaXJIOM KyOWKe JOJDKHA BBINACTh HeueTHas 1udpa, HO He «5». Berumcium

YUCIIOBBIE XapaKTEPUCTUKHU CIIyYallHOTO BEKTOPA:
M(X)=0-25/36+1-10/36+2-1/36 1/3.

3amernm, uTo X nMeeT OMHOMUABHOE pacnpenenenue. [loaromy MmareMaTHaecKoe
OKHMJIAaHHE MOXKHO OBLIO MojcyuTaTh mpormre: 2-1/6=1/3 — npousBencHue
YHclia ONBITOB HA BEPOSTHOCTh IMOSIBICHUS COOBITHS B OJHOM  OIIBITE.
Ananornuno, M(Y)=0-1/4+1-1/2+2-1/<4 1. Jlna BIYUCICHUS TUCTICPCUI

BBIYHUCIINM IPCABAPUTCIIBHO MATEMATHYCCKUC OXKUAAHUA KBAAPATOB BCIINYNH!

M(X?)=0%-25/36+12-10/36+22-1/36 7/18;
M) =0>1/4+12-1/242>-1/4=15.
Torma D(X)=M(X*)-[M(X)]" 7/E-1/9 5/18,
DY) =MXY)H)=[MY)E 1,5-1 1/2.
Cov(X,Y) = M(XE) (0=1/3)(0-1)1/4+(0—1/3)1—-1)1/3+
(1=1/3) A=D1/ 6++(0-1/3)2=1)1/9+(1—1/3)2-1)1/9 +
+(2=1/3)2=1)1/36=1/6.
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5/18 1/6]

JucniepcronHast MaTpuLa CIy4aiHOrO BEKTOpA HMEET BUJ (1 /6 1/2

Koaddunment koppensainu paBeH
cov(X,Y) 1/6 1

"= D)D) 51812 5

Omeem. 1/\/3 ~(0,45.

3agaua 2.85. BeposaTHOCTh TOro, 4TO Ha JOTEPEHHBIA OMJIET BBHIMAIET
KPYITHBIA BBIMTPBIII, PABHA p|, & BEPOATHOCTh MEJIKOTO BBIMTPHIIIA PABHA Dj.
[Ipuobpereno Tpu notepeiHbix Omnera. Ilycth X — 4YHCIO BBIMTPHIIIHBIX
OWJIETOB CpelM 3TUX TPeX, Y — YUCIO KPYMHBIX BBIUTPHINIEH, Z — YHUCIO
MEJIKUX BBIUTPBILICH.

B BapuanTax, HOMEpP KOTOPBIX JEIUTCS HA TPU C OCTATKOM OJIMH, HAWTH:
a) 3aKOH pacnpezenacHus Bekropa (X,Y); 06) kodopPuuueHT KOppersauu 7yy.

~0,45.

B BapuanTax, HOMep KOTOPBIX JEIUTCSA HA TPU C OCTATKOM JiBa, HAUTH: a)
3aKOH pacnpenaesneHus Bektopa (X,Z); 0) KoapPUIUEHT KOPPETSALUHA 7.

B BapuanTax, HOMEp KOTOpPBIX ACJIHUTCS Ha TpU O€3 ocTaTka, HAUTHU: a)
3aKOH pacnpeneneHus Bekropa (Y, Z); 0) Koo GULHUEHT KOPPENALNH 1.

(CMm. mpumep 2.85 1 UCXOAHBIC TAHHBIE. )

Yxazanue. ]Ing BbIMUCIECHHS BEPOSITHOCTEHN MAap BO3MOYKHBIX 3HAUECHU
CIIy4alHBIX BEJIMYUH UCTIOJIb30BaTh hopmyiy (2.6.2).

Hcxoounvle oannvie k 3a0aue 2.85.

No P1 P2 No P1 P2 No P1 P2 No P1 P2
1 1001005 9 | 001 |0,09] 17 | 0,005 | 0,08 | 25 | 0,02 | 0,07
2 10011004 ] 10 |0,005]| 0,05 18 | 0,005 ]0,09| 26 | 0,02 | 0,08
3 10,01 1]006])| 11 |0,005]|0,04)19 | 0,02 |0,05] 27 |0,02 0,09
4 10,01 1]003])1210,005]|0,06)20 | 002 |0,04] 28 |0,03]0,10
5 10,01 1]002 )13 |0,005]003)21 | 002 |0,06]| 29 |0,03|0,12
6 | 0,01 0,10 14 | 0,005 0,02} 22 | 0,02 |0,10} 30 | 0,03 | 0,08
7 10,01 1]0,07 )15 ]0,005]|0,10) 23 | 0,02 |0,12| 31 | 0,03 | 0,12
8 100100816 | 0005|007} 24 | 002 |0,10} 32 |0,03 |0,08

3ameuanne. PaccMoTpuM UHAMKATOP COOBITHUS A:

A
0, ec coObpITHE A HE TTOSBIIOCH.

N3BecTHO, 4TO M{I)=P#) pD(U, p(l-p)=pg. Cuny
3aBUCUMOCTH MEXIy COOBITUSIMU A U B MOXHO OIIEHUTh IO BEIUYHHE

Kod(ppuiieHTa Koppeisiuu HHANKATOPOB ATUX coObiTui. [lo dhopmyne (2.14.1)
nMeeM

{1, eclii coObITHE A MOSBUIOCH;
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:M([AIB)_M([A)M(IB): P(AB)_P(A)P(B)
JDU D) JP(4)P(4) P(B)P(B)

Kospduuuent r,, npunumaer 3HaueHusi B [—1;1], HO ecThb HekOTOpbIE

(2.14.6)

AB

0COOCHHOCTHU B TPAKTOBKE 3HAaUeHUM Kod(puiinenra.
Ecimn 7,,=0, TO coOBITHA HE3aBUCHMBI U HA00OpPOT (BCIOMHHUTE, IS

CIIy4alHBbIX BeIUYUH (DAKT paBeHCTBA KOIP(DUIIMEHTA KOPPESLUU HYJIIO0 HE
O3HayaJd HE3aBUCHUMOCTb CIIy4allHbIX BenuuuH). llonoxuTenbHbIE 3HAYEHUS
Kod(ppuLMeHTa KOPPESLUUU TOBOPSAT O TOM, YTO MOSIBICHHE OJHOTO COOBITHS
YBEIIMUYMBACT BEPOSATHOCTH NOsIBICHUA aApyroro. Hampumep, u3 puc. 2.14.6
BHUJIHO, YTO OTHOUIEHHE IUIOWAAM oOjacThd B K IJIOMIAAM NPSIMOYTOJbHUKA
MEHbIIIE, YEM OTHOLIECHUE IUIomaau obnactu AB x miuomaaun obmactu A.
[ToaTomMy dakT mosiBieHus: coObITUS A ygenuuugaen BEPOSTHOCTH TMOSBICHUS

coObITHA B.

Puc. 2.14.6

Uem Ommke K IUIIOC €IUHUIE 3HAYEHUE r,,, TEM B OOJbIICH CTENEHU
nposiBIsieTcss 3TO yBenudeHue. llpm 7, =+1 mnosBIeHHEe OAHOrO COOBITUS
BCEerza BJIEUET MosABIeHue apyroro. Ecim xe 7, <0, TO NOABIEHUE OIHOTO
COOBITHSL YMEHBIIAET BEPOSITHOCTH MOsBICHUS apyroro. Hampumep, u3 puc.
2.14.7 BUOHO, 4YTO OTHOIIECHHE IUIOmMIAOAM o00JacT B K IUIOINAgH
MPSIMOYTOJIbHUKA OOJIbIlIe, YEM OTHOIIEHUE TUIOMaau objactu AB K Iiomaan
obnactu A. IlosToMy (akT mosBiaeHUs: COOBITUS A YMEHBIIAET BEPOSITHOCTD
NOSIBJIICHUST COObITHA B. 3HadeHWe 7, =—1 CBHIETEIBCTBYET O TOM, 4YTO

IIOABJICHUE OJHOI'O COOBITHS MUCKJIFOYACT MOSBICHUE ApPyroro.

Puc. 2.14.7

IIpumep 2.86. B onHoll ypHe YeThipe O€NbIX U JIBa YEPHBIX IIapa, a BO
BTOPOi ABa OenbIX U Tpu yepHbIX. O003HaunM yepe3 4 u B BeIOOp Oenoro mapa
COOTBETCTBEHHO W3 TIEpBOM W BTOpod ypHHEL. ScHO, uto P(A)=2/3, a
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P(B)=2/5 wu coObitus He3aBUCUMBL. [lycTh Tpu BBIOOpPE W3 TEPBON YPHBI

0eJioro mapa, ero NepeKyIabBaloT BO BTOPYIO YPHY M TOJIBKO IOTOM BBIOMPAIOT
u3 Hee map. OLEHUTh CUITy 3aBUCHUMOCTH MEXy COObITUSIMU A U B.
Pewenue. Jlna Berancnenus KodppuuueHta KOppeasiuuu BOCHIOJIb3yeMCs
dbopmyoit (2.14.6):
_(2/3)A72)-(2/3)2/5) 1

T 232 593/ 2

3ameTuM, 4TO B cliydyae J0OaBJIECHUU HE OJHOTO, a IBYX OENBIX IIapOB BO
BTOPYIO YPHY ATOT KO3 (PUIIMEHT paBeH
_(2/3)(4/T)—-(2/3)2/5) ~0.49

J273)(1/3)(2/5)3/5)

= 0,29.

AB

Omeem. L ~0,29.

J1i2

3amaua 2.86. B nepBoii ypHe n; O€NbIX U 1, YEPHBIX Il1apa, a BO BTOPOH
YpHE UX COOTBETCTBEHHO m; W mip. V3 mepBoOW YpHBI M3BJIEKAIOT Hayraja JBa
mapa M MepeKyIaiblBaloT UX BO BTOPYI ypHY. llocime 3Toro u3 BTOpOUl ypHBI
M3BJICKAIOT OJIMH IIap.

[lycth A; 03Ha4aeT, 4yTo cpeau MEPEeMENIEHHBIX BO BTOPYIO YPHY IIapoB
poBHO i O6enbix (i =0,1,2). O6o3nauum depe3 B dhakT BeIOOpa Oenoro mapa u3
BTOpoil ypHBI. Halimute k03QOUIMEHTH KOPPENISIUU MEXKIYy KaXIbIM U3
coopITuil A; m coobiTeM B. (Cm. mpumep 2.86; BEIWYUHBI 1y, Ny, M| U My
BO3BMHTE U3 UCXOJIHBIX JAHHBIX K 3amaue 2.14.)

2.15. PyHKLMOHAAbHbIE NPEOBPA30BAHUA ABYXMEPHbIX CAY4AMHbIX BEAUYUH

Ilycts (X,Y) u (U,V) — nBymepHbIe ciiydaliHbIe BETUYUHBI, IPUUEM
U=9£X.,Y), V ¢,(X.Y), (2.15.1)
rae GyHKIuU @ U ¢, HenpepbIiBHO quddepenunpyemsl U oToOpaxenue (2.15.1)
B3aMMHO OJJHO3HAYHO, T.€. CYIECTBYIOT PYHKIIUU Y| U Y, TAKUE, YTO
X=y,U,V)ynY=y,U,JN).
Ecimu f(x,y) — QyHKUMA MIOTHOCTH BEPOSTHOCTH CIYYalHOTO BEKTOpa

(X,Y), a g(u,v) — OyHKIUS MIOTHOCTU BEPOSTHOCTU CIy4allHOTO BEKTOpa
(U,V), o
g(u,v) = fInu,v),y,(u,v)]1], (2.15.2)
N O,
e I = ou ov .
dy, Oy,
ou  Ov

152



Ipumep 2.87. Cryuaiinbiii Bektop (X,Y) nMeer mIoTHOCTh BEPOSATHOCTH

2exp(—2x—y) mpu x>0, y=0;
f(x,y)=
0 1pwu ocTaylbHBIX (X, ).
Haiitu nnoTHOCTH BEpOSITHOCTH citydaitHoro Bektopa (U,V), ecnu
U=X-YulV=X+Y. (2.15.3)

Pewenue. Haitnem o6patHoe k (2.15.3) nmpeobpazoBanue:
x=y,w,v)=0,5 u+v), y =,u,v) 0,5 -u).
3amMeTM, 9YTO W3 YCJIOBHUS HEOTPUIIATEIPHOCTH X H ) CIEIyeT:
v>—u, v>u, v=0. Tak kax

oy, 9y,
= ou ov _ 095 095 _
o, oy |05 0]
ou ov

TO (YHKIHUS TUIOTHOCTH BEPOATHOCTU chydaitHoro Bektopa (U,V), B

COOTBETCTBUU ¢ (popmyoii (2.15.2), umeeT BUI
g(u,v)=2exp[-2-0,5(u+v)—0,5(v—u)]-1/2 =exp[-0,5(u +3v)].
Omeem. g(u,v)=exp[-0,5(u +3v)] opu v=—-u, v>u, v=20 u g(u,v)=0
MPY OCTAJIBHBIX (U, V).

3anaua 2.87. Cnyuaiinelit BekTop (X,Y) MMeEET MIOTHOCTh BEPOSTHOCTH

f(x,y)={

HaiiTu mmoTHOCT,  BepoOsSTHOCTH — ciy4daiiHoro Bektopa (U,V), eciau

abexp(-ax—by) npu x>0, y>0, a>0, b>0;

0 mpwu octanbHbIX (X,)).

U=exp(X/c)uV=cX+Y. (Cm. npumep 2.87 1 HICXOTHBIC TaHHbIC. )
Hcxoounvie oannvie k 3a0aue 2.87.

Nela|b|c|N|la|b|c|Njla|b|c|N|a|b|c|N|a|b]|c
1 (1 (217 3|1 |1(13[1(2([3]19]3 2325|141
2211121832214 2]2]3]20/2 |3 |3|26/1 |14
311212192 |3|215/3 |3 |121/4 1127|124
4 (2121110321163 |3 |21]22/4 2 |1|28/2 |14
512121211122 (3117|3|1|3/23[{4|1|2|29|1 |24
6 | 2|31 )|12|1 (3|2 18|13 |3 /24|4|2|2)30/3|1]|4

Hpumep 2.88. Cnyuaiinble BenuuuHbl X UM Y HE3aBUCUMBI U UMEIOT
HOPMAJIBHBIE 3aKOHBI PACIpPEICICHHUSI C HYJIEBBIMU CPEAHUMH 3HAUYCHUSMHU U
OJIMHAKOBBIMH JIUCIIEPCHSIMU G°:
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2 2
Six)= Gj% exp{—;—gz}; £ = Gj% exp{—zy—gz}.
Ilyctb X u Y pexapToBbl KOOpAMHATHI ciydaiiHoro Bektopa (X,Y).
[IpouzBoauTCs nepexoa K MOJSIPHBIM KOOpAUHATaM 1o (popMynam
X=rcosQ, y=rsinQ. (2.15.4)
TpeOyercs HailTH (QYHKIUIO TIUIOTHOCTH BEPOATHOCTU CIIYy4alHOTO

BekTOpa (P;@) M (QYHKIMU TUIOTHOCTU BEPOSTHOCTH KOMIIOHEHT 3TOT'O BEKTOpPa

pHuO.
Pewenue. Tak xak X u Y HE3aBUCHMBI, TO IUIOTHOCTb BEPOSITHOCTU
cinyuaiinoro Bektopa (X,Y) umeer Bua

1 X+ y2
X, V)= expy — ..
S (%) 216° p{ 267 }

Slkobman npeoOpazoBanus (2.15.4) paBen

ox ox
[__@ % COS —psin(p‘
oy oy sin @ pCcosQ
o o0
o ¢popmyiie (2.15.2) nonyuaem
2
g(p.0)= fTx(p.9):y(P.OH | Lzexp{—p—z} (2.15.5)
21 2c

[TnotHocTh BeposiTHOCTH (2.15.5) MO3BOJNISET BHIYUCIUTL MaprUHaIbHBIC
IJIOTHOCTU BEPOATHOCTU. [IMOTHOCTH pacnpeeneHust BETUYUHBI P
/2 p p2 /2 p p2
g [ 2pso)de —Toexpi—2—([de Sexpi—2—t, p20.
7 2nG 267 | 4 c 2c
D10 pacmpeneneHue U3BECTHO Kak pacmpeneneHue Penes (Rayleigh
distribution). I'paduk ero MIOTHOCTH BEPOSITHOCTH JISI HECKOJIBKMX 3HAUCHUM
rapameTpa ¢ npuBeneH Ha puc. 2.15.1.

g1(p) +

= CTl{G:{ 53

¥

Puc. 2.15.1
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[InoTHOCTE pacnpeneneHus Ciry4aiHol BEIUYUHBI :
,0)dp=—|—exps——=rdo=— 1pu ¢ <[0,27].
2, (o) lg(pcp) p 27:!52 p{ 202} 0= npu ¢[0,27]
DT0 paBHOMEpHOE pacmpeneneHne Ha orpeske [0,27]

p p’ p p’
Omeem. , ——CXpy — ; —exXpy— , >0;
g(p, o) Py Xp{ 252} g(p)F 2 Xp{ 252} p

g(p) 1£2n mpu ¢ €[0,27].

3agaya 2.88.1. CiywaitHple BenMunMHBI X M Y HE3aBUCHMBI U HUMEIOT
MIOKA3aTeJIbHbIM 3aKOH pacnpeieseHus ¢ (PyHKUHMSIMHU IUIOTHOCTH BEPOSTHOCTH
COOTBETCTBEHHO

fix)=re™, x>0 u =(y) Are™,y>0.

[TomaraeMm X u Y nOexkapTOBBIMM KOOpAMHATAMM CIYYaWHOTO BEKTOpa
(X,Y) B mnepBom kBaapante (x=0; y>0). IlpousBogutca mnepexon K
MOJISIPHBIM KOOPJIMHATAM 10 opMyam

X=pcosQ,y psing.
Halinute mMIOTHOCTH pacmpenesieHus CciaydyaHoro BekTtopa (p;¢p) u

HalJIUTe IUJIOTHOCTh BEPOSTHOCTU €ro KoopauHatel ¢. Hapucyiite rpaduk
(YHKIMM TIOTHOCTH BEPOSITHOCTH ciydaitHOU BenuuuHbl ¢@. (CM. nmpumep 2.88,
A — HOMeEp BapHaHTA.)

3apmaya 2.88.2. CnyuaitHas Touka (X,Y) uMeeT (QPYHKIHUIO IJIOTHOCTH
BeposTHOCTH f(x, V) B Kpyre D ={(x,y):x* +y*<a’} n f(x,y)=0 BHe 3TOrO
Kkpyra. Haiinute maTeMatnueckoe OKHUJIaHHE PACCTOSIHUSI OT LIEHTpPa Kpyra Jo

) ) 9 3 1 2 2
3TOH CIlydaiHo# ToukH. B HeweTHbIX BapuanTax f(x,y)=—|1—-—+/x"+y" |.
na a

2 2 2
a —x -y .

B uwetHbIx BapuanTax f(x,y)= 3
a

Vkazanue. llepelinure K modsipHbiM KoopauHatam. (Cm. mpumep
2.88, a — HOMEp BapHuaHTA.)

3agaua 2.88.3. DiekTpuyeCcKrii TOK B MOMEHT BPEMEHU ¢ OIMPEACIACTCS

PaBEHCTBOM
I(t) = X coswt + Y sin wt, (15.6)

e ® — 4acrora, a X u Y — cilyyaliHble BEJIMYMHBI, IPUYEM BCE ITOJIOKECHUS
ciyuaitHoit Toukum (X,Y) B obmactu D ={(x,y):x’ +y°<a’,x>0,y>0}
PaBHOBO3MOKHBI.

Bripaxenue (15.6) noaBepraercsi cTaHAapTHOMY ITPE0OPa30BaAHUIO:
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Y :
COS W + ——==5SIn W/

X
VX2 +Y? VX2 +Y?

Torpa moxHO cuutath (cM. puc. 2.15.2), uro X sing, a _r .

It)=VX*+Y?

=COS(, II€ () — HEKOTOPBII Yrol.

Puc. 2.15.2

IToaTomy
I(t) =V X*>+Y’(sing cosot +cos@sinmt) V& + Y sin(wt + ¢).

Bemuuuny Z =+ X’ +Y” O0OBIYHO TpPAaKTYIOT KaK «aMIUIUTYAY», a ¢
CUMTAIOT «CcABUrOM 1o (¢aze». Halimure pacnpeneneHue ciaydailHOro BEKTOpa
(Z,9). (Cm. mpumep 2.88. BennunHy ®» BO3bMHUTE PaBHOW HOMEpPY BapUaHTA. )

2.16. MpABUAO (TPEX CUTM)

) 2
[lycth cnydaitHas BenumunHa X MMeEET 3aKOH pacnpeneneHus N(m;c”).

BepositHOCTE TOrO, 4YTO 3Ta CiydailHas BEJIWYHMHA OTKIOHHUTCS OT CBOETO
MaTeMaTHYCCKOr0 OXXKHIaHUSA He Oojiee, UeM Ha TPH CPEIHUX KBaJIpaTHICCKHX
OTKJIOHCHHS paBHA
P(| X -m|<30)=20B3c/0)=20(3 0,997 =1,

T.e. OTKJIOHEHHUs, Oonpmme 3G, umerT BepoaTrHocTh 0,003. Bo wmHOrmx
MPUIOKECHHUSIX TaKOHW BEPOSTHOCTBIO MOXKHO IPEHEOpedbh W CUHMTaTh, YTO MU
COUHUYHOM HAOMIOOEHUU HOPMAIbHO PACHPEOeleHHOU CNYYAUHOU BeIUYUHb]
UHMEPBANIOM NPAKMUYECKU BO3ZMOMNCHbIX 3HAYCHUU A61Aemcsi UHMep8all
(m —30;m +30). D10 yTBepkAeHUE OOBIYHO HA3BIBAIOT MPABUIIOM TPEX CUTM.

3ametum, 4TO AJisl JMIOOOM CllydailHOM BeNWYMHBI W3 HepaBeHCTBa UeObliieBa
CIIEIyeT, 4TO
2
o 1
P(X-m|<3c)2l-—=5 1-—=0,9.
(30) 9
[TosTOMYy mpaBUIOM «TPEX CUTM» MHOTAA IMOJB3YIOTCA HE IEYASICh O TOM,
YTO CITy4aiiHasi BEJIMYMHA BOBCE HE NMEET HOPMAIILHOT'O 3aKOHA PACIIPEICIICHHS.
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3ameuanmue. [locnennue roapl Bce yalle MpeANOYUTaOT OpaTh He 3G, a
3,9c. Torpa nonyyaercs 0ojiee «CUMIATUYHAS» BEPOSITHOCTh
P(| X -ml|<3,90) =20(3,96/0) =20(39) 0,999 =1

(Bemuuuna 0,999 Bneuatnser 6ombiie, Hexenn 0,997!)

Hpumep 2.89.1. Moneta noaopomena 100 pa3. I'ep6 Beiman 30 pas.
MO>HO 71 CYUTATh, YTO MOHETA OBIII0O CUMMETPUUHOMN ?

Pewenue. TlonOpaceiBaHrE MOHETHI MOYKHO CUMTATh HE3aBUCHMBIM OIIBITOM,
yucno kKoTopbix # =100. Yuciao nossieHuil coObITHS B OOJBIION CEPUM OIBITOB
MMeEeT MPUMEPHO HOPMAJbHBIA 3aKOH pacrlpeiesieHus] ¢ mapaMmeTpamu m =np u

o’ =npq. Ecim moHera cuMmerpumyHa, 10 p=0,5, g=1-p=0,5. Torma
m=100-0,5=50 u > 190-0,5-0,5=25, c=5. [ToaTOMYy 1711 CHMMETPHYHOMH
MOHETBHI TIPAKTUYECKHM BO3MOKHBIMH 3HAYCHHMSIMH 4YHCJIa BBIMAACHUM TepOa
SIBJISIFOTCSI 3HAaYeHus oT 35 10 65. Yucno 30 Kk HUM HE PUHAJICKUT.

Omeem. lIpy CUMMETPUYHON MOHETE TAKOM pe3yJbTaT MPAKTUYECKU
HEBO3MOKEH.

Ipumep 2.89.2. Hekto yTBepxAaeT, 4To OH 3KCTpaceHc. st mpoBepku ObLT
MpOJeNiaH CIAEAYIOIIUN OMNbIT. B35STO MITh KapTO4EK C PUCYHKAMU MPOCTEHUIINX
reoMeTpuyeckux ¢uryp. Mcnbitarens BbIOUpaeT KapTOUKy Hayraj, a UCIbITYeMbIH,
HaxXoAsCb B COCEIHEW KOMHATE, TIBITACTCS OMNPENCNIUTh, PYKOBOJCTBYSCH
CBEPXUYBCTBEHHBIM BOCIIPHUATHEM, KaKasi KapTOUKa BbIOpaHa HKCIEPUMEHTATOPOM.
Kaprouku nepemenmBarorcsa. 3areM onbIT noTopsieTcsa. Tak npoaenanu 100 pas.
Oxkazanock, 4To B 28 Cilydasx HUCHOBITYEMbI PABUIBHO Ha3Bal KapTOUKy. EcTh mn
OCHOBAHMSI CYUTATh, UTO UMEJIO MECTO CBEPXUYBCTBEHHOE BOCTIPUSITHE?

Pewenue. ECTECTBEHHO MPEANOJIOKNATH, YTO 28 COBIAJACHUN MPOU3OILIN
ciyyaiiHo. BeposiTHOCTH yrajath HyKHYIO KapTouky paBHa 1/5. YranpiBanue
KaXJIOW KapTOYKU MOXKHO CUUTATh HE3aBUCHUMBIM OMBITOM. Tak Kak OIBITOB
MHOro (7 =100), To yucaO COBMACHUIN UMEET OJIM3KUI K HOPMAIbHOMY 3aKOH
pacnpenenenus ¢ mapamerpamu  m=np =00-1/5=20 wu o> npyg

=100-1/5-4/5=16. Torma o©=4 u, COITAaCHO TMTPABWIy «TPEX CHUTM»,
MIPaKTUYECKU BO3MOXKHO yraaatb oT 20—3-4=8 no 20+3-4=32 pa3. Yucno
28 BXOAUT B HHTEPBAJI BO3MOXKHBIX 3HAYCHUN MPH MPOCTOM YraJbIlBAHHM.
CnenoBarenbHO, TMOJYYEHHBIE  ONBITHBIE JAaHHbIE HE  IOJITBEPXKAAIOT
CBEPXUYYBCTBEHHOI'O BOCIIPHUSTHSI.

3ameuanue. IIpeanonoxum, 4To IKCTPACEHC BCE-TAKM HACTAMBAET HA
CBOEM CBEPXUYCTBEHHOM BocHpUsATUH. CepHio ONbITOB NOBTOpHIIK. COBHAAEHUM
okazanocb 31. B oatom cmywae Bcero ombitoB n=200, np=40,

362\/ 200-0,2-0,8 =x17. MHWHrepBam mpakTUUYECKH BO3MOXKHBIX 3HAYCHUMU:
(23;57). Obmiee uncio conaaeHuit pasuo 28 +31=759.
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Takoe wuHMCIO COBMAZCHWH TIPU TPOCTOM YraJbIBAHUW TPAKTUIECKU
HEBO3MOXKHO. OJTO MOXKET TMOCTYKHTh TIOBOJOM JIJIsl TIIATETHHON TPOBEPKU
YCTIOBUM  DKCTIEpUMEHTa  (MOJABISIONMIee  OONBIMMHCTBO TaK  HA3bIBAEMBIX
AKCTPACEHCOB — OTKPOBEHHBIC JKYJIMKHN). VK criemyeT HacToSATh Ha TAOOpaTOPHOM
00CJIeTOBaHUM HKCTpaceHca (OT Yero AKCTPACEHCHI BCAYECKU YKIIOHSIOTCS, HMX
CTUXUSI — paboTa Ha MyOJHKY).

3anaua 2.89.1. Monera noaOpomieHa n pa3. ['ep6 Beiman k& pa3. MoxkHO
JIM CYUTATh, YTO MOHETa ObLIO cuMMmeTpudHOU? (Cm. mpumepst 2.89.1 u 2.89.2 u
HCXOHBIE JJAHHBIE. )

Hcxoonvle oannvie k 3a0aue 2.89.1.

Ne | n | k| N | n | k| N | n | k[N |n |k |N|n |k

144195 | 7 |144 |55 | 13 | 144 | 86 | 19 [ 144 | 53 | 25 | 324|145

256 | 100 8 |256 | 105 ) 14 | 256 | 150 ) 20 | 256 | 145 26 | 400 | 175

3241321 9 324180 15 [324 140 21 | 324|182 ) 27 | 484|272

400|232 ) 10 | 400 | 175] 16 | 400 | 228 | 22 | 400 | 180 28 | 900 | 401

484 1210 ) 11 [484 270 ) 17 [484 (212 23 [ 144 | 56 | 29 400 | 168

QNN AW N -

9001402 12 1900491 | 18 900489 24 [256|110) 30 |256 112

3agaua 2.89.2. [Tpun U3TrOTOBJICHUU MacCOBOU MPOAYKIUHU
(IIIApUKOMOIIIUITHUKY, PE3UCTOPHI U T.J.) p% W3AEIUA OKa3bIBAIOTCS BBICILIETO
copta. Jlisi TEKylIero KOHTPOJA 3a TEXHOJOTMYECKUM PEXKHUMOM BpEMS OT
BpPEMEHHM OTOMpPAIOT Hayraj n u3Aenuil u npoBepstoT. Cpelu HpOBEPEHHBIX
OKazajoch k W3eNuil BBICIIETO copTa. EcTh 1M OCHOBaHMS CYUTATh, YTO
TEXHOJIOTUYECKUIA PEXUM pasziajuiics U TpeOyeT BMEIIaTeNbCTBA B HEro, WU
HEKOTOPOE OTKJIOHEHUE OT OXHUJAEMOI0 pe3yJibTaTa MOXKHO OOBSCHUTH
ciyyaiiHOCTsIMH BbIOOpa? COXpaHsTCS JU Ballld BBIBOJIbI, €CJIM MPU MOBTOPHOM
oOcJeIOBaHNY 7 W3ICHUHA CPEeId HUX 0KA3al0Ch k —2 TIEPBOCOPTHBIX M3CIHS?
(Cwm. mpumepsr 2.89.1, 2.89.2 u ucxoaHsle JaHHBIC; p — B YETHBIX BapHaHTax
paBHO 90, B HeueTHBIX BapuaHTax 80.)

Hcxoonvle oannvie k 3a0aue 2.89.2.

Ne | n | k| N | n | k| N | n | k|N|n |k |N|n |k

100 72 | 7 |100] 69 | 13 | 144 /105) 19 [ 144|104 | 25 | 144 | 105

1441121 8 144124 14 | 100 | 84 | 20 | 100 | 80 | 26 | 100 | 85

121183 1 9 12186 | 15 | 121 | 85 | 21 | 121 | 84 | 27 | 196 | 141

100 82 | 10 |100| 83 | 16 | 144|123 ) 22 | 144|126 28 | 144 | 127

1441102 | 11 | 144100 17 | 100 | 71 |} 23 | 100 | 73 | 29 | 196 | 139

QNN B (W N -

121198 | 12 | 121103 | 18 | 121100 24 | 121 /100 ) 30 | 144|127
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2.17. Npoussoaswme cbyHkumu. NpeobpasosaHue Aanaaca.
XapakTtepuctuieckme pyHKLUU

2.17.1. Npowussoasine PyHKLLUH

[Iycts muckpeTHas ciydailHas BeanurHa X UMEET 3aKOH PacCIpeacieHUs
P(X =i)=p, i=0,1,2,..., T.e. IpUHUMAET TOJBKO LI€JIbIE HEOTPHULIATEIILHBIE

3HaueHusl. Takoro TUIAa 3aKOH paclpeeieHuss UMEeT, HampuMmep, YHUCIo
TpeOOBaHU B oUepe/ld Uisl CUCTEM MAacCOBOTO OOCTY>KHUBAHUS C OXKUJAHHUEM,
YUCJIO BBIXOJAOB U3 CTPOS HEKOTOPOTO YCTPOMCTBA 3a BpeMs SKCIUIyaTalluw,
4uCiIo Teae(OHHBIX 3BOHKOB Ha TenedoH GUPMBI U T.1.

OyHKIUA

K(z)zizkpk (2.17.1)

HAa3BIBAETCS npousgoosaweli pyHKyuet YTOro pacipeiesieHus.

o o
3ametuM, uto K'(z) = Zk Z'p, nK'(1)= Zk P =M (X).
=0 k=0
Hanomuaum:

1) Hauanonoim momenmom nopsaoka k Ha3pIBa€TCI MaTeMaTHUYECKOE
OKHMJIaHUE k-1 CTENEHU CTy4YailHOW BEJIMYHUHBI

n,=M(X").

Camo MareMaTH4eCcKOE OXHUJAaHUE SBIISIETCS HayaJbHBIM MOMEHTOM
MIEPBOro MOpPsIKa.

2) l{enmpanvrvim momenmom k-20 nopsioka Ha3bIBAE€TC MATEMATHUECKOE
OXKUJAHUE k- CTENEHH COOTBETCTBYIOUIEH LEHTPUPOBAHHON ClIy4yalHOM
BEJIMYUHBI

n MOB* MIX=—MX)T.
I[I/ICHCPCI/IH SIBIISICTCS HeHTpaJ'H)HBIM MOMCHTOM BTOpOFO HOpSII[Ka

w, M(X)' M[X¥-MX) D(¥). =

3) Acummempueri pacupeacaeHUs] Ha3bIBA€TCS OTHOIICHHE IIEHTPATBHOTO
MOMEHTa TPETbEro Mmopslika K KyOy CpeaHero KBaJpaTUYECKOrO0 OTKJIOHEHHUS
cIlyyaiiHoit Beauaunbl: A =, /G .

Ecnu pacnpenenenne cummerpudHo, To Ag = 0. Ha puc. 2.17.1 cnea (B
Ka4yeCcTBE IpHUMeEpa 3aKOHA PaBIPEACICHUS C IOJI0XKHUTEILHOW acCHMMETpPHEH)
M300paXe€H MHOTOYTOJIbHUK paclpenesieHuss Jjisi OMHOMHAJIBHOTO 3aKoHa
pacnpenenenuss nmpu n=6 u P(A)=p=1/3. B npaBoii wactu puc. 2.17.1

MPUBEJICH TpPUMEP 3aKOHA pPACHpeAeNieHHs C OTPUIATENIbHOM acUMMETpUei
(buHOMUMANBHHBIN 3aKOH IpU =6 U P(A)=p=3/4).
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R R

> - g
k 7 K
Puc. 2.17.1
4) [lns HOpMaJbHOTO 3aKOHA paclpeneneHus L, / o' =3. be3pa3MepHsIit

4

kodpunuent E, :M—4—3 Ha3bIBaC€TCSA aKcyeccom. ITOT KoIDPUIUEHT
c

XapaKTEPU3YET «OCTPOBEPXOCTH» pPACHPENICNICHUsS] B CPABHEHUU C HOPMAaJIbHBIM
3aKOHOM pacrpezaeneHusi. Hanpumep, eciiv roBOpuTh 0 (YHKIMSAX ILIOTHOCTH
BEpOSATHOCTHU, TO IIpu E, >0 rpadguk (QyHKIUM INIOTHOCTH BEPOSITHOCTH Oojee
OCTpOBEpXHi, 4yeM rpaduk KpUBON HOPMAIBHOTO pacHpeAcsieHust (CM. JIEBYIO
gacte puc 2.17.2). Ilpu E, <0 rpaduk IIIOTHOCTH BEPOSATHOCTU UMEET Ooiee
IJIOCKYIO BEPIIMHY, HEXXEIN HOpPMaJIbHAsl KPUBasi IPHU TE€X XK€ MaTEMaTUYECKOM
OKHMJIaHWH U AUCHepcuu (CM. MpaBylo 4acThb puc. 2.17.2).

(x) R

4
RHOPMINLHZT Kasaq

E, =0 HOpMENBHES KIUEES E, <0

= = _—:f/

v

Puc. 2.17.2.

Uepe3 npousBosiny0 GyHKIHIO MOXKHO BbIPA3UTh U JPYrue HauyadbHbIE
U UCHTPAIbHBIE MOMEHTBHI CIIy4alHOW BEJIMYMHBL. BbIpazum  depes
MPOU3BOJIAILYIO (DYHKIMIO, HAIPUMED, TUCTIEPCHIO. Tak Kak

K"(z)= Zk (k-1)z*7 p,,
k=0

TO
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K'W)=>kp =D kp=MX*)-MX)nMX*)=K"()+K'(1).2.17.2)
k=0 k=0

CdopmupyeM B mpaBoil yacTU MOCIEAHEr0 paBEHCTBA Jucrepcuro. Jlis
ATOTO MPUOABUM M OTHUMEM KBaJpaT MAaTEMAaTUUECKOTO OXKUIAHUS:

K'()=M(X*)~[MX] +[M(X)] - M(X).
Bemmanna M (X*)—[M (X)]’ pasua aucnepcun. [Tostomy
DX)=K")-[K'DF +K'(). (2.17.3)

AHAJIOTUYHO

KW(Z)

= Z;k (k-1)(k-2)z" p| =

z=

= ZkSPk - 3Zk2pk + 2kak'
k=0 k=0 k=0
Urak, ipu z =1 umeem
K"()=M(X’)-3M(X*)+2M(X),
OTKyZa
M(X*)=K"(1)+3M(X*)-2M(X),
a c yueroM (2.17.2)
M(XH)=K")+3[K"D)+K'D]-2K'(D)= K"D)+3K"H+K'Q). (2.17.4)
Ilycte M (X)=m. Paccmorpum mooughuyuposannyro mTpOU3BOASILYIO
GyHKIUIO

- 1 0 [ee] o,
K(2)=—=>2"p, =D 2" "p,.
Z k=0 k=0

C nomompbo 3TOM (QYHKIIMM MOKHO BBIYUCISATH Cpa3y IEHTpalbHBIC
MOMEHTHI CIy4aitHOM BenmnunHbl. Hampumep,

=Yk m L S k-myp, Yhp,-mp, m-m=0;
k=0 = = k0 = k0 k0

K'(z)

0

=2 (k=m)(k—m—1) 2" p,

k=0

[%”(Z)

z=1

o0

> (k=) p, = Y-k = m)p, = DX

k=0

Iz'"(z)

z=1

= i(k —m)(k—m-1)(k-m-2)z"""p,

= i(k—mfpk —3i(k —m)’ p, + i(k —m)p; =

[Ms

(k=m) p, —3% (k—mY*p, M(X*)-3M(X?),

0 k=0

bl
Il
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OTKyJa

s/

M(X?) = L H3M(X2) K"(1)+3K"(1). (2.17.5)

Ipumep 2.90.1. IIycts X nMeeT myacCOHOBCKUI 3aKOH PacIpeacIICHU:
k

A
P(X=k)=ze Y rne A>0,a k=0,1,2,3,....

TpeOyeTcs HallTM MaTeMaTUYECKOE OXKHAAHHUE, TUCTIEPCHI0 M KOI(PPUIIMEHT
ACUMMETPHH 3TOU CIyYalHOW BEJIMYHHBI.
Pewenue. TlpousBomsamas (QyHKIUS IyaCCOHOBCKOIO paclpeaesieHHs

NMECT BHU/
0 k

A _ Az s g L
K(Z)_Z o o= xz( ) Lt pMED)
k=0

k=0
3ametnm, uto K'(z) =L e u K ”(z) = 7»2 "™ Tloatomy
M((X)=X'(1) A wu, B coorBeTcTBHUH C (2.17.3),
DX)=K"(z)- [K'DF+K'(1) A=A +L=A\
JIist BeramciaeHust KoappUIMEeHTa ACUMMETPUH COCTaBUM MOJTU(PUIIMPOBAHHYIO
npou3Bosyto pyHkiuio. Tak kak M (X)=A, 1o

~ 1 _ ~ ~ o
K(Z)=—X€MZ D hghzD) _ AN -Alnz
Torma
1 _ >\' A(z-1)-Alnz,
K'(z)=|A——le ;
z

1"

A;

z=1

2
:[%+(Kéj ]ek(zl)klnz
z z
2
; :ek(zl)klnz|: 20 31(7‘_&j (K—éj }
Z z z z

[ToaTomy o dpopmyne (2.17.5) umeem

M(X*)=K"(1)+3K"(1) —2A+3L=A.
B A1
o’ MK JX '

Omeem. M(X)=XA, D(X)=X, 4 =

1

B urore 4, =

1

R

Hpumep 2.90.2. ITycts X nMeeT 3aKOH pacupeacacHust
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X 0 1 2 3 4 k

P | P |29 3¢ | W'¢ | Sp'q" | - | (k+Dp’d
(D10 yacTHBIN ciydal ompuyamenbHo2o OUHOMUAILHO20 pacnpeoesieHus WIN
pacnpeoenenusi Ilackans ¢ napamerpamu 2 u p). TpeOyerca Haittu M (X),

D(X) u ko3ppuiieHT acuMMmeTpun A;.
PemeHue CocTtaBuM POU3BOAILYIO (DYHKITHIO
K(z)=p* +2p°qz+3p°¢’ 2" +4p°q’2 +... p’(B2qz+3¢°z" +4¢°2 +..).
J1Jis1 BBIYMCIIEHUSI CYMMBI psijia B CKOOKE paCCMOTPHUM CyMMY psijia
S(x)=142x+3x" +4x +..., (2.17.6)
KOTOPBI a0COMOTHO cxoauTcs nipu | x |< 1. JIerko BUIETh, 4TO HAC MHTEPECYET
S(gz). Ilpounterpupyem mowieHHo psan (2.17.6) BHyTpu ero oOnactu
CXOJUMOCTHU:
_[S(t) dt = _[(1+2t 130 +485 + Lt x+ X+ + x4 :ﬁ.
0 0
B nocnenneil cTpoke MBI BOCIOJIB30BaJUCh (POPMYJON CyMMBI

OeCcKOHEUHOM yOBbIBAIOIIEH TPOTPECCUU:
b

b+bg+bqg’ +bg’ +...= .
I-¢

Orcrona S(x) =@S(t) dz:] (lfx:j 0 —lx)Z’ a S(qz) =m. OTkyza

2
K(z)=—2 (2.17.7)
(1-gz2)"
BocnonezyeMcst  Tenepp  npousBonsiied  ¢yHkuumert (2.17.7) nans
BBIYUCJICHUS YUCTIOBBIX XapaKTEPUCTUK CIyYaitHOW BETUYUHBI X:

(Z)_2p—q K'(1)=—2£9_ 2P 24 M(X); (2.17.8)
(1-gz)’ (1-g)
) 6 , 6 2 2 6 2 2 6 2
K'(z)= 329 gy =SP4 LI 2T py(x*)-M(X),
(1-gz)* (I- q) p p
OTKyJIa CJIETYET, U4TO

2 2

M(X?)=K"()+ K'(H 612+2?q:—6q ;qu. (2.179)

[To popmyne (2.17.3)

D(X)=K")-[K'(D] +K'(1) 6q"_ (2_4] L 2q 2¢°+2pgq

*\p p P’
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2 2

2q(q+p) _24 5x)=+2q/ p.
P’

Janee

2 3 2 3 2 3 3

(1-gz)° -9 PP
ITo hopmyne (2.17.4) Beruncnsem
, vy 2447 697 2q 244 +18pq’+2qp’
M(X)=K")+3K"()+K'(B I +3 -+ = - .

p P p
Tak kak

M()}3):M[X—M(X)]3 MX’ -3M(XHM(X)+ 3M(X)[M(X)] -
M(X)T}y M(¥)-3M(X*)M(X)+2[M(X)T,
TO ¢ yueroM (2.17.8) u (2.17.9) umeem
. M()&:) 244° 118p3q2 +2qp° _36(]2 +2pgq _2_q+2(ﬂ]3 _

2

P p \p
_2qQ2¢" +3pg+p’) _292-p)
P’ p’

VYuuThiBas 3T0 MoJiydaeM 3HaueHue K03 PpuMenTa acuMMeTpuun
4k 292-p)p’ 2-p l+g

C o pafg g 2g

1
Omesem. M(X)=22; pory=24; 4 =124
p P’

oa

3agaua 2.90.1. B Bapmanrax 1, 3, 5, 7, 11, 13, 15, 17, 21, 23, 25, 27:

cllydaiiHasi BelTMuruHa X UMEET FreOMETPUICCKHIA 3aKOH PacIpeIeTICHUS:
P(X=k) pgstnep+q 1, k=0,1,273=.

(X — »9TO, HampuMmep, YUCIO HE3aBHUCUMBIX OIBITOB JI0 MEPBOTO MOSBICHUS
COOBITHS, €CJIM BEPOSITHOCTh MOSIBICHUS COOBITUSI B OJIHOM OIBITE paBHA p,

MIPUYEM OTBIT, B KOTOPOM COOBITHE MOSIBUIIOCH, HE CUMTAETCS).

B BapmanTax 2, 4, 6, 8, 12, 14, 16, 18, 22, 24, 26, 28: caydaiiHada

Beau4MHA X UMEeT FeOMETPUUCCKUN 3aKOH pacIpeaeICHHUS
P(X=k) p‘esrnep+q 1, k=0,1,23=.

(X — 9710, HampuUMep, YUCIO HE3AaBHUCUMBIX OIMBITOB 0 MEPBOTO HEMOSBICHUS
COOBITHS, €CJIM BEPOSITHOCTh TOSIBICHUS COOBITHUS B OJIHOM OIIBITE paBHA p,

MIPUYEM OTMBIT, B KOTOPOM COOBITHE MOSIBUIIOCH, HE CUMTAETCS).

B BapuanTax 9, 10, 19, 20, 29, 30: ciyyalinas BennunHa X UMEET 3aKOH

pacrpeeneHus:
P(X=k) pg"',tmep+q 1% 123,...
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(X — »9TO, HampuMmep, YUCIO HE3aBHUCUMBIX OMNBITOB /10 MEPBOTO MOSBICHUS
COOBITHS, €CJIM BEPOSITHOCTh MOSIBICHUS COOBITUSI B OJIHOM OIIBITE paBHA p,
MIPUYEM OTIBIT, B KOTOPOM COOBITHE MOSIBUIIOCH, CUUTAETCS).

Haiinure M (X)), D(X) u xos3ddunuernt acummerpuu A;.

(Cm. mpumepsr 2.94, 2.95; p=0,ln, rne n — nocaeanss uudpa HoMmepa

BapmaHTa, a B Bapuantax 10, 20, 30 » — nepBas nudpa Homepa BapuanTta.) (Cm.
npumepsl 2.90.1, 2.90.2.)

3agauya 2.90.2. CnyyaitHas BenuunHa X UMEET 3aKOH PACIpEACICHHUS:
k 2
P(X k) (k+2)p'q

(2-p)
C nomoursto npousBoasiieit pynkuuun Haiigute M (X) u D(X).

,tnep+q 1, k=0,1,2,3=~.. .

[e'e] 2_
Vkasanue. Bocnomsyitrech rem, uto Y (k +2)x" = 1 mpu | x|<1.

2
k=0 - )

(Cm. mpumepst 2.94 u 2.95, p =0,1n, rae n — nocneguss nudpa HoMmepa

BapmaHTa, a B Bapuantax 10, 20, 30 » — nepBas nudpa Homepa BapuanTta.) (Cm.
npumepsl 2.90.1 u 2.90.2.)

2.17.2. Npeo6pasosaHue Aanaaca

JIns HenmpephlBHOM M HEOTPULATEIIBHOM CIy4YailHOM BEJIWYUHBI POJIb
MPOU3BOJIAIIEH PYHKIIUM MOXKET UTpaTh peoOpazoBanue Jlamnaca.

IIyctb X — HenpepsIBHAs, HEOTpULATENbHAS Cly4yaWHas BEJIWYHMHA C
byukuueit pacnpenenenus F(x). Torma
o(s) M(e™y [e™dF(xy [e™f(x)ex (2.17.10)
0 0

Ha3bIBaeTCs npeodpazosanuem Jlannaca 1ist 3toro pacnpeneneHus. (PakTuuecku
poiis BenmuuuHBI z B dopmyre (2.17.1) urpaer Benuumaa e . [IpemmymiecTBo

TAaKOTO BEIOOPA COCTOHT B TOM, uTo ¢* = ee”.

o0

OtmetnM, 910 ') —J.x e "dF (x) u ¢"(s)= J‘xze_‘”‘a’F (x). Tostomy
0

0

[e'e] [e'e]

~¢'(0) [xdE(x) M(¥),a¢'(0) [¥dF(x) M(OE)n
D(X)=M(XF-[MX)I" ¢"(0)-[¢'(O)]. (2.17.11)

[IpousBoaHas n000ro mopsijika ot npeodpazoBanus Jlamnaca cBsizaHa ¢
HAaYaJIbHBIMA MOMEHTAMU CIIYYaiHOW BETUIMHBI COOTHOIICHHEM

¢"K0) (-1)"M(X"). (2.17.12)
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['oBopAT, 4TO ciy4aliHas BenuuMHA X HUMEET eamMa-pacnpeoeienue ¢
napamerpamu o >0 u A >0, ecimi ee QyHKIUS TUIOTHOCTH BEPOSTHOCTH MMEET
BUJI

s x* e mpum x>0,
f(x)=9T(a) (2.17.13)
0 npu x < 0,
rae ['(a) — Ttaxk Ha3piBaemasi ramma-(QyHKIUs OWepa, KoTopas OpH IEIbIX

MOJIOKUTEIBHBIX oL TpuHUMaeT 3HaueHus ['(a) =(a —1)!.

Ipumep 2.91. CnyuaiiHas BenuunHa X HWMeEeT (YHKIUIO IUIOTHOCTH
BEPOATHOCTHU

J(x)= %3 xe™

(ramma-pacnpenenenre ¢ napamerpamu o =3 u A). TpeOyerca nHaiitu M (X)),

mpu x>0 u f(x)=0 mpu x<0

D(X) u ko3ppuiieHT acuMMeTpun A;.
Pewenue. CootrBeTcTBYyIOIIEE ITPpEe0Opa3zoBanue Jlammaca uMeeT BU

AT AT
o(s) —Je‘”x2 e dx —sz e i dx
2 0 2 0
(MHTETpUPYEM MO YACTSIM)

=<u =x*, =du 2Dxde dv e dx, v —e_(x”)x/(X+s)>=

3 2 ©
_ 7\'_ X o+ ® + 2 J‘x o g | =
21 s+A 0 s+Ay

(mepBoe ciaraemMoe B CKOOKE paBHO HYJIO, TaK Kak e
yObIBaeT OBICTpEE, YeM PACTeT X°)

AT
_ J‘xe (HM)x o
s+AY

"X ¢ yBenuueHneM x

(MHTETPUPYEM €I1IE Pa3 IO YACTIM)
= <u =x, du d, & " Vdx, v —e " /(h+ s)> =

A x B 1 7 _ /S
_ _ e (s+1) x n J‘ e (s+x)xdx _ J‘e (s+x)xdx _

CsHAl s+ 0 s+Ay (S+7\,)20
_ 7\‘3 T —(s+\) x 7\‘3 1 —(s+A)x || 7\'3
_(s+x)2je el R " T ANy
0
BBI‘-II/ICJ'II/IM HadaJIbHBIC MOMCHTDLI pacr[pez[eneHI/IH:
3
(s+0)*

o(s) = (0= % M(X):

166



123 12 )
"(5)=—"—, "(0)=—==M(X?),
?'(s) 1A ¢"'(0) 2 (X7)
[I03TOMY
12 (3) 3 V3
D(X):P—(X% P, a G(X): T
Hanee
60 1° 60 ;
" - _ " 0 :—:M X .
Ps) 1A ¢"(0) e (X7)

Bprancinnm neHTpaIbHBIE MOMEHT TPETHETO MOPSAKA:

Hy 1\/1(5()3=M[X—f\ﬁé)()]3 M{X® =3X’M(X)+3X[M(X) -[M(X)]'} =
=M (X*)=3M(X*)M (X)+3M(X)[M (X)) -[M(X)] =
MO AM X ;60 4123 (3) 6
=M(X)=3MXMX)+2 MO 535 x+2(xj .
IToaTomy
A=p,/c H6/17):(3-1/0) =243/3.

Omeem. M(X):%; D(X):%; A, =2.3/3.

3agaua 2.91. CnyuvaitHasg BennurHa X MMEET ramMMa-paclpeeieHUue ¢
¢dbyukuueit miotHocTu BepositHocTH (2.17.9). Haiimute M (X), D(X) u

kod(ppunneHT acummerpun A;. B HedeTHBIX BapuaHTax oL =2, B YETHBIX oL =1.
(Cm. mpumep 2.91 u ucxoaHbIie TaHHBIE. )
Hcxoonvie oannvie k 3a0aue 2.91.

Ne A No A No A No A No A No A
1 1/2 6 1 11 | 3/4 | 16 3 21 2 26 | 2/9
2 1/3 7 1/3 12 1/5 17 | 1/10 | 22 1/8 | 27 5
3 1/5 8 2 13 | 2/5 18 4 23 3 28 1/9
4 2/3 9 2/3 14 1/4 | 19 1 24 | 2/5 | 29 6
5 1/4 | 10 12 | 15 1/8 | 20 5 25 4 30 | 1/10
IIycts X, X,,...,X,,... — TIOCIENOBATCIIBHOCTb  HE3aBUCUMBIX

HEOTPHIIATEIbHBIX OJMHAKOBO PACIPEACIICHHBIX CIIYYalHBIX BEJIMYUH C
npeoOpazoBanuem Jlamnaca

0
—sX —8x
0.(s) ME™) [e2dF(x),
0
H IIYyCTb N — HCOTpHULATCIIbHAA MLCJIOYHUCICHHAA cnyqaﬁHaﬂ BE€JIIMYHHA,
HE3aBUuciAasa OT BEINYUH )(i, H UMcCromas rnmpons3BoaAIyO (bYHKI_[I/IIO
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g(2)=Y 2"p, = M(2").

Haiinem npeoOpasosanue Jlamnaca ot Benmunsbl W =X, + X, +...+ X,
ITo onpenenenuto

(PW(S): M:ée—sW% A/iL_[M(e—s(X1+X2+..,+Xn) /N 7’1)]

=D ¢"(HPEN n) gle(2)]. (2.17.14)
n=0
Ipumep 2.92. Ilycts X, X,,...,X,,... — TOCIEA0BaTEIbHOCTb

HE3aBUCHUMBIX HEOTPUIATENBHBIX OJMHAKOBO pPACIpEAeNeHHBIX CIIy4alHbIX
BEIMYMH C (YHKIMEH IUIOTHOCTH BeposiTHOcTH f(x) =pexp(—px), pu>0,
x20. U mycts N — HeoTpunaTenpHas LEJIOYUCICHHAs ClOyJailHas BeIMYWHA,
HE3aBHUCAIAS OT BEIMYUH X;, M HMEIOMAs IyaCCOHOBCKUI  3aKOH
pacmpeneneHus ¢ IapaMeTpoM  A. JIns  ciydyaHOW  BEJIMYMHBI
W=X+X,+...+ X, tpeOyerca Haiitu M (W) u D(W).

Pewenue. TTponsBosimasi pyHKINS TyaCCOHOBCKOTO 3aKOHA pacTpeIeNICHHs
paBHa

0
n
g(2)=> z"p,
n=0
[IpeobpazoBanue Jlamnnaca moka3zaTeabHOTO pacipeeeHus paBHO

¢, (s) J:e pe "dx =—— H
S+

n 7"n S g (zL)" JRACS)
v nz(; _ '

[ToaTomy o dhopmyiie (2.17.14) umeem

(PW(S) =z[o(2)] :@Xp|:7\,(L j:| %Xp(— AS ]
S+H s+1u

Tak xak ¢/ (s) :exp(— As ]( _Mlzj, a
s+p )\ (s+n)

2 2
o(s) exp| L || AR, 2w
s+pu )\ (s+u)°  (s+p)
TO

MO¥)=-0,@®) /4w u DOV)=0!(s)~ [0, (O)F _(ﬁ_ﬁ_ﬂ_@ 2

Omeem. M(W) = i, D(W) =2—};.
M M
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3amaya 2.92. PasMepsl BBIIUIAT CTPAXxOBOM KOMMIAHUU OOpa3yroT
MOCIIEIOBATENBHOCTh OJAWHAKOBO PACHPEICICHHBIX HE3aBUCHUMBIX CIIyYaWHBIX
BEJIMYMH ¢ PYHKIMEN MIIOTHOCTH BEPOSITHOCTH
f(x)=a’xexp(-ax), a>0, x>0.
I[Iyctb N — umcimo Takux BbILIAT UMeeT pacnpeneneHue Ilyaccona c
napaMmerpoM A. Haiinure maremaTudeckoe OXUIAAHUE U JUCIHEPCUIO CYMMBI
sTux BeIIAT. (CM. mpumep 2.92, a — HOMEpP BapUaHTA.)

2.17.3. XapakTtepucTuieckme oyHKUUU

3ameHa z Ha e’ B OMpENEICHUH MPOW3BOAAIICH (DYHKIMH TO3BOJIIIIA

paccMaTpuBaTh HCIIPCPBIBHBIC HCOTPULIATCIIbHBIC BCINYMWHEI. BBIFOI[& OT TaKkoM

3aMeHBI COCTOMT B MYJIbTHILIMKATHBHOM cBoiicTBe: e ") = ¢ e ™ . Takum xke

CBOMCTBOM 00JaJaeT M NOKa3zarejabHas (YHKIMS YUCTO MHHMMOIO apryMeHTa,
KOTOpas ISl IE€MCTBUTENIBHBIX X ONPEIESETCS PABEHCTBOM:

e™ = cos(xz) +isin(xz).
Xapaxmepucmuueckou  ¢@yukyueu @©(z) choydailHOM BenWYuHbl X

Ha3bIBAETCAd KOMIUIEKCHO-3HauHasi (PYHKIUsA, oOmNpeaeiaeHHas npu z € R
COOTHOIIIEHUEM

o(z) M(E™¥ M[cos(zX¥+isin(zX)].
Ecmu F(x) — QyHkuus pacnpeneneHus ciiy4ailHoi BeTUYUHbI X, TO

qa:f&vwm. (2.17.15)

CymecTBoBaHME HHTETpajna, ONPEAEISIIONIET0  XapaKTEPUCTUUYECKYIO
(YHKIHMIO, BBITEKACT M3 HEMPEPHIBHOCTH (DYHKIUHU €™ U ee OrpaHHYeHHOCTH:

’ eizx
X ¥ UX BEPOSITHOCTSIMU py. 3anuCh (2.17.15) pacmmdpoBbIBaeTCs Kak
o(z)= Ze’x"zpk. (2.17.16)
k

Jlnst HempepbIBHOM ciaydailHOW BenuuuHbl X ¢ (QyHKIUEH TUIOTHOCTH
BEPOSITHOCTH f(X)

I<1. [dnst AMCKpeTHOW ciydailHOM BEIMYHMHBI X C BOBMOXHBIMH 3HAYEHUSIMU

o(2)= [ € f(x) dx. (2.17.17)
IIpumep 2.93.1. Ilycts ciywaliHas BennunHa X MMEET IyaCCOHOBCKHUM
k
3aKOH pachpeneneHus, T.e. P(X :k):%e*, k=0,1,2,.... Torma 1o

dbopmyne (2.17.11)
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0 k © iz\k
o(z) =M (&%) =Ze’%‘%e-’~ e‘kzo‘e') exp{Me” =1}, (2.17.18)
. k=0

=0 k!

Ipumep 2.93.2. Ilyctp X ~ N(0,1). Torga B cooTBeTCTBUM C (POPMYIIOit
(2.17.12)

o(z) M(e™) ﬁ jL exp(izx)exp(—x / 2)dx.

BmecTo HemocpeaCTBEHHOTO BBIYMCIICHHS] MHTETpalia, KOTOpoe Tpelyer
CHEIUATHHOW MAaTeMAaTHYECKOW TEXHWKH, HaWJEeM €ro BEIMYHHY KOCBEHHBIM
CII0COOOM. 3aMeTHM, YTO

9'(2) ﬁiixexp(izx—zxz/bdx _F;iexp(m)d{exp(—xz/z)}.

[lonmydyenubrit uHTErpan OepeM N0 dYacTsAM, monaras u =exp(izx) u
dv=d{exp(—x"/2)}:
I} _l . 2 o0 z i . 2
(2) ——exp(izx)exp(—x~/2)| > ——— | exp(izx —x=/ 2)dx —z@(z),
¢ = coxp P | = Jw p ¢
(mepBoe ciraraeMoe paBHO HYIIO Tak Kak |exp(izx) <1, a exp(—») =0).

B wurore i HMCKOMOM XapakTepuUCTHUECKOW (YHKIMU MOJdydaem
ypaBHEHUE, KOTOpoe Mnpu HauanbHOM yciaoBuu @(0) =1 umeet pemieHue

o(z) =xp(—z°/2). (2.17.19)

[TogoOHBIM k€ 00pa3oM MOKHO IOKa3aTh, YTO 3aKOH pacrpeeleHus
N(m;c”) uMeeT XapaKTepPUCTHUECKYIO (DYHKIIHIO

o(z) exp(imz=z’c"/2). (2.17.20)

Ceoticmea xapakmepucmudeckux QyHKyui.
1. (0)=1, |9(z)|<1 nns Bcex BEUIECTBECHHBIX Z.
2. Ecim cymectByer M (X") — MoMeHT mopsiaka #, TO QyHKIUsI ¢(z)
HMMEET /1 HETIPEPBIBHBIX MPOU3BOJIHBIX U
¢ (0) ="M (X").
3. llycts Y=aX +b, rne a u b — mNoOCTOAHHBIE BEJIUYUHBI, a X UMEET

xapaktepuctudeckyro ¢yHkuuio ¢ (z). Torma xapakrepuctudeckas (yHKIHS
CIIy4ailHOM BEJIMYHUHBI ¥ UMEET BUJT

\V(Z) — M@izY ): M@iz(aXH))) eisz(eiazX) eiZb(P(ClZ).
4. Xapakrepuctuieckas (GyHKIHSI OJJHO3HAYHO OMpEJENsIeT pacnpeaeieHue
CIIy4ailHON BEJINYMHBI.
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5. Ecin X} u X, — He3aBUCHMBIE CITy4aliHbIE BEIMYMHBL, & @,(2) U @,(z) —
UX XapakTepuctuueckue (QYHKIMH, TO XapaKTepUCTUYECKash (PYHKIUS CYyMMBbI
Y = X, + X, paBHa NpOU3BEACHUIO XapaKTEPUCTUIECKUX (DYHKINH Cl1araeMbIX:

v(z) =0,(2)0,(2)-
DTO cieAyeT U3 TOro, YTO B CHITY HE3aBUCUMOCTH CIIaraeMbIX
v(z) Miexpliz(X,+ X,)8 M {exp(izX,)exp€izX,)}
=M w@xp(izX,) ;M {exp(izX,)} - ¢,(2)0,(2).

MoxHO TOKa3aTh, 4YTO MAJisl JHOOOTO KOHEYHOTO YHCIa HE3aBUCHUMBIX

CllydaiiHbIX BenuuuH X, X,,..., X, XapakTepuctudeckas (YHKLIHS HUX CYMMBI

X, +X,+...+ X, paBHa @POU3BENCHUIO XAPAKTEPUCTUYECKUX (DYHKIIUIA

cJlaraCMbIX.

HMpumep 2.93.3. Cinyualinple BeauuuHbl X U Y HE3aBHUCUMBI U UMEIOT
IyaCCOHOBCKHE 3aKOHBI  paclpeliefieHdss C TMapaMeTpaMu A; U A

k k
COOTBETCTBEHHO: P(X :k):%qg*l =P&F k) %e“, k 1,2,3,....

TpeOyeTcs HallTH 3aKOH pacrpeeNeHus cliydailHoi BeTuuuHbl X + 7V .
Pewienue. Cornacuo dopmyne (2.17.18) xapakrepuctuueckue (PpyHKIUU
CIIy4YalHbIX BEIMYUH X U Y UMEIOT BUI:
¢,(z) =M (=) exp[A(e"~D] u 0,(2) =M(e=) exp[h,(e” ~1)].
CyMMe HE3aBUCHUMBIX CIyYalHBIX BEJIMYUH COOTBETCTBYET MPOU3BEICHUE
Xapakrepuctuueckux  (pyHkumii  cmaraemsix. Ilostomy X +Y  umeer
XapaKTEPUCTUUECKYIO (PYHKIUIO

exp[2, (e —D]exp[r,(e” —1)] exp[(%, +1,)(e” ~1)].
Omeem. X +Y wWMeeT TMyacCCOHOBCKMH 3aKOH pAaCHpENECICHUs C
apaMeTpoM A, +A,.
[lommydyeHHBI1  pe3yabTaT  HW3BECTEH Kak  (QaKT  ycmouyueocmu
NYaccoOHOBCKO20 3aKOHA pacnpeoenenus. ITOT pe3ynbTaT MOXHO 00O0LIUTh Ha
CYMMY JIFOOOT0 KOHEUHOT'O YHCJIa TyaCCOHOBCKUX CIIyYaiHBIX BEINYMH.

Teopema. Eciu cayuatinvie eenuuunvl X; u X, Hezasucumvl u umerom
coomeemcmeenno Hopmanvivle 3axkonvl pacnpederenus N(m;c7) u N(m,;c5),
mo ux cymma X, + X, AMeeT TOKe HOPMaJIbHBII 3aKOH PaCIpeNCICHHUS

.2 2
N(m, +m,;c; + ;).
L2 .2

Hokxazameanvcmeo. llyctb X, ~N(m;;67) n X, ~N(m,;c;). Ux
XapakTepucTuieckue GyHKIIMU B COOTBETCTBUU C (popmyrion (2.17.15) umeroT Bu

o 2 2 N
0,(z) exp(imz—oc.z°/2) u ¢,(z) exp(imz—ociz"/2).
Torna xapakrepuctudeckas QyHkuus cymmsl X, + X, :
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v(z) @ €)0,(2) exp(imz—ociz’/2)exp(imyz —c3z° /2) =
=expli(m, +m,)z— (o} +03)z" / 2}.

A 5To 1 o3Hayaer, 4to X, + X, ~ N(m, +m,;G; +G3).

3agaua 2.93. CiyuaiiHas BenumunHa X wuMeeT (YHKIUIO TUIOTHOCTH

1
BEPOSTHOCTH: B BapuaHTax 1, 6, 11, 16, 21,26 f(x)= Ee "' (3aKoH pactpe/eneHus
Jlanmaca Wiy ABOMHOE SKCIIOHEHIIMAIBHOE paclpeielieHue); B BapuaHTax 2, 7,

12, 17, 22, 27 f(x) :;2 (3akoH pacmnpenenenus Komm); B Bapuanrtax 3,
T

(I+x

8 13, 18, 23, 28 f(x)= Ae ™, x>0, A>0 (mOKa3aTeNbHBIH 3aKOH
pactipenenenusi). JluckperHas ciaydyaliHas BeJIMYMHA MUMEET paclpejiesieHue: B
BapuaHTtax 4, 9, 14, 19, 24,29 P(X =k)= qu_l, k=12,3,... (reomeTpudecKuii
3aKOH pacipeselienns); B BapuanTax 5, 10, 15, 20. 25,30 P(X =k)=C'p*q"™*
k=0,1,2,3,... (OMHOMHUAJBLHBIM 3aKOH pacIpeIeICHH).

Haiinute xapakrepucTudeckyro (QYHKUIUIO CIydalHOHM Benu4uHbl X U
XapaKTEPUCTUUYECKYIO PYHKIIUIO CIydyalHOU Benuuunbl ¥ =aX +b, rneau b —
nocrossHHbIE. (B BapuanTtax ¢ 1 mo 9 BenuuuHbl @ U b — HOMEp BapuaHTa, B
Bapuantax ¢ 11 mo 30 a — mepBas udpa HoMepa BapuaHTa, b — MoCIeaHsA
nudpa HoMepa BapuanTa.) (Cm. mpumepsl 2.93.1, 2.93.2,2.93.3.)

Hpumep 2.94. CiyyaiiHasi Ben1uunHa X; IMEET 3aKOH PacIpeIeICHUS.

Xi -5 0 5
P 0,25 0,5 0,25

TpeOyercss HaWTH XapaKTEPUCTHUUECKYIO (PYHKIMIO 3TOM CilydailHON
Benn4yuHbL. Mcrone3ys CcBOWMCTBA XapaKTEPUCTHYECKMX (DYHKIMN, HANUTH
XapaKTePUCTUYECKYI0 (YHKLIUIO CIIydalHOM BenmuumHbBl Y =X, + X, +...+ X,

moJiarasi cliaraéMble HE3aBUCHUMBIMHU. VICTIONB3ysl 3amuch XapaKTePUCTUIECKON
¢byukiuu, Haittu M (Y) u D(Y).
Pewienue. Tlo popmymne (2.17.16)
0. (5 €°7:0,25+e":0,5+e7-0,25 0,51+ (e +e%£)/2] (1+cos5z)/2.
[ToaTomy xapakTepucTrdeckast QyHKITUS CIIyIaitHON BETUIHHBI ¥ UMEET BUT
¢y (2 (+cos5z)"/2".

Jlnst Beruncnenust M (Y) Haxoaum

d(PC; (2) =n(1+cos5z)" ' (-sin5z)5/2".
/4
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[locnennee Bwipaxkenue npu z =0 paBHO Hy0. [0 cBOMCTBY 2 3TO O3HAYAET,
yto M (Y)=0. Tak kak BTOpas mpou3BOJHAS XapaKTEPUCTHUECCKON (YHKIINH 11O

Z paBHa
2
9,2 ;pyz(z) = —;—I:((n —1)(1+cos5z)"*(—=sin5z)* +(1+cos5z)" " cos5z - 5).
4

npu z=0 paBHa —25n/2=(i)’25n/2, To W3 cBoiicTBA 2 CIEAyeT, YTO
M (Y?)=25n/2. Tlostomy
DY)=MY*)-[MY) ] =25n/2.
Omeem. ¢,(z (14+co0s5z)" /2", M(Y)=0, D(Y)=25n/2.

3agaua 2.94. [Ipon3BOASTCA HE3ABUCUMBIE OIBITHI, B KAXJIOM U3 KOTOPBIX
P(A)=p,a P(A)=1- p =gq. llycts J; — uHIUKATOp MOSIBIICHUS] COOBITUSL A B
i-M OIIBITE, T.€. J; UMEET 3aKOH paclpeaeIeHuUs:
J; 0 1
P q p

[lyctes TpeOyercss HAWTU XapaKTEpUCTUUECKYH0 (YHKIUIO ClydailHOM
BEJIMYMHBI X, KOTOpasi paBHA YKCIY MOSIBJICHUU COOBITUS A B 7 HE3aBUCHUMBIX
onbiTax. Haliure XapakTepuCTHYECKYH0 (DYHKIMIO CIIy4yalHOW BEJIMYUHBI J;.
Ucnons3yst ee cBoiicTBa, HAWAUTE XapaKTEPUCTHUECKYIO (YHKIHMIO CIy4alHOMN
BennuuHbl X (X MOXHO MNpeNCcTaBUTh B BHUAE CYMMbl HHIUKATOPOB, T.€.
X=J +J,+J,+...+J, . C nomoupro XapaKTepUCTUIECKON (PYHKIIUN HAWTUTE

M(X) u D(X). (Cm. npumep 2.94, n — HOMEp BapuaHTa 1uitoc 3.)

Ipumep 2.95. Tpebyercss HAWTU XapaKTEPUCTUUYECKYIO (PYHKIIHUIO
ciyuaiiHoll BemwumHbl Y =X+ X +...+ X, rhae Bce X; HMMEIOT 3aKOH
pactipenenenuss  N(0,1) He3aBucMMBI B COBOKyHHOCTH. C  MOMOIIBIO
xapakrepuctuyeckor pyukiuu Haitu M (Y) u D(Y).

Pewenue. HaiiieM cHadana XapakTepHCTUUECKyl0 (yHKIHMIO 111 X, B
COOTBETCTBUU ¢ popmyoii (2.17.7)

X’z 1 T ix’z _—x%/2
o(z) Me™ T:} e e Pdx
21 7,

1 I P 2 (194 2
_ J pE VD g (1-2i2)x 12,
2n

1 0
— | e
VT =, 27 _'[0
dt
[Tocne 3amensbl nepeMeHHbIX 1 —2izx =t , dx =———= nony4aem
V1 -2iz 7

R =(1-2iz) "7,

oz ———=l e
N1 —2iz \/ﬂ_w
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0

— 2 [v3 ~
Je “Pdt=1. U3 cBoiicTBa 5 XapaKTepUCTUUYECKUX (yHKITHiL

1
Vo,

CleMyeT, uTO  ciydaiiHas ~ BeqmumHa Y =X+ X, +...+X.  umeer

TaK KakK

XapaKTEPUCTUUECKYIO (PYHKIUIO
_ . N\—n/2
¢y (z2)=(1-2iz)™"".
JIns BBIYMCICHHS YHCIIOBBIX XApaKTEPUCTHUK CIyYalHOW BEJIWYUHBI Y
HaiiiIeM CHayaja IEePEeBYI0 W BTOPYIO IMPOU3BOJAHBIE XapPAKTEPUCTUUECKOU
byukuu npu z =0

0 (2) in(1=2iz) 2

=0 — n,

Ol(z) Fn(n+2)(1-2iz) = |, (n*+n).
910 o3Hayaet, yto M (Y)=n, D(Y)=2n.
Omesem. ¢, (z)=(1=2iz)™*, M(Y)=n, D(Y)=2n

3agaya 2.95.1. CnyvaiiHas BennunHa X MMEET HOPMAJbHBIA 33aKOH
pacnpenenerus N(0,6°). HaiiquTe XapakTepucThdecKyro (YHKIMIO 3TOi
ciyyailHOM BenuuuHbL. HaliguTe xapakTepucTUyecKyro (YHKIHIO CIydaiHOM
Bemmuuubl Y = X[+ X, +...+ X}, rae Bce X; MMEIOT 3aKOH pPaclpejie/icHus
N(0,6°) u He3aBHCHMBI B COBOKYMHOCTH. 110 XapaKTepHCTHUECKOH (yHKIHHU
CIIy4YallHOM BEIMYMHBI ) HAMAUTE €€ MAaTEMAaTUYECKOE OKUIAHUE U JUCIEPCUIO.
(Cwm. mpumep 2.95, 6> — HOMep BapHaHTa IUTIOC OfIHH. )

3apaua 2.95.2. CnyudaiiHas BenuuumHa X HUMeEeT (PYHKIHUIO IUIOTHOCTH
BeposTHOCTH [ (x)=Aexp(n—Ax) mpu x>n u f(x)=0 npu x<0. Haiigure
XapaKTePUCTUUYECKYIO (YHKIUIO A3TOW ciaydallHOM BennyuHbl. C MOMOIIBIO
xapakrtepuctuaeckoil pynkimu Hainure M (X) u D(X). (Cm. npumep 2.95, n —

HOMEp BapuaHTa B HEUYCTHHIX BapHaHTaX M HOMEP BapHaHTa CO 3HAKOM MHHYC B
YETHBIX BApHUAHTAX.)

Ipumep 2.96. CnyuaiiHas BenuunHa X HUMeET (YHKIUIO IUIOTHOCTH
BEPOATHOCTHU

A
f(x):Eexp{—X|x|}, rae A > 0. (2.17.21)
TpeOyercss HaWTH XapaKTEPUCTHUUECKYIO (PYHKIUIO STOM CilydallHON
BenuuuHbl U ee M (X) u D(X). TpeOyercs Tak:ke HAWTHU XapaKTEPUCTUUECKYIO

dynkimio ciyuaiinoii BemuumHbBl Y = X[ + X, +...+ X, THe BeIMUMHBI X;

HE3aBUCHUMBI U UMEIOT pactipeneneHue (2.17.21).
Pewenue. Haiinem cHauana XapakTepUCTHUECKYIO (PYHKIIHIO:
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0 (z) M )= % _[ ee M dx=

—00

0 oo
J ixz kxdx+ J ixz —A.xdx & 1: eixzekx (ioo +& : 1 eixze—Kx 80 —
M 29 2\ A+iz 2\iz—\

(Tak Kak |e™ [<1, To paBEHCTBO MOKHO MPOJOIKUTE CIEAYIOIMM 00Pa3oM)

Ao A 1 Ao 1 %
= — —0 +— 0_ :_ + = 2 2°
2\ A +iz 2 iz—MA Aiz A—iz A +z

20z 61’ z> — 204
Torna ¢ H2) _m—zz)zﬂ Oy (z )_(T) Otkyma ¢,(8) 0 M(X),
¢, (0) :;—i izzé M (X?), mostomy D(X)=2/)\%

XapakTepucTudeckas (QyHKIMS CiIydaiiHoi Benwmuuusl Y = X + X, +

e Y (Y
[0 (3] —(mzzl (132] -

2

Omeem. (pX(z)z%, M(X)=0, D(X)=2/)\%,
+z

(PY(Z:) (1+F] .

3agaua 2.96. CnywaiiHas BenuunHa X HMeeT (PYHKLUMIO IUIOTHOCTH
BEPOSTHOCTHU

+...+ Xj UMeEET BU:

f(x):%exp{—Mx—aH, rae A >0, ae(—o0,0). (2.17.22)

Hailinute xapakTepucTUyeckyro (DYHKIIUIO 3TOM CIy4ailHOW BEJIUYUHEI, €€
M(X) u D(X). Haiinure Takxke XapaKTepUCTHUECKYI0 (YHKIHIO CIy4alHOMN
BenuuuHbel Y =X, + X, +...+ X , rae BeauuuHbl X; HE3aBUCUMBI U HMEIOT

pacnpenenenue (17.22). (Cm. npumep 2.96, a — HOMEp BapHaHTA.)
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3. MATEMATUHECKAS CTATUCTUKA

3.1. Tode4YHble O EeHKHU

3.1.1. CBoUcTBA OLLEHOK

ITycts caydaliHas BeIMYMHA MMEET HEHM3BECTHYIO XapaKTEPUCTUKY d.
Takoll XapaKTepUCTUKOM MOKET OBITh, HAIpPUMED, 3aKOH pacIpeAccHHUs,
MaTeMaTH4eCKOe OXKUAAaHUEe, IMCIEPCHs, IapaMeTp 3aKOHa pacIpeselcHu,
BEPOSTHOCTb  ONPENENCHHOIO 3HAa4eHHs CIIydailHOM BEIUYMHBI M T.I.
[IponabmonaeM Ciy4aliHyl0 BEIMYHMHY 71 pa3 M IOJIyd4UM BBIOOPDKY H3 €€
BO3MOXHBIX 3HaueHuil X,,X,,...,X, . B BbIOOpPKe cKkpbiTa HH(pOpManus 00

UHTEpecyloled Hac XxapakTtepuctuke. s momydeHus 3Tol umHOpManuu
HEOOXOJUMO TOABEPrHYTh pE3yibTaThl HAOIIOJIEHUN  COOTBETCTBYIOIICH
obpaboTke.

CymiectByeT ABa MOAX0/1a K PEIMICHHIO 3TOM 3a1a4n. MOXKHO IO pe3yabTaTaM
HAOJIIOJICHUI BBIYHUCIUTD MNPUOJIMAKEHHOE 3HAUEHUE XAPAKTEPUCTUKU, 4 MOXKHO
YKa3aTh LEJIbIil MHTEPBAJI €€ 3HAYECHHI, COTJIACYIOIIMXCA C ONBITHBIMU JIaHHBIMU. B
MIEPBOM CJIydae rOBOPST O TOUEYHOMU OLIEHKE, BO BTOPOM — 00 MHTEPBAIILHOM.

Onpenesenne. OyHKIMS pe3yJIbTAaTOB HaOJIOACHUM
a=a(X,,X,,...,X,), 3HaueHUs KOTOPOU OJIM3KHM K HEU3BECTHOMY 3HAYCHHIO

XapaKTEPUCTUKU d, HA3bIBACTCS MOUYEUHOU OYeHKOU ITON XapaKTEPUCTUKHU.

Jist ogHOM M TOM K€ XapaKTepUCTHUKU MOXKHO MPEIJIOKUTh Pa3HbIC
TOYEUHbIE OlEHKU. HeoOXoauMo HMeTh KPUTEpPUU CPaBHEHHS OIICHOK, IS
cyxnaeHus o6 ux kauectse. Onenka a(X,,X,,...,X,), Kak QyHKIMS CIIydallHBIX

pesynbratoB  Habmomenn X, X,,.... X

n?o

caMa SBIAETCS  CIy4YalHOU
BEJIMYMHON. 3HAUEHUSI @, HAWJIEHHBIE 1O Pa3HBIM CEPUSIM HAOIIOJIEHUM, MOTYT
OTJINYAThCSI OT UCTUHHOTO 3HAYEHUS XapaKTePUCTUKU @ B Ty WU APYTYIO
cTopoHy. EcTecTBeHHO mnoOTpeOoOBaTh, YTOOBI OILIEHKA CHUCTEMAaTUYECKH HE
3aBbIlIajla W HE 3aHWXkKajla OLECHUBAEMOE 3HAYEHHE, a C POCTOM YHCIA
HaOMIOJIeHU  cTaHOBWIAach Oojee TouHOM. Dopmanuzanus Ha3BaHHBIX
TpeOOBaHUMN MPUBOJUT K CIIECIYIOIIUM MOHATHUSIM.

Omnpenenenne.  OneHKa  HA3bIBACTCS  HECMEWJ€HHOU,  €CIU €€
MaTeMaTHYeCKOe OXXHIAHWE paBHO OlleHMBaemoil BenuuumHe: M (a)=a. B
MIPOTUBHOM CJIy4yae OIIEHKY Ha3bIBAIOT CMEIICHHOM.

Omnpenesnenue. OLEHKa HA3BIBACTCS COCMOSMENLHOU, €CIT TIPU YBEJTUUCHUH

quciia HaOMIOIEHUH OHA CXOMUTCS MO BEPOSITHOCTH K OIICHUBACMOW BEIIMYWHE,
T.€. JUIsl TF000T0 CKOJIb YTOJHO Majioro € >0

P(a(X,, Xy, X,)—a] <€)—22>1.
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Ecnu um3BecTHO, YTO OICHKA @ HECMENIICHHAs, TO IJII €€ COCTOSTCIILHOCTHU
JIOCTATOYHO, YTOOBI

D@(X,,X,,....X,))—=250.

[locnennee ycnoBue y100HO 1JI POBEPKHU.
B kadecTtBe Mepbl pazdpoca 3HAaUEHUMN OLIEHKU d OTHOCUTEIBHO @ MOXHO

paccmaTtpuBaTh BenmuuHy M (d—a)’. V3 1ByX OIEHOK TpearnouTUTENbHEN Ta,

JUIs KOTOPOM 3Ta BEJIMYMHA MEHbIIEe. Eclii olleHKa MMEEeT HauMEHBIIYI0 Mepy
pazOpoca cpeau BCeX OILEHOK XapaKTEPUCTUKH, TOCTPOEHHBIX IO 7
HaOII0JICHUSIM, TO OLIEHKY HAa3bIBAIOT 3(hheKmubHOll.

CnenyeT OTMETUTh, YTO HECMEUIEHHOCTh M COCTOSITEIBHOCTH SIBIISIFOTCS
XKeJaTeIbHBIMU CBOMCTBAMU OIIEHOK, HO HE BCETrJa pa3yMHO TpeOOBaTh HATMYUS
ATUX CBOMCTB Yy oOlleHKU. Hampumep, MOXeT oka3aThCs MNPEANOUYTUTEIIbHEN
OIICHKa XOTS U oOiajnamomnias HEOOJbIIUM CMEIIEHHEM, HO HMEIoIast
3HAQUYUTEIIBHO MEHBIIUN pa30opoC 3HAYEHUM, HEXKEIM HECMEICHHas OICHKA.
bonee Toro, ectb XapakTepUCTHUKHU, IS KOTOPHIX HET OJHOBPEMEHHO
HECMEIIIEHHBIX U COCTOSITEIBHBIX OI[CHOK.

3.1.2. OUuEeHKU AAS MAOTEMATUYECKOIO OXXUACQHUSA U AUcnepcuu

[lycth cayualiHas BelWYMHA MMEET HEU3BECTHbIE MaTEMaTUYECKOE
OXUAAHHE U gucnepcuto, npuueM D(X)<oco. Ecm X, X,,.... X, —
pe3yabTaThl 7 HE3aBUCUMBIX HAONIOJEHUN CIIy4yalHON BEJIMYMHBI, TO B KAUECTBE
OLICHKH [IJIi MaTeMaTUYeCKOrO OXHMJIAHUS MOXXHO TMPEJIOKUTh CpeHee
apupMeTHIeCcKoe HaOII0JaeMbIX 3HaUYCHUM

X=>X/n (3.1.1)
i=1
HecmeneHHOCTh TakoM OLIEHKU CIIELyeT U3 PABEHCTB

> x| M)

MX)=M| = —=
n

M(X).

S
3 IIE
>

n

B cuiy HezaBucumocTu HaOM01eHUI

— 1< 1 &
D(X)=D| — E X, — E:D(Xi)
nig n i

=

D(X) D(X) (3.12)
= . 1.

D(X)
n

Ipu ycnoBum D(X) <o umeem D(X)= "2% (0, UYTO O3HAYAET

COCTOSITEJILHOCTD OIIEHKU X .
JlokazaHo, 4TO JUIi  MaTEMaTHYECKOTO  OXHAAHHUS  HOPMAaJbHO
pacrpeieJIeHHOMN cilydyallHOM BeMYMHBI olleHKa X etie U 3P (deKTuBHA.
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OHCHKa MaTEMATHYCCKOI'O OXHUOaHHuA MoCpcaCTBOM CpCAHCTO
apI/I(i)MCTI/I‘IeCKOFO Ha6J'HOI[aeMI)IX 3HAUCHUMN HaBOAUT Ha MBICJIb IIPCIIOKUTD B
Ka4CCTBC OLICHKU JIsI AUCIICPCUU BCIIMINHY

D =lZ(X,. - X)%.
n- i
[IpeoGpasyem Benmunny D, 0603Hadas 11 kpaTkoct M(X) depes m:

N _ 2
D_;;[Xi—m—()(—m)] =

O ) 36 R FELC IR
n-iq n i=1

:%Zn“()(i —m)’ —(X —m)’.

B cuny (3.1.2) umeem M (X —m)> B(X) l:D(X). [TosTomy
n
M(D) :lZn:M(X,. _my =P oy PO _n=ly
ng n n n

Ilocnenusst 3amuch O3HAvaeT, 4To oneHka [ umeeT cmemienue. OHa
CUCTEMATHYECKU 3aHUXKAET WMCTUHHOE 3HAYeHUe aucrepcuu. [ns momyyeHus

o n
HCCMCUHICHHON OICHKMW BBCACM IIOINPABKY B BHJAC MHOXHUTCIA —— H

n—1
MOJIYYEHHYIO OIIEHKY 0003Ha4YUM 4epe3 52
Z(Xi_)?)z Z(Xi_)?)z
n [) — = _ i=1 _ S2.
n—1 n—1 n n—1
Bennuuna
Z(Xz - )?)2
5t == 1 (3.1.3)

SIBJIIETCSI HECMEIIIEHHOW M COCTOSITENIbHON OLIEHKOM JUCTIEPCUM.

Hpumep 3.1. OueHuTh MaTEMaTUYECKOE OXHAAHUE U JUCIIEPCHIO
ClyyallHOUM BelM4YuHbI X M0 pe3yibTaTaM €€ HE3aBUCHUMBIX HaOmtoaeHuu: 7, 3, 4,
8, 4,6, 3.

Pewienue. 1o popmynam (3.1.1) u (3.1.3) umeem

M(X)~ X 7+3+4+§+4+6:+3

. 2 . 2 . 2 . 2
D(X)~s’ :(7 :5) +(3-)5) +(;l 5 +...+(3-9) 2_65z4’17.

5;
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Omeem. M(X)=5; D(X)=4,17.

3agaua 3.1. OneHuTe MaTEMaTUYECKOE OXHUIAHUE U JUCIEPCUIO
CIly4aiiHOM BeNMMUYMHBI X MO pe3ynbTaTaM €€ He3aBUCHUMBIX HaOmoaeHui. (Cu.
npumep 3.1; B KauecTBe UCXOAHBIX JAHHBIX BO3bMUTE JIaHHBIE K 3a/1aue 3.22.)

Ipumep 3.2. /lannbie 25 He3aBUCUMBIX HAOIIOICHUHN CITy4aliHON BEIMYMHBI
MPEJICTABJIEHBI B CTPYIIIIUPOBAHHOM BUJE:

['panuner 5.7 79 9-11 11-13 13-15
VHTEPBAJIOB
Yucio ) D) 4 9 7 3
HaOJII0JICHU I

TpeOyetcst O1eHNTh MaTEMATHIECKOE OXKUIAHNE U TUCTIEPCHIO ITOH CITydaiiHON
BEJTUYHHBI.

Pewenue. TlpencraBureneM KakIOTO HWHTEpPBala MOXKHO CYHTATh €0
cepeauny. C yuetom storo dopmynsl (3.1.1) u (3.1.3) nmawoT crueayroiiue
OLICHKU:
6-2+8-4+10-9+12-7+14-3 260

25 25

M(X)~X 10,4;

D(X)zsz £6—10:,4)2-2:+(8—10,4)2-4+...+(14—10,4)23 120
24 24

Omeem. M (X)=10,5; D(X)=5.

5.

3apmauya 3.2. Ilo crpynnupoBaHHBIM JAaHHBIM PE3YyJIbTATOB HAOIIOJICHUIM
CIIy4aiiHOM BEJIMYMHBI OLICHUTE MAaTEMaTUYECKOE OXKUIAHUE U TUCIIEPCUIO ITOMN
ciyyaiiHoM BenuuuHbl. (CM. mpumep 3.2; B KaueCTBE MCXOJHBIX JaHHBIX
BO3BMHTE JaHHBIC K 3a7aue 3.12.)

3.1.3. MeToA HaMGOABLLEro NPABAOMNOAOOUA AAS OLLEHKU NAPAMETPOB
pacnpeAeAeHun

B Teopuu BeposTHOCTEH M €€ NPHIOKCHHSIX YacTO MPUXOJIUTCS HMETh
JeI0 C 3aKOHAMH PACIpEICICHHS, KOTOPBIC OIPEASIAIOTCS HEKOTOPBIMH
mapaMeTpaM. B kadecTBe mpuMepa MOXKHO Ha3BaTh HOPMAalbHBIA 3aKOH
pacnpenenenus N(m,o’). Ero mapamerpsl m # G° UMEIOT CMBICI
MaTeMaTHYCCKOT0 OXHUIAHUSA W JUCIIEPCHH COOTBETCTBEHHO. KX MOXHO
OLCHUTh C TIOMONBI0O X ® s°. B obmeMm ciydae mapamMeTpbl 3aKOHOB
pacmpeneneHusT HE BCeTJa HANpSIMYI0 CBS3aHBI CO 3HAYCHUSIMH YHCIOBBIX
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XapakTepucTuk. [losToMy mnpakTUYecKWid MHTEpPEC MPEACTABIIAET CIEAYHoIast
3a/1aqa.

[TycTtp ciyuaiinas BenmunHa X uMeeT QyHKIHIO pacupenenenus F(x,0),
npudeM TUN (QYHKUUU pacnpeleseHuss [ M3BeCTeH, HO HEU3BECTHO 3HAUYECHHE
napametpa 0. [lo qaHHBIM pe3yJbTaTOB HAOMIOAEHUI HY>)KHO OLIEHUTh 3HAUCHHE
napameTtpa. [lapameTp MOXeT ObITh 1 MHOTOMEPHBIM.

[IponeMoHCTpUpyeM HACKHD METOJa HauOOJBIIEro MPaBIONOI00HS Ha
yhnpomieHHoM npumepe. [lycte mo pesynapTaTam HaOMIOAEHUIN, OTMEUYEHHBIX Ha
puc. 3.1.1 3Be30uKaMu, HY>KHO OTJaTh NPEANOYTEHUE OJHOMN 13 ABYX (PYHKIUN
IUIOTHOCTH BeposiTHOCTH f (x,0,) mm f(x,0,).

A

f(x9 1 f(xseZ)

/

w "Ad * W bAe

v

Puc. 3.1.1

W3 pucyHka BUIHO, YTO MPHU 3HAYCHHUH Tapamerpa 0, Takue pe3yabTaThl
HAOJTFOICHUI MaJIOBEPOSITHBI U BPAJ JU OBl peann3oBaiuch. [Ipy 3HaUeHUN XKe
0, oTu pe3ynabTaThl HAOIIOJEHUN BIOJHE BO3MOXHBEL. l[lodToMy 3HadYeHHE
napamerpa 0; Ooznee mpaBaono100HO, yeM 3HaueHue 0,. Takas aprymeHTanus
MO3BOJISIET  c(hOpMYyTUPOBATh TPHUHIIUI HAUOOJBIIETO MPAaBAOMOAOOHUI: 6
Kauecmee OyeHKU napamempda 8vbloupaemcsi mo e20 3HaueHue, npu KOmopom
OauHble pe3yibmamul Haba0O0eHUli Hauboiee 8eposiImHbl.

OTOT NPUHUMI NPUBOJUT K cleayromeMy crnoco0y aeictBuid. Ilycts
3aKOH pacCHpeNeNieHUs CIyJailHOW BeTWYWHBI X 3aBUCUT OT HEU3BECTHOTO
3HaueHus mapamerpa 0. OO6o3HaumMm depe3 P(x,0) I HeNpephIBHON

CIy4yallHOM BEJIMYMHBI TJIOTHOCTh BEPOSTHOCTH B TOYKE X, a JJIsL JUCKPETHOM
CIIy4ailHOM BEJIMYMHBI — BEPOSATHOCTH TOTO, UTO X = X. Eciu B n HE3aBUCUMBIX
HAOIIONCHUAX PEATN30BAINCh 3HAYECHHs ClOy4aiHOW BenuuuHbl X, X,,..., X ,
TO BBIpOXKEHUE

L(X,,X,,....X,,0) P&,,0)P(X,,0)-...-P(X,,0) (3.1.4)
Ha3BIBAIOT (yHKyueli npasoonodoodus. BemmunHa L 3aBUCHUT TOJIBKO OT TapaMmeTpa
0 npu QukcHpOBaHHBIX pe3ynbraTax HaOmoxeHun X, X,,...,X, . Ilpu xaxaom

3HaueHUU napametrpa O dyHkius L paBHAa BEpOSITHOCTH UMEHHO TE€X 3HAUYCHUI
JUCKPETHOM CIIy4alHOM BEJMYMWHBI, KOTOpPBIE TIOJYYEHBI B MPOLECCE
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HaOmoneHuit. J[Ji1 HempepbIBHOM CIy4yailHOW BENIMYMHBI L paBHA IMJIOTHOCTH
BEPOSTHOCTH B TOYKE BEIGOPOYHOr0 mpocTpancTBa X = {X 0. CH. 4
CopmynupoBaHHBIN NPUHIIUI MpPEJIaracT B KaueCTBE OIEHKH 3HAUCHUS
mapamMerpa BbIOpaTh Takoe ©=0 mpE KOTOpOM L MPHHEMAET HAHOOIbIICE
sHauenue. Bemmumna 0, Oynyun (QyHKIUEH OT pe3yJdbTaTOB HaOMIOJCHUMN
X,,X,,...,X,, Ha3bIBACTCS OYEHKOU HAUOOIbULE20 NPABOONOO0OUAL.

Bo muorux cnydasx, korga L auddepeHiupyema, olieHka HauOOJbIIETo
MPaBIONOA00Us HAXOAUTCS KaK PElIeHUEe YPaBHEHUS

oL
— =0, 3.1.5
s (3.1.5)

KOTOpOE€ CJEeAyeT U3 HeOoOXOAMMOTo YcloBUsS sKcTpemyMa. [lockonbky InL

JOCTUTAeT MakCUMyMma IpH TOM K€ 3HadeHuu 0, uTo u L, TO MOXKHO peliaTh

OTHOCHUTEJNIbHO 0 SKBUBaJIEHTHOE YpaBHEHUE
Oln L 0

00

OTO ypaBHEHHME HA3bIBAIOT YpasHeHuem npagoonododus. VIM TOIb30BATHCA

ynoOHee, yeM ypaBHeHHeM (3.1.5), Tak kak QyHKIUs L paBHA MPOU3BEIACHUIO, a

In L — cymme, a nuddepenunponars In L mpoire.

Ecnu mapaMeTrpoB HECKOJIBKO (MHOTOMEpHBINM mapaMerp), TO CIEayeT
B3SATh YAaCTHbIE€ MPOU3BOJHBIE OT (YHKIMUA NPABAONOJO0O0MS MO BCEM
napaMeTpam, NpUPaBHATh YAaCTHBIE MPOU3BOJIHBIE HYJIIO U PEIIUTH MOJYYCHHYIO
CHUCTEMY YPaBHEHHUI.

OueHky, MOJMyd4aeMyld B pe3yJbTaTe MNOMCKa MakCUMyMa (PyHKIHUH
MpaBIONOA00Ms, HAa3bIBAIOT €IIE OLICHKOW MAKCUMAILHO20 NpaABOONno000Us.
N3BecTHO, 4TO OIIEHKH MaKCHUMaJIbHOTO MPaBAoNo100usi cocTosTenbHbl. Kpome
Toro, eciu Jist O cyiectByet A (eKTUBHAS OLIEHKA, TO YpaBHEHHE MPaBa0no100us
MMEET EIUHCTBCHHOE PEIICHHE, COBIIAJAIONIEE C ATOM OueHKoW. OrleHka
MaKCHUMAJIbHOT'O MPABAOMOI00MS MOKET OKA3aThCsl CMEIIEHHOM.

(3.1.6)

3.1.4. MeToA MOMEHTOB

Hauanvnvim momenmom k-eo nopsaoxka cinydalHOW BeNWYUHBI X
Ha3bIBAETCS MaTEMATUYECKOE OXKUJIaHWe k-l CTENneHU STOM BEJIUYUHBI, T.C.

M (X*). Camo MaTemMaTHuecKoe OKHIAaHHE CUMTAETCS HAYalbHBIM MOMEHTOM
MIEPBOTO MOPSIKA.
Llenmpanvnvim momenmom k-eo nopsoka HaswBaetcs M[X — M (X)]'.

OueBUAHO, YTO OHUCHEPCUS — 3TO LIEHTPAJIbHBIA MOMEHT BTOPOrO MOPSIKA.
Ecnu 3akoH pacnpeneneHusl CIy4allHOM BEJIWYMHBI 3aBHUCUT OT HEKOTOPBIX
MapaMeTpoB, TO OT OJTHUX NAPAaMETPOB 3aBUCAT W MOMEHTHI CIy4ailHOM
BEJIMYMHBI.
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JIJIs OIICHKU TIapaMeTPOB paclpeesieHUs] 0 METOJy MOMEHTOB HaXOJSAT
Ha OCHOBE OIBITHBIX JAHHBIX OLIEHKH MOMEHTOB B KOJIMYECTBE, PABHOM YHCITY
OILICHWBAaEMBIX TapaMETPOB. JTH OLECHKH MPHUPABHUBAIOT K COOTBETCTBYIOIIUM
TEOPETUYCCKUM MOMEHTaM, BEIMYUHBI KOTOPBIX BBIPAKEHBI Yepe3 MapaMeTpBhl.
3 mosrydeHHOW CUCTEMBI YPaBHECHHH MOXKHO OIPEICTUTh HCKOMBIC OIICHKH.

Hampumep, ecnu X umeeT mioTHOCTS pacupenencaus f(x,0), To

M(X)= [ xf(x.00dx  @(0).

Ecnu Bocnonb3oBathest BeMMUuHOM X Kak omeHKou 1y M(X) Ha ocHOBe
OMBITHBIX JAHHBIX, TO OLEHKONM O MO0 MeToay MOMEHTOB OYyJeT pelleHHe
ypaBHeHust ¢(0) = X.

Hpumep 3.3.1. HaiiTu ounenky mnapameTpa IOKa3aTEIbHOIO 3aKOHA
pacnpeneneHus o METOy MOMEHTOB.
Pewenue. 1INOTHOCTh BEPOSTHOCTH MOKA3ATENBHOTO 3aKOHA PACTIPEACIICHUS

umeer Bunx  f(x,A) Aexp(—Ax), x>0. ITloatomy M (X)= _[x?»e‘“dx =
0

—Ax | —Ax 1 1 v 1
=—Xxe +le"dx=—u—=X. Orkyna A = —.
: J x0T ¢
Omeem. X:i_.
X

Ipumep 3.3.2. Ilycte wuMeeTcss MNPOCTEUIINNA TMOTOK COOBITHI
HEU3BECTHOW HWHTEHCUBHOCTH A. Jlg oOlLleHKM mnapamerpa A MPOBEIAECHO
HaOII0JeHNe TOoTOKa M 3apeructpuposanbl X, X,,...,X, — UIATEIBHOCTH 7
MOCTIEZIOBATENIbHBIX MHTEPBAJIOB BPEMEHM MEXKJIY MOMEHTAMH HACTYILICHUS
coObITHil. Haiitu onieHky ams A.

Pewenue. B mnpocTedlieM TOTOKE WHTEPBAJIbl BPEMEHH MEXKIY
MOCJEeA0BaTEIbHBIMU MOMEHTaMU HACTYIUIEHHs] COOBITUM TIOTOKAa HMEIOT
MOKa3aTeNbHbIN 3aKk0H pactupenencHus F(x)=1-exp{—Ax}, x>0. Tak kak
IJIOTHOCTh BEPOSITHOCTH TOKa3aTEIbHOTO 3aKOHA paclpeleeHus paBHa
f(x,A) F'(z=A) Aexp{—Ax}, To hyHkIus npasaononaoous (3.1.4) umeet BUA

L= f(X0) (X0 f (X h) e f(X, 1) =

=Aexp{—AX,} - Aexp{—AX,}-...-Aexp{-AX,} ¥ exp —XZX,.
i=1
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Torma InL =nlnA — XZ X, W ypaBHEHHUE NPaBAONOA00HS

i=1

onL n I ~ n 1
:——ZXi =0 uMeeT peuleHue A ———= —. =
oL A ‘T Z X
Xi
i=1
IIpy TAaKOM 3HAYCHHH A=A (YHKIHS MPABIOMOTOOHS JEHCTBUTETHHO
0’InL n
JIOCTUIaeT HauOOJIBLIETO 3HAYEHHS, TaK Kak — —— = —— <0.
O\ A
~ 1
Omeem. h=—.
X
Omnpenenenne. Ilycte X, X,,...,X, — pe3ynpTaTel 7 HE3aBUCUMBIX

HaOoeHui ciaydaiHoW BenuuunHbl X. Eciu paccTaBUTh 3TH pe3yJbTaThl B
MOPAAKE BO3PACTAHUS, TO MOJIYUYUTCA MOCIEA0BATEIBHOCT 3HAYEHUN, KOTOPYIO

Ha3bIBAIOT 8ApUAYUOHHBIM pﬂOOM 1 0003HAYAIOT:

KXo Xoee s X -

B oro#t sanuen X ;) =min{X,, X,,.... X}, X, =max{X,X,,....X }.

Bennuunebl X(k) Ha3bIBAIOT I’lOpﬂaKOGblMI/l cmamucmuxkamu.

Hpumep 3.3.3. Cnyyaitnas BennuurHa X IMEET PABHOMEPHOE PACTIPEIECIICHHUE
Ha otpe3ke [0—bh;0+D], rne 6 u b nHemwsmectHwl. Ilycte X, X,,...,X, —
pe3yabTaThl # HE3aBUCUMBIX HaOmtoeHnil. Hailtu onienky napametpa 0.
Pewienue. yHKIUS IIOTHOCTH BEPOSITHOCTH BETUUYUHBI X UMEET BUJY
1/2b npu x €[0 —b;0+ b]
£(x,6,0) = P S

0 pu OCTaNbHBIX X.

B stom cmydae ¢yskmus mpasmomnomobust L =[1/2b]" or O sBHO He
3aBucut. Juddepenuupoarr mo O Takyr0 (QYHKIUIO HEIb3s U HET
BO3MOKHOCTH 3alucaTh ypaBHEHUE NpaBaonooous. OIHAKO JErKO BUJIETh, UTO
L Bo3pactaeT mpu yMmeHblieHHM b. Bce pe3ynbTaThl HAONIOJAEHUN JIeXKAT B
[0 —b;0+ D], mTO3TOMY MOXHO 3aITUCaTh:

G—bSX(l), X(n) <0+b,
rae Xy — HauMeHbIIMH, a X(,) — HauOOIBIINN N3 PE3yJITATOB HAOIIOICHHH.
[Ipu MUHUMAIIBHO BO3MOKHOM D

0==% X(l), X(n) 0+b,

orkyna O -b+60+b X, + X, wm 20 X5+X,,.

Onenkoit HandobIIEro MPaBAONOA00US 171 TapameTpa O OyeT Bemn4yrHa
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~ X

+ X
Omeem. 6 =—2

(n)
2

Ipumep 3.3.4. Cnyuaitnas BenuurHa X uMeeT QyHKIUIO pacpeaesICHUs
0 mpm x<0,
F(x)={x"/a> mpu xe[0,a],
I npm x>a,
rae a > (0 HeW3BeCTHBIN mapaMerp.
ITycts X, X,,...,X, — pe3yabTaTbl 7 HE3aBUCUMBIX HAOJIIOIECHUN

ciyvaiiHo — BenmnuuHbl  X.  TpeOyercss HalWTH  OLIGHKY HauOOJBILIETO
MpaBIONOA00u JIJIs MapaMeTpa a U HaWTH oueHKy st M(X).

Pewienue. Jlns nmoctpoenuss (pyHKIMU MpaBaonofoOusl HaiiieM cHauama
(YHKIHIO IJIOTHOCTH BEPOSATHOCTH

f(x)={

Torna pyukus npasaonoaoOus:

2x/a® mpuxel0,a],

(0 mpu OCTaNbHBIX X.

2 2

2X, 2X 2X 2"
L(X,X,,...X, @& L2 =T X
a a a a i

Jlorapudmudeckast GyHKIMS TPaBIOTOI00MS:

n
In[L(X,,X,,...,X,,a)]=nln2—2nlna+) In X,
i=1
VYpaBHeHHe npaBaONOq00Ms
Oln(L)  2n _
Oa a
He uMeeT pemieHnid. Kputmdecknx touek HeT. Hambonplnee u HamMeHbLIEe
3Ha4YeHMs L HaXOIATCS HA IPAHMIIE JOIIYCTUMBIX 3HAYEHHH d.
[To Buay dyHKIMU L MOXHO 3aKJIIOYWThH, YTO 3HAUYE€HHE L TeMm Ooiblile,
4eM MeHbllle BennyuHa a. Ho a He Moxer ObITh MeHble X(,. IloaTomy
Haubonee npasnonono0Hoe 3nauenne a = max{X,,X,,.... X, } =X ,.

¢ 2x 2 .
Tak kak M (X) = Jx —dx = Ea , TO OIICHKO}M HauOOJIBIIIETO MPaBIONOA00HS
a
0

0

2
st M (X) Oyner BenuuuHa EX ()"

2

Omeem. a=max{X,X,,....X } =X, M(X) :EX(n).

n)o
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Hpumep 3.3.5. CnyuaitHasg BenuuMHa X HMMEET HOPMAaJbHBIA 3aKOH
pacnpeneneHus N(m,c°) ¢ HEU3BECTHBIMU HapaMeTpaMu m U 6. 11o pe3ynpTaTam
HE3aBUCHUMBIX HaOmopeHuid X, X,,...,X, HalTh Haubojee NpaBIONONOOHBIE

3HAYEHUS ITUX MapaMETPOB.
Pewienue. B coorBetcTBuU ¢ (3.1.4) dyHKIMS TpaBAONOI00Us UMEET BU]

R 2 )2
L(X,X,,....,X=,m,s) (m] li:[exp{—(X,.—m) /20 }:
(G\/_]nexp{ Z(X m)’ /20}

a orapudpmudeckasi GyHKIHs HpaBIIOHOI[06I/I$II

InL(X,,X,,...X, m,s) —n:hlcs—g

i=1
Heob6xoauMeble yciioBUs SKCTpeMyMa Jal0T CUCTEMY JIBYX YPaBHEHUI:

olnL(mc) 1 En:a(Xi_m)z 1 (Zn:X —nm]=
2 i
, G \ia

om 267 < om

M=—£+%Z(Xi—m)2 =0.

0c c o ‘g

. U R = ., 1 =
Penenus 5Toi CUCTEMBI UMEIOT BU: M = —ZX =X, 5 —Z(X —X).
i=1 j
OtmeTuM, 9TO 00€ OICHKHU SIBIISIFOTCS COCTOSITCIIBHBIMU, MPUYEM OIICHKA
JUIS M HEeCMeIlleHHas, a I G - cMellleHHas (cpaBHuTe ¢ Gopmyoii (3.1.3)).

Omegem. m=X, o’ lZ:(é;’i—)_()z.
n-.

3apaua 3.3.1. /[na neuemnwvix éapuanmos. CiydariHas BeTu4rnHa X UMEET

(GyHKIMIO pacripeieeHus
F(x)=1—-exp{-Mx—-a)}, x=a, A>0.

IIycts X, X,,...,X, — pe3ynbTaTsl 7 HE3aBUCUMBIX HAONIOJEHUN CIIy4alHOM
BEJINYUHBI.

1) Ilo pesynpTaTaM HaOIIOJEHUN MOCTPOUTH OIEHKH HANOOIBIIETO
MPaBIOIIOI00 U ISl TApaMETPOB @ U A..

2) [lonarast 3HaueHue MapameTpa a paBHbIM HOMEPY BapuaHTa, HalauTe
OLICHKY IapameTpa A o MeToy MOMEHTOB.

s uemnvix eapuanmos. CiyuaiiHas BenuunHa X uMeeT (YHKIUIO

a+l
a | x
IJIOTHOCTU BEPOSITHOCTU [ (X) = —(—Oj npu x,<x u f(x)=0 mpu x<x,
X

Xo
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(a>0 m x,>0). Ilycts X, X,,...,X, — pe3yapTaTsl n HE3aBUCUMBIX

HaOJIIOICHU CITy4ailHON BEJIMYMHBI.

1) Ilo pesynpTaTaM HaOIIOJEHUM TOCTPOUTH OIEHKU HAMOOIBIIETO
MIPaBIOIIOI00 U ISl TTApaMETPOB a U Xy.

2) Ilonaras 3HaueHUE MapameTpa Xy paBHBIM HOMEPY BapuUaHTa, HAMAUTE
OLICHKY IIapameTpa a Mo METOy MOMEHTOB.

(Cm. mpumepsr 3.3.1-3.3.5.)

3apaya 3.3.2. CnyuaiiHas BenuunHa X uMeeT (YHKUHUIO IUIOTHOCTH
BEPOATHOCTHU

0 mpu x< 0,

S(x)= A" m=1 _—hx
X

e npu x = 0.
(m-1)!

ITo pe3ynpTaTam He3aBUCHMMBIX HaOmogeHui X, X,,..., X, IOCTPOHTE OLECHKH

HanOOJIBIIIETO TpaBaonoaoous a1 mapamerpa A. (Cm. mpumepsr 3.3.1-3.3.5;
3HAYEHWE M BO3BMHTE PABHBIM HOMEPY BapHaHTA ILTIOC SIUHUIIA. )

3apaya 3.3.3. CnyuaitHas BenuunHa X uMeeT (YHKUHUIO IUIOTHOCTH
BeposiTHOCTH [ (x). Ilo pe3ynbraTam HezaBUCHUMBIX HaOmopeHuit X, X,,..., X,

MOCTPOUTE OLEHKU JJIsSl TapameTpa pacipeaesiCHHUs.
x2
c

B eapuanmax 1, 6, 11, 16, 21, 26: f(x):‘/ 22 exp{—2
no

x >0 ( omHOCTOpPOHHEE HOpMaIbHOE pactpeaencHue). OueHuTe mapameTp o.

2
B eapuanmax 2, 7, 12, 17, 22, 27: f(x)zﬁx2 exp{ al },
n(2c

2}, c>0 mpu

_262

6 >0 npu x >0 (pacnpenenenue Makcpema). OLeHUTe NapameTp G.
2

B sapuanmax 3, 8, 13, 18, 23, 28: f(x) =izexp{— 2x 5 }, c >0 mpu
o o

x>0 (pacupenenenue Penest). Ouennte napamerp G.

_ 2
B eapuanmax 4, 9, 14, 19, 24, 29: f(x)= 1 exp —M )
xXo+ 27 20

6>0 mpu x>0 (morapudmuyeckun HoOpMaidbHOE pactpenencHue). OneHure
napameTp o.

B eapuanmax 5, 10, 15, 29, 25, 30: f(x)=2axexp{—ax’}, a>0 npn
x>0 (pacupenenenue BeliOymna—I'Heaenko). Ouenute napamerp a.

(Cm. mpumepsr 3.3.1-3.3.5.)

3apaua 3.3.4. JluckpeTHas ciaydyaiiHas BEIMYMHA X UMEET PACTIPEACIICHHE:
(6 sapuammax 1, 4, 7, 10, 13, 16, 19, 22, 25, 28)
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P(X=k) 0,5%(k+1)a""'(1-a)’, a>0, k=1,2,3,...,
(6 apuanmax 2, 5, 8, 11, 14, 17, 20, 23, 26, 29)
P(X =k) ka&'(1-a)’, a>0, k=1,2,3,...,
(6 apuanmax 3, 6, 9, 12, 15, 18, 21, 24, 27, 30)
K2 a! (1—a)3
a+1
ITo pesynpraTam He3aBUCHMBIX HaOmromenul X, X,,...,X, mocTpoite

P(X =k)=

,a>0, k=123,....

olleHKY JJig napametpa a. (Cm. mpumepst 3.3.1-3.3.5.)

3.2. AOBEPUTEAbHbIN UHTEPBAA AA BEPOATHOCTHU COObITUS

[Tycts BepositHocTh P(A) = p HeusBecTHa. lIponenaeM n He3aBUCHUMBIX

OTIBITOB U OMPENENuM k /n — 4YacToTy COOBITHS A B JTaHHOW CEPUH OIIBITOB.
Ecau onbITOB 1O0CTaTOYHO MHOTO (72 —> 00 ), TO BEPOSITHOCTh U 4aCTOTa COOBITUS
CBSI3aHBI COOTHOITICHUEM:

p("

LA (3.2.1)

n

< a] =20
Pq
n
[lo 3aganHOMY YpOBHIO HAJEXKHOCTH Y W3 Tabmuibsl ¢yHkuuu Jlarmmaca
(cm. mpwir., Tabm. 112) MOXHO HaWTH Takoe f#, 4yro 20 ) vy. IlpaBas wacth

paBenctBa (3.2.1) OyaeT paBHa vy, eciu

€
= ,

Y
pPq
n

OTKyHa € =1, /ﬂ . IIpu noacranoBke Takoro € B (3.2.1) nmonyyaercs paBeHCTBO
n

P(%—ty‘/%<p<%+%‘f%] Y, (3.2.2)

K coxanenuto, B ¢dopmyne (3.2.2) AOBepUTENbHBIE TPAHUIIBI JJIS
BEPOSITHOCTU p BBIPAKAIOTCS YEpe3 caMy 3Ty HEU3BECTHYIO BEPOSTHOCTH. IJTO
3aTpyHEHWE MOXKHO OOOWTH, 3aMeTuB, uTo pg <1/4. Torma popmymy (3.2.2)

MOXKHO 3aIIMCcaTb B BUAC

P(E <p<k+t: ]
n y2\/_ n ' 2n

OueHka pqg BenuuuHOW 1/4 mpuemsiema, e€ciid €CTh YBEPEHHOCTh, UTO
HEU3BECTHAsI BEPOSITHOCTh p Onuska K 1/2. Ho mpu 3HaueHusix p 6iamskux K 0

(3.2.3)
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unu 1 takas oneHka ciuiikom rpyoa. Hanpumep, npu p =0,1 nonydaem Bcero
mame  pq =0,1-0,9=0,09 Bmecro 0,25. MOXHO TOYHBIM IOBEPUTEIbHBIN
MHTEpBAJ 3aMEHUTH MPUOIMKEHHBIM, €CIH YYE€CTh, YTO MPHU OOJBIIOM YHUCIE

OTIBITOB k ~ p. Torga us (3.2.2) cnenyer, 4To
n

Y. (3.2.4)

Ipumep 3.4. Jnsa oGcneqoBanusi OONBIION MAPTUU U3AEIUN (HECKOIBKO
THICSIY IITYK) Hayraja BbeiOpano 160 uzpenuii. Cpenyu HUX OKa3anoch 56 u3nenui
HHA3KOro copta. OUEHUTh AOJI0 M3AEIHM HU3KOrO COpTa B 3TOM MapTHU C
HaJie)KHOCTRIO (0,95,

Pewenue. Taxk xak napTus U3IeIUN KpynHas, TO I YIPOILIEHHUS MOYKHO
CUMTATh, YTO MO Mepe BHIOOPA U3JEINI COCTaB MAPTUU 3aMETHO HE U3MEHAETCA
U BEpPOSTHOCTh BbIOpATh Hayrajg W3JAeIMe HHU3KOIO COpTa paBHA J0J€
HU3KOCOPTHBIX M3AEJIHM B 3TOM mapTud. Toraa 3amaya CBOAUTCSA K OCTPOCHHIO
JOBEPUTEILHOIO MHTEPBAJIA JJIsl BEPOSITHOCTH BBIOPATh U3 3TOM MAPTUU U3JEIHE
HU3KOro copra. Yactora wu3nenauii HU3KOrO copTa B BBIOOpPKE paBHA

k =% =0,35. U3 Tabnuusl pynkuuu Jlannaca (cm. npun., Tadn. I12) cnenyer,
n
gyto 2d(1,96) =0,95. [TosTOMy

0,35—1,96,/M <p<0,35+1,96 0,35-0,65
160 160

nwm 0,27 < p <0,42. Urtak, no gaHHON BBIOOpKE MOXKHO C BeposATHOCTHIO (0,95

YTBEpPKIaTh, YTO BO BCEH Mmaptum comepxkutrcs or 27% no 42% wuzpenui
HU3KOTO COpTa.
Omeem. Ot 27% no 42%.

3anaua 3.4. B cepuu u3 n BBICTPEIOB IO MUIIEHU OBLIO 3a(PUKCUPOBAHO k
nonaganui. [loctpoiite JOBEPUTENBHBIN HHTEPBA I BEPOSATHOCTH MONAJAHHS
B 1I€JIb NIPU OJHOM BBICTpEJie. YPOBEHb HAJIEKHOCTU BO3BMUTE paBHBIM y. (CMm.
npumep 3.8 U UCXOAHBIC TaHHbIE. )

Hcxoonwvie oannvie k 3a0aue 3.4.

Ne n k Y Ne n k Y Ne n k Y

100 | 75 1095] 11 | 100 | 55 [ 098 | 21 | 144 | 90 | 0,96

144 | 54 (098 | 12 | 144 | 100 | 096 | 22 | 400 | 120 | 0,95

150 | 30 096 ] 13 | 400 | 80 | 098 | 23 | 180 | 162 | 0,97

AW N | ==

256 | 128 1099 ] 14 | 200 | 40 099 ] 24 | 320 | 64 | 0,97
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90 | 81 1095] 15 | 180 | 162 | 096 | 25 | 169 | 52 | 0,99

100 | 80 096 | 16 | 100 | 75 1095 | 26 | 100 | 36 | 0,95

144 | 36 [ 095] 17 | 144 | 80 | 097 | 27 | 144 | 70 | 0,96

150 | 96 1097 ] 18 | 400 | 40 | 098 | 28 | 400 | 180 | 0,97

324 | 108 0,99 ] 19 | 300 | 50 | 096 | 29 | 320 | 256 | 0,98

[y
~INIEASTEND Y

125 1 25 10,05] 20 | 100 | 64 [ 0,05] 30 | 360 | 72 | 0,99

Ipumep 3.5. beuio nposeneHo 400 ucHbITaHWN MEXAHU3MA KaTamyJIbTUPOBAHMIS.
B 3TuX ucnbITaHUS HE 3apErHCTPUPOBAHO HU OAHOTO OTKaza. C HaJleKHOCTHIO
0,95 oleHUTH BEPOATHOCTH OTKa3a MEXaHMU3Ma KaTallyJIbTUPOBAHU.

Pewenue. B nmaHHOW cepuM HUCOBITAHUN 4YacTOTa TOSIBICHUSA OTKa3a
k /400 =0. ITosToMy HEMOCPEACTBEHHO MCTIOB30BaTh popmyiy (3.2.4) HENb3sl.
3ametuM, uto pg<1/4, Tak kak p+gq=1. Oynkuus Jlammaca d(x) cTporo

Bo3pacTaeT. [1o3ToMy MEHbIIEeMy 3HAUEHWIO apTyMEHTa COOTBETCTBYET MEHBIIICE
3HaueHrne QyHKIMU. B pacyeTe Ha Xyammi BapuaHT MOXHO BOCITOJIB30BAThCS
dbopmynoit (3.2.3). Ilo tabnuue ¢ynkuun Jlammaca (cMm. npun., Tadn. [12)

maxomm, 110 20(1,65) = 0,95. Tlootomy t,=1,65 u 0< p <1,65 -ﬁ= 0,041,

Eme pa3 noguepkHeM, 4To AOBEPUTENbHBIN HHTEpBaN (3.2.3) MOCTPOEH B
pacueTe Ha XyIIIMN BapuaHT, KOTJa BEPOSTHOCTh coObiThsa Onm3ka k 1/2. Ho
O0onbmoe uyuciao onbiToB (n=400) u HymeBas dYacToTa COOBITUS B HHUX
MO3BOJISIIOT C YBEPEHHOCTBIO YTBEPKIATh, UTO BEPOATHOCTh COOBITHS OJIM3Ka K

HYIIIO. Ecimu HeckoIbko YXyAIIUTb CTATUCTUKY HWCOBITAHUM W IIOCUYMTATh YTO

1 399
OJMH OTKa3 BCe-Taku Habmwogaicia, To pg~—— ——=0,0025. Torma mo

400 400
dbopmyiie (3.2.4) nonydaem npuOIMKEHHBIA TOBEPUTEIbHBIN HHTEPBAI

wm 0< p<0,0066. 310 NPUOIMKEHHBIA TOBEPUTEIBHBI WHTEpPBaJ, HO OH

onpeJiesieHHO 0oJiee TOUeH, YyeM rpy0as onenka no ¢popmyie (3.2.3).
Omeem. p <0,0066.

3agaua 3.5.1. B cepuu U3 n HCOBITAHUN TEXHUYECKOTO YCTPOMCTBA HE
OBLJIO  3apEeTUCTPUPOBAHO HU OJHOrO oTkaza. llocTpoiiTe BepxHIOO
JIOBEPUTENBHYIO TPAHUILY NI BEPOSITHOCTH OTKa3a MPU YPOBHE HAJEKHOCTH Y.
(CMm. nmpumep 3.5 ¥ UICXOJHBIE JaHHBIE.)

Hcxoounvle oannvie k 3a0aue 3.5.1.

Ne|l n | v [ Ne| n | y [ N|n | vy |[N|n | vy |[N|n |y

1,100/ 09| 7 100]0,95]13|900|0,95]19 |625[0,95]|25|5760,95

2 11961095] 8 [196 10,9714 |100]0,96]20|900|0,90]26 |625]0,96
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3241096 9 125609615 |196[0,97]21|100|0,97]27 900 0,97

576 1097110324 109816 |256|0,98]22|196|0,98 |28 | 100 | 0,98

625109811 576 10,9917 |1324[0,99]23 |1256[0,99]29 196 0,99

N A (W

90010,99]112 1625]0,90] 18 | 576 0,90 ] 24 | 324 0,90 | 30 | 256 | 0,90

3apaua 3.5.2. V3 kpynHOW mapTuu U3AeNuil ObUIO HayraJ MPOBEPEHO A
n3fenui. bpakoBaHHBIX W3JEIWA CpPEeaud NPOBEPEHHBIX HE OKazanoch. C
HAJIe)KHOCTBIO Y OLICHUTh HIKHIOKO JIOBEPUTEIBHYIO TPAHUILLY JJISI TOJIU TOJIHBIX
u3nenuit B 3Tor nmaptuu. (Cm. mpumep 3.5 1 ucxoaHbIe TaHHbBIE K 3a1aue 3.5.1.)

IIpumep 3.6. IIpu mrammnoBke 70% neTtaneil BBIXOAUT MEPBBIM COPTOM,
20% — BropeiM u 10% — TperbuMm. Onpenenutb, CKOIBKO HYXHO B3STh
netanei, 4ToObl ¢ BEpPOATHOCThIO paBHOM 0,997 MOXHO OBLIO YTBEPKAATh, UTO
J0Ji1 TEPBOCOPTHBIX Cpeau HUX OyIeT OTIWYaThCd OT BEPOSITHOCTH
M3rOTOBJIEHUSI TIEPBOCOPTHOM JeTanu He Oosnee yem Ha 0,05 B Ty WK JIpyryro
cTopoHy? OTBETUTH HAa TOT K€ BOIPOC, €CIU MPOLEHT MEPBOCOPTHBIX ACTANICH
HEU3BECTEH.

Pewenue. VI3roToBneHne KaxXJI0M IE€TaIU MOKHO CUUTATh HE3aBHUCUMBIM
UCIIBITAHUEM C BEPOSATHOCTHIO «ycnexa» p =0,7. HyxHO BbIOpaTh Takoe YMCIIO

UCIIBITaHUM 71, YTOOBI 0 popmyde (3.2.1):

P(lk/n-0,7|<0,05) 2® 00 =0,997.
) . ,
[lo Tabmuue ¢ynkuun Jlammaca (cMm. npwi., Ta6n. [12) Haxomum, YTO
20(2,97)=0,997. Torna 2,97=%, orkyna n=741. Ecnu nponeHT
) . ,

0,05vn
Jra

YuuteiBasi, uto pg <1/4, u 3ameny pqg Ha 1/4 mpumeTcs KOMIIEHCUPOBAThH

MEPBOCOPTHBIX JE€TaJed HEU3BECTEH, TO 2,97 =

HEKOTOPBIM YBEIIUUECHUEM 71, IOTYyUuM 2,75 = 0,05\/; /0,5 nnu n=882.
Omeem. 741; 882.

3amauya 3.6.1. BepostHocte coObiTusi paBHa P(A)=p. CKolbko

HEOOXOUMO ClieNlaTh HE3aBUCHUMBIX OMBITOB, YTOOBI C BEPOSITHOCTHIO Y MOXKHO
ObLIO yTBEpXkKJaTh, UYTO YACTOTAa COOBITUS B JTOW CEPUU OIBITOB OyAeT
OTJINYATHCSI OT BEPOSITHOCTH COOBITHSI HE OOjee YeM Ha O B Ty WIH APYIYIO
ctopoHy? OTBETUTh HA TOT K€ BOIPOC, €CIH BEPOSITHOCTh COOBITUS p
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HensBecTHaA. (Hade TOBOPS, CKOTBKO HY)KHO TPOJCIIaTh HE3aBHCHMBIX OTIBITOB,
9TO0BI TI0O WX pe3yJbTaTaM MOXHO OBLUIO TIOCTPOUTH IS HEW3BECTHOMN
BEPOSTHOCTH COOBITHS JOBEPHUTEIIBHBIM HHTEPBAJ IMUPUHON 20l C HAJIC)KHOCTHIO
v?) (Cm. mpumep 3.6 1 UCXOHBIE JTAHHBIE. )

Hcxoonvle oannvie k 3a0aue 3.6.1.

Ne | p o Y Ne | p o Y N | p a Y

1 (0551002095} 11 | 0,69 | 0,02 | 0,99 | 21 | 0,41 | 0,02 | 0,97
2 105 | 00309 | 12 | 0,71 [ 0,03 | 0,90 | 22 | 0,40 | 0,03 | 0,98
3 10581004097 13 | 0,72 (0,04 |095] 23 |0,39 | 0,04 | 0,99
4 1059 [005]|098] 14 | 0,73 [ 0,05 | 096 ] 24 | 0,38 | 0,05 | 0,90
5 1060 006|091 15 | 0,74 | 0,06 | 097 | 25 | 0,37 | 0,06 | 0,95
6 062007 09 |16 |075]007 098 | 26 | 0,36 | 0,07 | 0,96
7 1064 008 1|095] 17 | 045 0,08 099 | 27 0,35 0,08 | 0,97
8 1065(009]096| 18 | 044 0,09 | 09 | 28 | 0,34 | 0,09 | 0,98
9 |066|0101|097( 19 | 043 0,10 |095| 29 (0,33 | 0,10 | 0,99
10 | 0,68 | 0,01 | 098 | 20 | 0,42 | 0,01 [ 0,96 | 30 | 0,32 | 0,01 | 0,95

3agaua 3.6.2. BepostHocTh coObiTusi paBHa b/100. CKOIBKO HYXHO
CleNlaTh HE3aBUCHUMBIX OIBITOB, YTOOBI C HAJEKHOCTBIO Y MOXHO OBLIO
rapaHTUpOBaTh, YTO YacCTOTa COOBITUS B OTHUX OMNbITaX OTIUYAETCA OT
BEPOSITHOCTU CcOObITUSA He Ooisiee, yeM Ha o? (CM. mpumep 3.6 U HCXOIHBIC
JaHHbIC K 3a1a4e 3.6.1, b — HOMep BapHaHTa.)

3.3. MpoBepKa runoTesbl O PABEHCTBE BEPOATHOCTEHN

[lycts HekoTOpoe coObiTUE A B CEpPUU W3 K| HE3ABUCUMBIX OIIBITOB
MpPOU30IIO k| pa3, a B CEPUU U3 N, HE3aBUCUMBIX OIBITOB 3TO COOBITHE
nosIBUIIOCH k, pasza. IlycTh kaxxmas cepusi COCTOMT W3 JOCTATOYHO OOJIBIIOTO
Yucja OMBITOB (XOTS OBl HECKOJBKO JIECSITKOB OIBITOB B KaXXIOH CEpHH).
TpeOyeTcs mpoBEpPUTH TUIIOTE3Y O TOM, YTO BEPOSTHOCTH MOSIBICHUSI COOBITHS B
KaXXJIOM Cepuu OJMHAKOBA U paBHA p.

ko k

Eciu 4acTOThI OSABJIEHUS COOBITUS — M —= B OTHX CEPUS HE IPUHHUMAIOT
n.n
1 2

3HaueHuW Omm3kux K O wiam 1, TO 1O IEHTpaIbHON MpeAeIbHONW Teopeme
4acTOThl MMEIOT OJM3KMe K HOPMAJIbHOMY 3aKOHBI  paclpeleNICHuUs :

N ( D; pd=p )] n N ( D; pd=p )] COOTBETCTBEHHO. [loaToOmMy B cuiy
n n,
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. k k
YCTOMYHMBOCTH HOPMAJIBHOTO 3aKOHA PacIpeieieHUs] PasHOCTh 4acTOT —- ——=
n o n
1 2

I 1
uMeet 3akoH pacnpenenenus N| 0; p(1— p)| —+—

n, n,
3ameTuM, 4YTO OOJIBLIME pa3iau4dds B 4YaCTOTaX IOSABICHUS COOBITHS
CBUAETEILCTBYIOT IIPOTUB TUNIOTE3bL. [103TOMY K KpUTHUECKUM CIIELyeT OTHECTU

. k. k,
T€ cepuM HaOMIOAEHUM, g KOTOophIX|———=|>C, rme C — HeKoTopas
n.n,
MOJIOKUTENbHAS MOCTOsIHHAS. Ecliu ypoBEeHb 3HAUMMOCTHU BBIOpAaTh PaBHBIM .,
TO TioctosiHHAs C OmpeeNsseTcs U3 paBeHCTBA

£—£>€ 1-20= ¢ a.
1 1
p(l=p)| —+—

n.n,

P
n.n

Ecou no tabnuue ¢ynknuum Jlanmnaca (cm. mpun., tabn. 112) naitu £,

Takoe, 4yToOsl 1 -2DE,) a, To caenyer BeiOpate C=¢, | p(1— p) i+i . K

n,.n,

KPUTUYCCKUM CJICAYCT OTHCCTHU TC CCPHUHU Ha6JIIOI[€HPII>'I, B KOTOPBIX MOAYJIb

1
pasHocTH 4YacToT Oompmie BemuuuHbl [, [p(l—p)| —+—|. B nocaennem
noon
PaBEHCTBE B KayeCTBE OLEHKH HEHM3BECTHON BEPOSITHOCTU p MOYKHO B3SITh
.k +k,
BEJIMUHMHY P =——>.
n, +n,

IIpumep 3.7. B 225 He3aBUCUMBIX OMbITax COOBITUE A MOSBUIOCH 78 pas.
B xoHTpONBHOM cepun u3 64 He3aBUCHMBIX OIBITOB OBLIO 3apPETHUCTPUPOBAHO 12
MOSIBICHUM COOBITUSI. MOXHO JIM CYUTaTh, YTO BEPOSITHOCTH COOBITHUS A
OJIMHAKOBA B 00EUX CEPHUSIX OIBITOB MPHU ypoBHE 3HauuMoCcTH 3 =0,047

Pewienue. IlpennonoxumM, 4To BEPOSTHOCTU COOBITHUS B ATUX OMNBITAX
onuHakoBbl. [lo Tabmune ¢yukuuun Jlamnaca (cm. npui., tabn. I12) maxonum,
yto 1-2®(2,06) =0,04. OreHkoii HEM3BECTHON BEPOSTHOCTU B MPEATOI0KEHUH,

4TO THUIIOTC3a O PABCHCTBC BepOHTHOCTef/'I BCpHA, MOXCT CIYXUTb BCIIMYHHA

. 78+12
p=————=0,31. IlodTOMy KpUTHYECKYIO 0O0JIACTh COCTaBST T€ CEpUU
225+ 64

OIIBITOB, B KOTOPBIX MOAYJIb PA3HOCTH YaCTOT IIPCBBICUT BCIINYHNHY
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2,06-,/0,31-0,69 L+L = 0,135.
225 64

12
PeanbHas pa3HOCTh 4aCTOT paBHA 78 12 9,09 <0,135.

225 64

[Ipeanonoxenre 0 paBEeHCTBE BEPOSITHOCTEN HE TPOTUBOPEUUT OMBITHBIM
JTAHHBIM.

Omeem. Ilpennonoxxenre 0 paBeHCTBE BEPOSTHOCTEN MPaBI0N0a00HO.

3anaua 3.7. B cepun 13 n; HE3aBUCHUMBIX OMBITOB COOBITHE A MOSBUIIOCH
ki pa3, a B cepuu U3 1 HE3aBUCUMBIX OIBITOB 3TO COOBITHE MOSBUIOCH ky pas.
[Ipu ypoBHE 3HAUYUMOCTU [3 MOXKHO JIM CUUTATh, YTO BEPOSATHOCTH MOSBICHUS
coObITUs A B 3TUX cepusix onuHakoBa? (Cm. mpumep 3.71 u UCXOHBIE JaHHBIE.)

Hcxoonvle oannvie k 3a0aue 3.7.

np kl ny kz B Ne np kl ny kz B

75 14 | 181 | 50 | 0,05] 16 76 8 132 | 21 |0,05
65 26 50 31 10,05] 17 61 9 120 | 14 | 0,02
80 22 35 7 1002] 18 68 8 96 21 10,05
120 | 19 40 12 10,05] 19 92 27 36 9 10,05
100 | 29 60 22 10,02 20 | 112 8 400 | 64 | 0,02
72 18 90 13 10,05] 21 45 7 300 | 25 | 0,05

95 19 | 70 9 10,05)] 22 | 30 2 80 12 10,05

80 11 30 2 10,02] 23 | 400 | 35 | 600 | 76 | 0,02

400 | 112 | 160 | 50 | 0,05] 24 | 196 | 29 | 64 4 10,05

140 | 21 50 4 10,05) 25 | 175 | 25 38 3 10,05

56 14 | 120 | 41 0,02 | 26 | 160 | 57 | 400 | 111 | 0,02

64 13 1256 | 76 | 0,0 | 27 | 110 | 24 | 50 4 10,05

52 | 20 | 140 | 81 [0,05] 28 | 140 | 8I 52 | 20 | 0,02

130 | 71 48 | 33 10,02 29 | 60 | 22 | 100 | 27 | 0,05

| | | | |
nElnISIZEeleNenislwN=Z

82 14 | 56 4 1005] 30 | 140 | 23 50 4 10,05

3.4. AOBepMTeAbeIﬁ MHTEPBAA AAS MATEMATUYHECKOIO OXKMAQHUA

3.4.1. CAy4qaun 60AbLLOKU BbIGOPKMU

[Iycte 3akoH pacnpeneneHuss CiIyd4alHOW BeEIUYUHBI X HEU3BECTEH.
HeusBectunl Tak xe M(X) u D(X), mpuuem D(X)<oo. Hax cmywaiinoit

BEJIMYMHON MPOJIETAaHO 7 HE3aBUCHUMBIX HAOJIOJACHUN U TMOJy4yeHa BHIOOpKaA
3HaueHnn X, X,,...,X, . IlocTpouM  [OBEpUTENBHBIM  HMHTEpBAN  JJIA
MaTEMaTUYE€CKOTO OKHAAHHS HA OCHOBE TOYEYHOM OIIEHKU X .

Ecnu uucno HaOmrogeHWit 7 AOCTATOYHO BEIUKO (XOTS ObI HECKOILKO

JECSITKOB), TO
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X X, +..+X, X X X,
X = +...+
n n n n
MPEACTABIACT U3 ce0si CymMMy OOJIBIIOTO YHUCIa OJUHAKOBO PACHPEICIICHHBIX
HE3aBUCHUMBIX CJIAraéMbIX C OrpaHU4YeHHOM jaucnepcuerd. Ha ocHoBaHuu
LHECHTPAIBHON TMPENEIbHON TEOPEMBI MOYHO YTBEpPXkKIaTh, 4TO X HMEET
ONMM3KUII K HOPMaJIbHOMY 3aKOH pacmopeaenenus. [lapamerpsl  3TOro

HOPMaNbHOTO  3aKOHAa  ompedensiorcs Tem, uto M(X)=M(X) n

D(X)=D(X)/n.Tlo3ToMy OKOHYATETEHO MOKHO YTBEPKIATh, YTO
X ~ N(M(X) D(X)j (34.1)
n

3anuck Gopmyibl (2.9.3) aiis 3TOro 3aKoHa pacnpeieNIeHUs] UMEET BUJL

P(X - M(X)|<g) =20 ﬁ . (3.4.2)
n

3agaauM BEpOSITHOCTH Y U 1o Tabnuie Qynkiuu Jlamnaca (cm. npui. 1,

|D
Tabun. 112) BeibepeM Takoe f,, utobbl 2@ ) 7. Torma £, =¢/ () , OTKyJia

n
e=t, D(x)' Ecnu Takoe € moactaButs B (3.4.2), TO HOTy4UM
n
v ) v D(X)
P(Xty <M(X)<X+& , A (3.4.3)

Ecau pucnepcust cnydailHOW BeJNMYMHBI M3BECTHA, TO (dopmyna (3.4.3)
pelaer 3aaauy.

Ecmu Bmecte ¢ M(X) nemsBectHa m D(X), To M3 TeX K€ OMBITHBIX
JTAHHBIX MOYXHO TIOJYyYUTh HECMENICHHYI0 W COCTOSITCIIBHYIO OIEHKY JUISI
nucriepcuu no hopmyiie:

>, - X7

D(X)~s*> - " (3.4.4)

Torna (3.4.3) umeer BUn

P( X f <MX)<X+& (3.4.5)

JZ) "

B BeiBosie dhopmyn (3.4.3) u (3.4.5) kI1t0UeBYIO pOJIb UTPAET TOT PAKT, UYTO
1py OOJIBIIIOM YHCIIe HE3aBHCHMBIX HAOIOJICHHUI cpeHee apuMETHIeCKOe UX
pe3yiabTaTOB MMeeT ONM3KUMHW K HOpPMajdbHOMY 3aKOH paclpeieieHus. ITy
dbopmylly MOXKHO HCIOJB30BaTh JJisI JHO00M CciaydyalHOW BEJMYMHBI C
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OTPAaHUYEHHON NHUCTIEPCHUEH, JUIIL Obl YHUCIO HAOMIOJEHUNM OBLIO JOCTATOYHO
BEJIUKO (XOTsI OBl HECKOJIBKO JIECSITKOB).

IIpumep 3.8. Ilo pesynbraram 100 HaGMIOAEHUN CIydyalHONW BETUYUHBI X
HAWIeHBI OLICHKN MaTeMAaTHYECKOTO OKHMIAHHS U JUCIIepCHH, paBHble X = 20,4
m s =3,62. Tpebyercs TOCTPOMTH JOBEPUTENBHBI WHTEpBAn s
MaTeMaTU4YEeCKOro OXHUAAHUS TOCJIENO0BAaTENbHO JUIsl YPOBHEH HAJAEKHOCTH
1=0,9, v=0,99 u y=0,999.

Pewenue. Tlo Tabmune ¢ynkiuu Jlamnaca (cMm. npui., Tadn. [12) naxoaum,
aro  2d(1,65)=0,9, orkyma ¢,=1,65. Ilmst ypoBHs HangexHoctH Y =0,99
COOTBeTCTBYIOICe 3Ha4deHwe £,=2,58, a g1 y=0,999 wumeem ¢ =3,28.
[loncransist monmydyeHHble 3HaueHuss B (3.4.5) MoxeM yTBEpKIaTh, 4YTO
20,09 < M (X) < 20,71 npu ypoBHe HanexHocTH ¥ =0,9; 19,91 <M (X) <20,89
npu ypoBHe HangexHoctn Y=0,99; 19,78<M(X)<21,02 mpu ypoBHE
HaaexxHoctu y = 0,999 .

Omeem. 19,78 < M (X)< 21,02 mpu y=0,999.

3agaua 3.8. [lo pe3ynbrataM n HE3aBUCUMBIX HAOMIOACHUMN IMOITY4YEHBI
OLGHKH MAaTeMaTH4ecKOro oxumaHus (X ) W jguciepcud (s°) clydaifHOM
BenuuuHbl X. [locTpoiiTe AoBepUTENbHBIE MHTEPBAIBI I MATEMaTUYECKOTO
OKMJIAHUSI TON CIy4ailHOW BEIWYMHBI MPU YPOBHAX HajexHOCTH Y =0,95 u
v =0,98. (Cm. npumep 3.8 1 UCXO/IHBIC JJAHHEIE. )

Hcxoonwvie oannvie k 3a0aue 3.8.

n | X | s Ne|ln|X |2 I N|n|X || N|n|Xx| s

=

64 12145, 9 |10012,5]1,4 )17 |75132]144|25 |64 53|48

81 | -112,25]10 |70 | 1,4/1,96) 18 | 60 | -2 [1,96]26 | 70 | -1 |2,25

90 |48 (32 11 64134219 |55(34[48]27 |64 |48]3,2

85|21 4 |12 |81 [2,1225/20 64|48 4 28|81 |2 4

60 13,5]/1,96) 13 |10012,4|1,6 |21 |81 | -2 |1,96] 29 |100]3,5|1,96

55 142(3,6 )14 | 64 [42]1,44]22 190 |3,5/3,6]30]64 25|14

68 12,8 1225/15 190 |3,5] 4 |23 |8514,2(225]31 |9 |1,4[1,96

RQA NN B[N -

56 | 1,6 [2,56) 16 | 81 [4,2 12,56] 24 | 60 | 2,8 12,56] 32 | 81 [ 1,3]4,2

Ipumep 3.9. Ilo crpynnupoBaHHBIM JAaHHBIM HAOMIOJACHUN ClydailHOM
BEJIMYMHBI TOCTPOUThH JIOBEPUTEIbHBIA HMHTEpPBAl Il €€ MaTeMaTHYECKOro
OKHMJIaHUS, COOTBETCTBYIOIIUHN ypOBHIO HaAekHOCTH Y = 0,98.

HNuTepBasibl (0;4) (4;8) (8;12) (12;16) (16;20)

Yuco HaOIr0 e HHI 12 29 42 21 16
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Pewenue. llpencraButeneM KaxkJOro HWHTEPBaJa MOXKHO CUHMTATh €ro
cepeauny. B nannoit cepun u3 120 nabmoneHuit
Yo 2-12+6-29+10-42+14-21+18-1690 _

120
[To dpopmyne (3.1.3) olleHUM AUCTIEPCHUIO CITYYailHON BETUUNHBI:

10.

2 2
O RS =
_(2-10)* 12+ (6-10)*-29 + (10 -10)* - 42 + (14 —10)*21 + (18-10)* - 16 9178
119 T

s~4,67.

OOmee uyucio HaOmoaeHUM Benuko. IloaTomy, OE30THOCHUTENBHO K
3aKOHY paclpeleieHus] CIydalHOM BENIWYUHBI, MOXKHO BOCIIOJIB30BaTHCS
dbopmynont (3.4.3). U3 tabmuusl ¢yHknuu Jlammaca (cm. mpwi., Tadmn. [12)
Haxoaum, 4to 2d(2,33) =0,98, T.e. £, =2,33. IloaTomy

4,67 4,67

<M(X)<10+2,33—
\120 (%)
wmm 9,01 < M(X)<10,99 .

V120
Omeem. 9,01< M (X)<10,99 .

10-2,33

3agaua 3.9. PesynbraThl HaOMIOAEHUN CIydalHOH BEIWYMHBI X
NIPEICTaBICHbl B BHUJAE cTaTUCTHUeckoro psaa. [locTpoiiTe noBepUTENbHBIE
MHTEpBAJIBl U1 MAaTeMaTHYE€CKOrO0 OKHUJAHUS 3TOM BEJIWYUHBI JJI1 YPOBHEH
HajgexHoctd ¥=0,9 u y=0,95. (Cm. npumep 3.9 U UCXOJHBIE JAHHBIE K
3amaue 3.12.)

Ykazanue. VHorga pe3ynbraTel HAOMIOJEHUN CIy4allHON BEJTWYMHBI
MPEeIBAPUTEIBLHO IPYIIIUPYIOT U MPEACTABIIAIOT B BUAE CTATUCTUYECKOIO psiaa

X (x,;5%,) (%55 %;) (x5x,,,)
Yucno Habnro1eHui Vi Vo Vv

B sTOM cnydae s OLEHKHM MaTeMaTHYEeCKOro OXKHUIAAHUS U JUCIIEPCUU
UCIIONB3YIOT (POPMYIIBL:

k

k J—
Zuivi Z(uz _X)zvi
M(X)z)?:i:l I/ID()()z‘SJ:i:l ,
n n—1

+x;)/ 2 — cepenuna i-ro nareppana. CuuTaercs, 4TO BEJIMUYMHA U;

rae u, =(x

i+1
Ha0Jroga1ach v; pas.

3.4.2. CAy4aM MaAoM BbIGOPKHU

[Ipu HeOONbIIOM YHCIIE HAOTIOACHUN IS TOCTPOCHHUS JTOBEPHUTEIHLHOTO
WHTEpBaja HeoOxoauMa wuHOOpMAIMd O THUIE 3aKOHA pacHpeaciIcHUs
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clly4yallHOM BeNW4uHBI. PaccMOTpuM 3aiady B MpPAKTUYECKH Ba)KHOM cllydae,
Korja ciy4yaiiHas BelduurHa X HMMEET HOPMAJIbHBIM 3aKOH pacrpeeleHus
N(m;c”).

Ecii G° W3BECTHO, a HEW3BECTHO JHMIIb /71, TO IIPH HE3aBHCHMBIX
HaOJMIOJICHUSIX ~ MOXHO  BOCIOJIB30BaThCS ~ CBOMCTBOM  YCTOMYMBOCTH
HOPMAJIBHOTO 3akoHa pacmnpeneneHus. CormacHO 3TOMYy CBOMCTBY CyMma
HE3aBUCHMBIX CIIYYaWHBIX BEJIWYWH, MOJYMHEHHBIX HOPMAJIbHOMY 3aKOHY
pacripeiefieHusi, camMa MUMeEeT HOPMallbHBIA 3aKOH pachpeneneHus. [loatomy B
Ha3BaHHBIX YCJIOBUSIX M TMpU HEOONBIIOM 4YHUCIAE HAOMIOAEHUNA MOXKHO
YTBEPKaTh, 9T0 X HMMeeT HOpPMabHEIH 3aKOH PAacIpe/ieIeH s U HCTI0Nb30BaTh
bopmyny (3.4.3).

Eciy ucriepeus 6° HEHM3BECTHA, TO NPH HeGOJIBIIOM YKCIe HAOII0IeHH
€€ OIICHKAa Ha OCHOBE OMBITHBIX JJAHHBIX MOJy4daeTcs rpyooit u dopmyna (3.4.5)
HE pellaeT 3a/1auu MOCTPOCHUs JOBEPUTEIBLHOTO HHTEpBaa. B aToM cinydae

=S s s

Pl X—1, N N Y
rZle COOTBETCTBYIOIEE f, NPHU 3aJaHHOM YPOBHE HAJEKHOCTH Y HAXOIAT IO
tabnuie pacnpeneneHus CteroneHTta (cMm. mpwil., Tada. I13) qis n—1 crenenu
CBOOO/IBI.

®opmyna (3.4.6) no cTpykType noxoxa Ha ¢popmymy (3.4.5), HO £, B 3THX
dbopmyrax ompeaensieTcss o0 pa3HbIM TAOJIUITAM.

<m<X+t (3.4.6)

Hpumep 3.10. M3mepeHnss CONpOTUBIEHU PE3UCTOPA AU CIEAYIOLIUE
pesynbTathl (B omax): X, =592, X,=595, X,=594, X,=592, X,=593,
X,=597, X, =595, X,=589, X,=590. 1U3BecTHO, 4YTO OMIMOKH U3MEPECHUS

MMEIOT HOPMalbHBIM 3akoH pacmpeneneHusi. Cucrematuyeckas omuOka
orcyTrcTByeT. IlocTpouTh  JOBEpUTENBbHBIM  HMHTEpBAN  JJII  UCTUHHOIO
COIPOTHUBJIEHUS PE3UCTOPA ¢ HAACKHOCTHIO 0,99 B mpeaIonoxKeHuu:

a) nUcTHepcusi OIMIMOKY U3MEPEHUS U3BECTHA U paBHA YETHIPEM;

0) nucrnepcus OIMMOKH U3MEPEHUSI HEU3BECTHA.

Pewienue. B nannoil cepuu u3 eBSATH HAOIIOICHUM

¥ 592+5959+... +590 _ 503,

a) Ecam pgucnmepcuss OmuMOKM HM3MEpPEHUs] M3BECTHA, TO MOXKHO
BOCIIOJIB30BaThes opmynoit (3.4.3). Jlnsg sroro u3 tabnuusl ynkuuu Jlammnaca
(cm. mipuit., Tabu. 112) naxoaum, uto 2M(2,58) =0,99, T.e. ypOBHIO HAIE)KHOCTH

0,99 coorsercrByet 3HaueHwue £,=2,58. Torxa mo dopmyse (3.4.3)

593-2,58-—2 < M(X)<593+2,58 ——

5 NG
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i 591,28 < M (X) <594,72 ¢ BepositHocThiO 0,99.

0) B cnydae HeM3BECTHOUN AMCIEPCUU €€ MOXHO OIICHUTh HA OCHOBE TEX
K€ ONBITHBIX JIAHHBIX:

g (892-593) +(595-593)° + ... +(590-593)’

8
s=4/6,5~2,55.

ITo TaGmure pactpenenenus CterofaeHTa (CM. mpuil., Tadm. I[13) mst n—1=9—-1=8
crerneHeid cBoOOABl M 3amaHHOM BepositHocTH Y =0,99 Haxomum 7, =3,355.

6,5,

Torna o ¢popmye (3.4.6)

593—3,355-2’55 2,55

<M (X)<593+3,355-
NI NS

uu 590,15 < M (X') < 595,85 ¢ BepostHocThiO 0,99.
Omeem. a) 591,28 < M (X)) <594,72;6) 590,15 <M (X)<595,85.

3agaya 3.10. CiyvaitHas BenuunHa X HMMEET HOPMAJIbHBIM 3aKOH
pactpenenenus. 1locTponTs TOBEPUTENBHBIM MHTEPBAI I MAaTEMAaTHYECKOTO
OKHUJAHUSL ATOW Ciy4yallHOM BEIWYMHBI NpU YpoBHE HajexHocth y=0,9 B
MIPEATIONIOKEHNH, YTO:

a) Iucrepcus Ciy4yailHOM BeJIMYMHBI HEU3BECTHA;

0) nucnepcusi ciIydyailHOM BEJIMYMHBI U3BECTHA U paBHa 1,44,

(Cwm. mpumep 3.10 u ucxoguslie JaHHBIC K 3a7aue 3.11.)

3.5. AOBEepUTEAbHbIN UHTEPBAA AAS AUCNIEPCUU

ITycTh cnydaitHas BerMurHA X UMEET HOPMAJIBHBIN 3aKOH PaCIpeIeICHUS

2
N(m,c*), tae m u o* memssectHl. Ilycts X,,X,,...,X, — pe3ymbTaTsl n
HE3aBUCUMBIX HAOJIFOIEHUI 3TOM CITydyallHON BEJIMYMHBI.
2
(n—1)s
B s1ux ycnoBusix, cornacHo Teopeme duiiepa, BEIHINHA ———— HUMEET
c

pacnpenenenue x° (pacrpeaeneHne «Xu-KBaapaT») ¢ 1 — 1 CTENEeHbI0 CBOOOIBI.
Ha3znauum ypoBeHb HaJIE)KHOCTH Y U TTOAOEPEM YHCIIA V| U V, TaK, YTOOBI

(o] o’ 2

2

_ 2
Torma P(v1 <u < v2:] Y.
c

Bennuunebl V1 1V, YAOBJICTBOPAKOT paBCHCTBAM
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{ fra@dv =L :ij(x)dx —

rie f, ,(x) IUIOTHOCTb paclpencieHus «XU-KBagpar» ¢ n—1 creneHsro
CBOOO/IBI.
Penienns 3THX ypaBHEHUN HAXOSIT C IOMOIIBIO TA0OIHIT (CM. TIpwIL., Ta0m. [14).
Hus vy Bxomel Tabmumel: r=n—1 u PB=(0+y)/2. Jng v, BXoasl
tabmumel: r =n—1u B=(1-y)/2.
e

& =1

Puc. 3.5.1
Ecnu v u v, (cm. puc. 3.5.1) HalineHsl, TO
—1s>
v DS (3.5.1)
c
WM
2 2
(n=Ds” o (n=Ds” (3.5.2)

V2 V1
DTO U eCThb JOBEPUTEIBHBIA MHTEPBAI JIJIsl IUCIEPCUU, COOTBETCTBYIOLIUI
YPOBHIO HAJIEKHOCTH 7.

Ipumep 3.11. Jlanbl pe3ynbTaThl HAOMIOACHUN CIy4yalHOW BEITWYUHBI,
HMMEIOILIEN HOPMAJIBHBIM 3aKOH PACIpPEeNICHUs C HEU3BECTHBIMU MapaMeTpaMu:
X, =07, X,=31, X,=-0,9, X,=18, X,=2,2, X,=-0,3, X,=19,
X,=4,2, X, =15, X;=2,8. TpeOyercs NOCTPOUTH 1OBEPUTEIbHBII HHTEPBA
JUTSL AUCTIEPCUU TIPU YPOBHE Hazies)kHoCcTH Y = 0,9 .

Pewenue. OnieHnm cHavasia MaTeEMaTUYECKOE 0KUJAHHE:

M(X) v 0,7+3,1-0,9+1,8 +2,21—00,3 +1,9+4,2+1,5 +:2,8

L,7.
ITo dpopmyrie (3.1.3) olieHUM AUCTIEPCHUIO

(X, - X)’

D(X)~s® = 0,7-1,7)° +(3,1—1,7):2 +...+(2,8-1,7)

n—1 9
OOpaTtumcs K Tabnuie pacrpeneieHusl «Xu-KBajapaTr» (M. npui., Taodm. [14).

~ 2,39.
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Jiis BemuauHb! Vi BXOAel Ta0mumel: #=n—1 40—-1 D u B (I1=y)/2=
=(1+0,9)/2=0,95. Ilo Tabnuue Haxomum Vv, =3,32. [lng v, BXOABI TaOJIUIBL:
r=n—1=9u f (1=vy)/2=0,05.Tlo Tabaune Haxoaum v, =16,92.

B utore ¢ BepositHOCTBIO ¥ = 0,9 uMeeM, B COOTBETCTBUU € (popMyII0if
(3.5.1),

330 < 21239 9.2,32  , 9.2,39

—<16,92 i 1,27 = <o° <

c 16,92 3,32
Jlng  cpenHero KBagpaTUYECKOrO OTKJIOHEHUST HMEEM C TOU XKe

HaJexKHOCThIO ¥ = 0,9 noBepurtenbHblil uTepBal 1,13 <6 <2,5.

Omeem. (1,27;6,29).

=0,29.

3agaua 3.11. Ilo npuBeneHHBIM JaHHBIM HAOIIOJEHUN CIIy4alHOU
BEJIMYMHBI X, HUMEIONMIEH HOPMAJIbHBIM 3aKOH paclpelesieHus, MOCTPONTE
JOBEPUTEIBHBIN UHTEPBAN JJIsl AUCHIEPCUU TIPU YpoBHE HaAexxHocTH ¥ = 0,96 B
HeueTHbIX BapuaHTax u Y =0,8 B uderHsix Bapuanrtax. (Cm. mpumep 3.11 u
HMCXOJHbIE JJAHHBIE. )

Hcxoonvle oannvie k 3a0aue 3.11.

No X1 X2 X3 X4 X5 X6 X7 Xg Xg
1 1,9 0,4 3,3 1,5 0,9 2,6 2,4 1,4 2,7
2 3,5 2,1 2,4 2,8 0,5 2,5 2,8 0,5 2,5
3 3,7 2,9 3,6 6,3 4,4 3,2 5,1 4,8 2,1
4 2,6 1,5 3,3 2,5 0,9 4,9 2,2 3,1 4,2
5 1,7 0,2 3,1 1,3 2,4 0,7 1,2 2,5 2,2
6 2,8 1,5 1,7 2,7 1,1 5,1 2,2 4,5 3,3
7 3,6 6,2 5,1 4,4 3,2 4,8 2,1 3,7 2,9
8 1,6 0,1 3,0 1,2 0,6 2,3 2,1 1,1 2.4
9 3,2 2,4 0,8 4,8 2,1 3,0 4,1 2,5 1,4
10| 1,5 2,9 0,1 1,1 0,4 2,2 2,0 1,0 2,3
11| 23 0,7 4,7 2,0 2,9 4,0 2,4 1,3 3,1
12| 03 1,4 0,0 2,8 1,0 2,1 1,9 0,9 2,2
13| 5,0 3,4 2,6 1,0 2,3 3,2 1,6 4,3 2,7
14| 22 3,6 0,6 1,1 2,7 1,7 2,6 1,5 2,9
15| 3,6 2,3 1,2 0,7 2,9 1,8 2,7 3,0 1,6
16| 2,0 3,4 0,4 2,7 0,9 2,5 1,5 1,3 2,4
17| 6,1 3,1 4,3 5,0 4,7 2,0 3,6 2,8 3,5
18| 2.6 0,3 3,2 1,4 0,8 1,3 1,8 2,5 2,3
19| 09 2,6 2,4 1,4 2,7 1,9 0,4 3,3 1,5
20| 2.8 0,5 2,5 2,8 0,5 2,5 3,5 2,1 2,4
21| 6,3 4,4 3,2 3,7 2,9 3,6 5,1 4,8 2,1
22| 49 2,2 3,1 4,2 2,6 1,5 3,3 2,5 0,9
23| 0,2 3,1 1,3 2,4 1,7 0,7 1,2 2,5 2,2
24| 1,7 2,7 1,1 5,1 2,2 2,8 1,5 4,5 3,3
25| 3.2 4,8 2,1 3,7 2,9 3,6 6,2 5,1 4,4
26| 23 2,1 1,1 2,4 1,6 0,1 3,0 1,2 0,6
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27 0.8 4,8 2,1 3,0 4,1 2,5 1,4 3,2 2,4
280 29 0,1 1,1 0,4 2,2 2,0 1,0 2,3 1,5
29 | 40 2,4 1,3 3,1 4,7 2,0 2,3 0,7 2,9
30 2,6 1,0 2,3 3,2 1,6 4,3 2,7 5,0 3,4

3.6. MpoBepka CTATUCTUYECKUX TMNOTE3

3.6.1. OCHOBHbIEe NOHATHUSA

Cmamucmuueckou eunome3ou Ha3bIBAETCSA TUIOTE3a, KOTOPass OTHOCUTCS
K BUAy (PyHKIMU pacmpeiesieHus, K mapameTpam (YHKIMU paclpeeseHus, K
YUCIIOBBIM XapaKTEPUCTUKAM CIyYalHON BEJIWYUHBI U T.J., U KOTOPYIO MOXHO
MIPOBEPUTHh HA OCHOBE OMNBITHBIX JNaHHBIX. Hampumep, MpenmosioxKeHue o ToM,
YTO OTKJIIOHEHHE UCTUHHOTO pa3Mepa JIETalau OT pACYETHOIO UMEET HOPMaJIbHbBIN
3aKOH PacCIpelIeNICHUs, SBJISIETCS CTAaTUCTUYECKON rumnore3ou. [Ipeanonoxenune
O HaJIMYWH XKU3HU HA Mapce CTaTUCTUYECKOW TMIOTE301 HE SIBISIETCS, TaK KaK
OHO HE€ BBIpAXKaeT KAKOTO-IUOO YTBEPKICHUS O 3aKOHE PACHpPENCIICHUS WIH
VHBIX XapaKTEPUCTUKAX CITYYaWHOW BEJTUYUHBI.

Paccmorpum yrmpomieHssiid npumep. IlycTs BBIABHHYTA THIIOTE3a O TOM,
YTO IUIOTHOCTH BEPOSITHOCTH f(x) ciy4yailHOM BenuuuHbl X HMEET BUT,
n300pakeHHbIN Ha puc. 3.3.

4 &

Puc. 3.6.1

EcTh BO3MOXKHOCTH TPOU3BECTH TOJIBKO OJHO HabmoaeHue. B stom
cllyyae BBIOOPOUYHBIM MPOCTPAHCTBOM CIIYKUT 4ucioBasi ocb. M3 puc. 3.6.1
BUJIHO, YTO 3HAYCHUsI CIy4YalHOW BEIWYUHBI W3 OTpe3ka [a,b] umMeror
OTHOCHUTEJILHO OOJIBIIIYIO TJIOTHOCTh BEPOSTHOCTU U MOMaJaHue HAOII0JaeMOro
3HAQ4YE€HUS B 3TOT OTPE30K HE MPOTUBOPEUUT Tunore3e. HanpoTus, 3HaUeHMS BHE
ATOTO OTpPE3Ka B COOTBETCTBUM C TUIOTE30M MAaJIOBEPOSITHBI, U pean3alus
OJIHOTO U3 3THX 3HAYEHUI FOBOPUT HE B MOJIb3Y TMIIOTE3bI. B 3TOM yrpoieHHOM
MpUMepe BaXKHO ClieIyIolee: BBIOOPOUHOE MPOCTPAHCTBO W Mbl pa3Ouiiv Ha JiBE
yactu. OJIHy U3 HUX, TOYKU BHE OTpe3ka [a,b], o0o3Haunm yepe3 W, u Ha30BEM
Kputuueckoil obnacteto. Ecnu HaOmonenue nomagaet B W, TO rumoresy
OTBEpraeM, a eclid He TMomajaer, To OyJAeM cuuTaTh TUIOTE3y HE
MPOTUBOpPEUAIEH ONBITHBIM JAHHBIM WJIH MPABAONO00HOM.
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B cayuae BbIOOpKM OOBEMa 7 TO TOMY € NPHHLMIY pPa3OUBaIOT
BBIOOPOYHOE MPOCTPAHCTBO Ha JiBe 4yacTh. OJHY HMX HUX, BBIOOPKU camble
MaJIOBEpPOSITHBIE TIPU JAHHOW THUIOTe3e, 0003HA4aroT 4epe3 W, u Ha3bIBAIOT
Kpumuueckou obaacmslo. B cinydae mnomanaHus BBIOOPKH B KPUTHYECKYIO
0o0JlacTh TUIOTE3y OTBEpraroT. B MpOTUBHOM ciyyae MPHU3HAIOT TUIOTE3Y HE
MPOTUBOpEUAIel OMBITHBIM JaHHBIM. ECIM roOBOpUTH O MPOBEPKE THUIOTE3 C
TOYKM 3PEHHS] CTATUCTUYECKUX permaromux (yHKIHUM, TO, NPUMUCAB KaXJIOU
BBIOOpPKE OMPENICNICHHOE PEIICHUE, MPUHATh WM OTBEPTHYTh TMIIOTE3Y, Mbl TEM
caMbIM pa30uBaeM BHIOOPOYHOE MPOCTPAHCTBO HA JIBE YACTH: 00JIACTh MPUHATHS
TUNOTE3bl U KPUTUUYECKYIO 001aCTh.

Cmamucmuueckum Kpumepuem Ha3bIBAIOT IPABUJIO, YKa3bIBAIOIIEE,
KOrJla CTaTHUCTMYECKYI0 THUIOTE3y CJeAyeT MPUHATh, a KOrJa OTBEPrHYTb.
[locTpoeHue CTaTUCTUYECKOTO KPUTEPHUS CBOJAUTCA K BHIOOPY B BBHIOOPOYHOM
MIPOCTPAHCTBE Kpumuueckol ooaracmu Wy, Ipu nomnagaHuu BHIOOPKH B KOTOPYIO
runote3a orBepraercs. OObIYHO B KPUTHUECKYIO O0JIACTh BKJIIOYAIOT Camble
MaJIOBEpPOSITHBIE MPU IAHHOM TUIOTE3€ BHIOOPKH.

Jaxxe mpu  BepHOM  TUMOTE3e  HAOMIOJEHUSI  MOTYT  CIJIOKUTHCS
HEOJIAaronpuaTHO, B UTOrE BHIOOPKA MOKET MOMACTh B KPUTHUYECKYIO 00JIaCTh U

runote3a Oyner oTBeprHyra. BepostHocTh Takoro ucxoma  P(¥ eW,) mana,

TaK KaK K KpUTHYECKON O0O0JIACTH OTHECEHBI CaMble MaJIOBEPOSITHBIE MPHU JaHHOU
TUMOTe3€ BHIOOPKHU. BeposTHOCTH [3 MOXHO paccMaTpuBaTh KakK BEpPOSTHOCTH
OIIMOKHU, KOTJa TUIIOTe3a OTBEPraercs. OTYy BEPOSTHOCTh HA3bIBAIOT VPOBHEM
3Hauumocmu  xkpurepus. Kputepunm 1 TPOBEPKH THUIIOTE3I O 3aKOHE
pacnpeieNieHus CIy4aiiHOM BETMYUHBI OOBIYHO HA3BIBAIOT KPUMEPUAMU COTIACUSL.

CratucTU4eCcKUil KpUTEpUd B ONTMCAHHOM BUJIE MOXKET OBITh CIIOKHBIM, U
TPYIHO OyAET yCTaHOBUTH, MPUHAJICKUT JIM BBIOOpKA KPUTUUYECKOU 001acTu
wiu Her. [loaToMy mnpeAnmouyrTaroT Ha BBIOOPOYHOM MPOCTPAHCTBE 3a1aTh
HEKOTOPYIO (YHKIHIO, KOTOpas KaXJOoW BBIOOpPKE CTaBUT B COOTBETCTBHE
OMpENIeNICHHOE  YuCclo. 3HayeHusi (PYHKIUU, KOTOPHIE COOTBETCTBYIOT
KPUTUYECKON 001acTH, €CTECTBEHHO CYUTATh KPUTUYECKUMHU 3HAYCHUSIMHU.
[IpoBepka rumoTe3bl TOrJa CBOJAUTCS K BBIYMCICHHUIO MO BHIOOPKE 3HAYCHUS
ATOM (PYHKIMU U TIPOBEPKE, SABIAETCS JIU OHO KpUTHUYeCKUM. EcTh (yHKIIMU, HE
3aBUCAIIIME OT BHAA MpoBepsieMod rumore3bl. OHAa U3 TakuX (PYyHKUIUNA daeT
3HAMEHUTBIN KPUTEPUHN «XHU-KBaJIpaT».

3.6.2. Kputepumn coraacus «xm-KBaApaTy

IlycTp BBIIBMHYTa THUIIOTE€3a O 3aKOHE PACIPENCIICHUS CIIy4YalHOU
BennuuHbl X. TpeOyeTcs nmpoBepUTh, HACKOJBKO 3Ta TUIIOTE3a MPaBAONO00HA.
Jl71st 3TOr0 pazoObeM MHOKECTBO BO3MOXKHBIX 3HAYEHUM CIIy4ailHON BETUYUHBI
Ha k paspsagosB Q,Q,,...,Q,. Jlnd HEenpepblBHON CIIlydallHOW BEIUYHHBI POJIb
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pa3psioB UTPAIOT HHTEPBAJIBI 3HAYEHUM, I JUCKPETHONW — OTHENbHbIC
BO3MOXKHBIE 3HAYEHMs] WM TPYyNmObl Takux 3HaueHud. B coorBeTcTBUM C
BBIJIBUHYTOM THIOTE30M KaXXJIOMy pa3psay COOTBETCTBYET ONPEAECICHHAS
BEpPOSITHOCTH
p,=P(XeQp,p, P(XeQpn,...,p, P(XeQ). (3.6.1)
Hamnpumep, eciv BeIIBUHYTA TUIIOTE3a, YTO CIydaiiHas BelInurHa X UMEeT
Gynkuuio pacnpenenenus F(x), a B kauectse ); BHIOpaHbl HHTEPBANBL (X, X, ),

TO
p;=P(x, <X <x.,)=F(x,,)—F(x).
HyxHO npoBepuTh, COTiIacyeTcs JIM Hallla TUTIOTE3a C OMBITHBIMU JaHHBIMU.
Unes mnpoBepkH THUNOTE3bl COCTOUT B CPABHEHUH TEOPETHUECKUX
BeposTHOCTEH paspsaoB (3.6.1) ¢ dakTuueckd HAOIIOJIaEMBIMU YacTOTaMH
nonajgaHvus B OJTH pa3psanabl. [as 3TOro MNPOU3BOJUTCS # HE3aBUCHUMBIX
HaOMIOJICHUM CIy4ailHOM BENMYMHBI W OMNPEAENSeTCS YHCIO MONaJaHuil B
KaXabpld u3 paspsaoB. Ilycte B i-il paspsin momano v; HaOmioneHuid. Ecium
TUNOTE3a BEpHA U KAXKAOMY pa3psiay JEUCTBUTEIBHO COOTBETCTBYET
BEpOSATHOCTH (3.6.1), TO mpu OOJBIIOM YKCIIe HAOMIOJEHUNW B CHIY 3aKOHa
OONBIINX YHCEN YaCTOThl V,/n OyAyT NPUOIU3UTEIBHO PABHBI TEOPETUYECKUM

BCPOATHOCTAM p;. Torz:a BCINYHWHA

k v 2
D (—" - p,-j : (3.6.2)
i=1 n

r7ie ¢; — HEKOTOopble KOA((PUIMEHTHI, JOJKHA ObITH MaIOM.

Ecnm ke runoresa joxHasi, TO MpU OOJBIINUX /7 YACTOTHI Pa3ps0B OYIyT
ONM3KK K BEPOSITHOCTSIM, OTJIMYHBIM OT p;, W BeauuuHa (3.6.2) Oyxaer
OTHOCHUTEIJIBHO OOJIbIION. 3HAYUT, Mo BeauduHe (3.6.2) MOXKHO CYAHTh O TOM,
HACKOJIbKO THUIIOTE3a COIJacyeTcsi C OINbITHBIMU JaHHbIMU. KpuTHueckyro
00J1aCTh COCTaBSAT T€ BHIOOPKHU, J1JI1 KOTOPBIX ATa BEIMYMHA BEJIMKA.

Anrnuiickuit cratuctuk K. IMupcon (1900 r.) mokasan, 4To Mpu BBIOOpE

n o
KO3 GUIHUEHTOB ¢, = — ClIy4yaiiHas BeJIMYHHA

rfeaf S0 0 om

i-1 np,

MMEET pacIpeleeHue, KOTOPOE HE 3aBUCHUT OT BBIJIBUHYTOM THIIOTE3bl M
onpenenseTcs GyHKIMEH MIIOTHOCTU BEPOSATHOCTH

r u
A .

Y (u) u’> e% u<0,

roo r

Iy
22jt2 e dt
0
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IJI€ 7 — YHCIIO, Ha3bIBAEMOE YUCIOM cmeneHel c80000bl. UUcio r paBHO
Pa3HOCTH MEXJYy YHCIOM pa3psA/loB W YKHCIOM CBSI3€i, HallO)KEHHBIX Ha
BEeJIMYUHBI V;. CBSI3bI0 HA3bIBAETCA BCSIKOE COOTHOIIEHHUE, B KOTOPOE BXOJST
BEJIMYUHBI V;.

[Ipu nanHO¥M runote3e U GUKCUPOBAHHOM YHUCIE HAONIOJECHUN BEIMYMHA
X 3aBUCHT OT V,,V,,...,V,. KaJkI0OMy v, COOTBETCTBYET CBOE CIaraeMoe, HO He
BCE V; MOTYT U3MEHSTHCS CBOOOJHO, TaK KaK OHHM CBSA3aHbl COOTHOIIEHUEM
V,+V,+...+ V= n. 3HaUUT, BEIMYUHA 7 BMECTE C BEIUUYUHAMU V,V,,...,V,
OJIHO3HAYHO OMPEACNSIOT BEIUYUHY Vi, KOTOpasi MOATOMY CBOOOJIHO MEHSITHCS
He MoxeT. Yucno creneHed CcBOOOABI COOTBETCTBYET YHUCIY CBOOOIHO
MEHSIIOIUXCsl BenuuH v;. Ha v; MoryT ObITh HaloXeHbI U apyrue cBsi3u. Eciau
BCETO CBSI3¢H m, TO HE3aBUCHMO MCHSIONIUXCS BETWYWH V; Oyaer r =k —m.
Ces3p v, +V,+...+v= n Hamaraercs Bcerza. Jlpyrue CBs3M MOTYT
BO3HUKHYTh, HAIIPUMEP, €CJIU MPU BHIIBUKEHUU TUITIOTE3bI C MOMOIIBIO BETUYNH
V; OLIGHMBAIOTCSI MapaMeTphl MPENojaracMoro 3akoHa pacrnpeneneHus. Yem
Oonbie 7, TeM cwibHee Tpaduk V¥ (1) BBITAHYT BIOJb TOPU30HTAJIBHOM OCH
(puc. 3.6.2).
A \Pr (u)

v

0 s u
Puc. 3.6.2

CocraBiieHbl creluaibHble TaOMUIBl (CM. mpui., Tadu. [14), B KOTOpbIX
) 2
JULSL JIFOOOTO 7 ¥ 3a1aHHON BEPOSTHOCTH [3 yKa3aHbl TAKME 3HAYCHUS ) , YTO

P(xzzxéﬁ J‘Pr:(u)du B.

Ha puic. 3.6.2 sauTpuxoBanHasi iowas paHa 3. BeposirHoets P(y” = y;)

MO>KHO [TOHUMaTh, KaK BEPOSITHOCTb TOT0, YTO B CHJTY YACTO CIYyYalHBIX IPUYMH, 32
cueT HAOMIONEHUs] TeX, a HEe JPYIHMX 3HAYeHWH CIy4ailHOM BEJIMYMHBI, Mepa
PaCX0OXKIEHUSI MEKy TUIIOTE30M U pe3ysbTaTaMu HaOMoAeHU OyAeT Oonblue Win

2
paBHa XB . Otn BCPOATHOCTHU MOKHO HMCIIOJIb30BATh AJIA IIPOBCPKU T'MIIOTC3BI O

3aKOHE pacIpe/IeNieHUs CITy4aliHOM BETUUMHBI CIETYIOIIUM 00pa3oMm.
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[Ipennonoxum, 4yTo runoTe3a BepHa. BeibepeM BeposTHOCTD [3 HACTOJIBKO
Majoi, 4YTOOBl €€ MOXKHO OBUIO CUMTaTh BEPOATHOCTHIO IPAKTUYECKHU
HEBO3MOXHOr0 coObITHs. {11 BBIOpaHHOIrO 3 M 4MCia cTeneHel cBOOOMbI ¥ U3

2
T&6HI/IHBI pacipecaciiCHuA BCINYHNHBL Xz HaxoauM XB . Ecnu runoresa BCPHA, TO

2 2
SHAYCHUSA Y > XB SABJIAKOTCA MPAKTUICCKN HCBO3MOKHBIMHU, UX CIICAYCT OTHCCTHU

K KPUTUYECKOM 00JIacTH.
2
UTtak, moctpoeHa Kputuyeckas obnacts: W, =[y;,%0). B mpeamnonoxenny,

YTO THUIIOTE3a BEpPHA, HA OCHOBE OIBITHBIX JAHHBIX BBIYHCIAECTCS xz.
OO6o3HaYMM H3TO BBIYUCJIICHHOE 3HAYCHHE dYepes xi Ecan xi Zxé, TO
MPOU30ILIO COOBITHE, KOTOPOE TMPAKTHYECKH HEBO3MOXKHO IIpH BEpPHOM
runoTe3e. ITo AaeT MOBOJ B THIOTE3€ YCOMHUTHLCS U OOBSICHUTh TAKOE OOJIBIIOE
3HAYECHUE xi HEYJa4YHbIM BBIOOPOM TUIOTE3bI, TOCKOIBKY PACXOXKIECHUS MEKITY

) 2 2
v,/ n ¥ p; Clly4aiiHbIMU NIPU3HATH HeNb3sl. [Ipu y, >y TUMOTE3a OTBEPraeTCsl.

2 2 v
Ecmmu xe OKaXETCA, 4TO Y, < XB’ TO PACXOKIACHHUC MCIKAY TUIIOTC30H U

OTBITHBIMYU JAaHHBIMA MOXKHO OOBSCHUTH CIyY4alHOCTSIMHU BBIOOpKH. B 3TOM
ClIy4yae€ MOXHO 3aKJIIOYUTh, YTO THUIIOTE3a He NPOMUBOPEHUM ONbIMHbIM
OaHHbIM, WIH YTO 2unomesa npasoono0odHa. IT0, KOHEYHO, HE O3HAYaeT, YTO
runore3a BepHa. CKPOMHOCTH BBIBOJIA B MOCJIEIHEM CIIydae MOXHO OOBSICHUTH
TE€M, YTO COTJACYIOIHUECS C THUMOTe30i (haKThl TUIOTE3Bl HE JOKA3BIBAIOT, a
JenalT ee JHUIb IpaBaononoO0Hoil. B To ke Bpemss Bcero oauH (HakT,
MPOTUBOPEYAIIINI TUIIOTE3E, €€ OTBEPracT.

3ameuanne 1. X0TsS U ManoOBEpOATHO, YTOOKI y° TPH BEPHOH TMIIOTE3E

2
IMPCB3011JI0O YPOBCHb XB , HO 9TO BCC-TAKU MOKCT CIYUUTHCA U BCPHAA I'MIIOTC3a

Oyner oTBeprHyta. BeposTHOCTH Takoro coOBITHSI paBHa [3 U €€ MOXKHO
paccMaTpuBaTh KakK BEpPOSITHOCTh OIIMOKH, KaK BEPOSITHOCTh OTBEPTHYTH
TUNOTE3y, KOTJa OHa BepHa. HamoMHHMM, 4YTO BEPOATHOCTb OIIMOKH, KOrja
TUIOTE3a OTBEPraeTCs, Ha3bIBAIOT YPOBHEM 3HAUMMOCTH Kputepus. He crienyer
JyMaTh, YTO YE€M MEHbIIIE YPOBEHb 3HAUMMOCTH, TeM Jydiie. [Ipu ciumikom
MalbIX 3 KpuTepuil BeleT ceOsi MepecTpaxoBOYHO U OpaKyeT TMIOTE3y TOJIbKO

2
TPY KpHYaIle OOJbIINX 3HAYCHUAX g .

3ameuanne 2. Kaxmplii paspsan BHOCHT B BENMUMHY Y~ BKNAJ, PaBHbIA
2
(Vi_npi)
np;
rurores3a BepHa. [Ipu MasbIx 3HAUEHUAX 1p; BEIIUKA POJIb KAXKIO0r0 OTIEIBHOTO
HaOmonenus. Hampumep, ecimu np, =0,1 u B 3TOT paspsa monaao OIHO

, TIe np; — CpeIHee YMCIO TOMaJaHWil B JaHHBIM pa3psill, €CiIu
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(1-0,1)*

HaONIOfIeHNe, TO BKIag B %  OTOTO paspsiaa paBeH =8,1. Ilpu

”

(1-0,5)°

np,=0,5 310T BKJIaJ OyHeT paBeH BCEro JINIIb =0,5. B utore npu

)
MaJioM #np; OT TOMAJaHus WIM HEMONaJaHus B ATOT pa3psij HaOII0JaeMOoro
3HAQYE€HUS CYIIECTBEHHO 3aBUCHUT OKOHYATENbHBIA BBIBOJ. UTOOBI CHUZHUTH POIb
OTHENIbHBIX HAOMIOJEHUN, OOBIYHO PEKOMEHIYETCs cenaTh pa3OuBKY Ha
pa3psnabl Tak, 4TOObl BCE #p; ObUIM IOCTAaTOYHO OonbiiMMuU. Ha mpakTuke 310
CBOJUTCA K TPEOOBAHUIO UMETh B KaXXJIOM pa3pslic HE MEHEee MATH — JECATH
HaOmoaeHu. [l 3Toro  paspsabl, CcoAep Kalidue Majio HaOJI0JIEeHUM,
pEKOMEHAYeTCsl OOBEUHSTH C COCETHUMU pa3psiaMu.

Hpumep 3.12. beumn uccnenoBanbl 200 U3rOTOBICHHBIX JETAllC Ha
OTKJIOHEHHE MCTHUHHOTO pa3Mmepa OT pacueTHOro. CrpynnupoBaHHbBIE JAaHHbBIC
WCCIIEIOBAHUM NIPUBEICHBI B BUJIE CTATUCTUYECKOTO PSa:

['panunbl
OTKJIOHCHUM (-20;-10) | (-10;0) (0;10) (10;20) (20;30)
(B MHKpOHaX)

Yucno geralnei ¢
JTAaHHOW BEJIUYMHON 19 42 71 56 12
OTKJIOHEHUA

TpeOyertcst M0 JTaHHOMY CTaTUCTUYECKOMY PSTy TTIOCTPOUTH THCTOTPAMMY.
[To Bumy THCTOTpaMMBI BBIIBUHYTH THIIOTE3Y O THIIC 3aKOHA PaCIpeAciICHUS
orkioHeHui. [logoOpaTh mapaMeTpsl 3aKOHA pacmlpenencHus (paBHBIE WX
OIICHKAaM Ha OCHOBE OIBITHBIX JaHHBIX). [locTpowth Ha TOM e rpaduke
(GYHKITHIO TIOTHOCTH BEPOSITHOCTH, COOTBETCTBYIONIYIO BBIIBUHYTOU THIIOTE3E.
C moMoOIIpI0 KPUTEpHsI COTIIACHS TPOBEPUTH COTJIACYETCS JIM BBIIBUHYTAS
THUIIOTE3a C OIBITHBIMHA JAaHHBIMH. YPOBEHb 3HAUMMOCTH B3STh, HaIpUMED,
paBHbiM 0,05.

Pewenue. Jlis Toro 4TOOBI TONYYWTH TMPEACTABICHHE O BHUJAC 3aKOHA
pacmpeneneHusl N3y4aeMoi BEIMUMHBI, TOCTPOUM THUCTOrpamMmy. J[7s aToro Hax
KaKJIBIM MHTEPBAJIOM ITOCTPOHMM IPSAMOYTOIBHUK, TUIOMAIh KOTOPOTO YHUCICHHO
paBHa 4acTOTe MOMa aHus B HHTEepBai (puc. 3.6.3).

Touxka nepern6ba
| 0,03

/

6,02




0,01

0,095 0,210 0,355 0,280 0,006
| i | | >
-20 -10 0 5 10 20 30
Puc. 3.6.3

[lo BuIy rucrorpaMmbl MOKHO BBIABUHYTH NMPEIINOIOKEHHE O TOM, UYTO
uccieayemMas cliydaiiHas BeIMYMHA UMEET HOPMaJbHbIN 3aKOH paclpeiesiCHHUs .
[lapaMeTpbl HOPMAJILHOTO 3aKOHA (MaTeMaTHYECKOE OKHUJIAHHE U JUCIIEPCHUIO)
OILICHUM Ha OCHOBE OIBITHBIX JAHHBIX, CUUTAs B Kauye€CTBE MPEICTABUTEIIS
KaXXJI0r0 MHTEpBaJia €ro CepeIuHy:
—15-19-5-42+5-71+15-56 +25-12

M(X)~X 5,
200
2 2 _&\2 .
D(X)~ & (=15-5)*-19+ (-5 51)9942+...+(25 5)°-12 L6:

crs JI1E6 ~10,6.
I/ITaK, BBIJIBUHEM FI/IHOTCSY, qToO I/ICCJ'ICI[yeMaH cnyqaﬁHa;I BCIIMYHNHA

MMEeT HOpPMallbHbIM 3aK0oH pacupenenenus N(5;111,6), T.e. umeeT PyHKIHUIO
IJIOTHOCTH BEPOSTHOCTHU

B 1 _(x—S)2
f(x)_ﬂ-mﬁem{ 2-111,6}'

I'padux  f(x) ymoOHO CTPOWTH C TOMONIBIO TAOMUIBI (YHKIAA

t2

e? (cMm. mpuit., Tabm. I11):

1 x=35
f(x)_10,6(p(10,6]'

HaHpHMep, TOYKa MaKCMMyMa W TOYKHU Hepem6a HMCIOT OPAMHATBI
COOTBCTCTBCHHO

(1) = J;—n

7(5)= ! Q(S_S]— ! (0) ;-0,3989z0,0376;

10.6 10 10.6 ) 10.6 " 10.6
1 (5-5£10,6) 1 I
54£10,6) = 19 11) 10,2420 ~0,0228.
A ) 10,6([{ 10,6 ] 106" 106

I'padux dbynknuu f(x) mpusenex Ha puc. 3.6.3.

Bbraucium  Mepy  pacXOKACHHS MEXIy BBIIBUHYTOM THIOTE30M U
OTIBITHBIMH JIaHHBIMH, T.€. BEIMYMHY Y. JIs 3TOro cHavyaga BBIYUCIAM
BEPOSITHOCTH, TPUXOISIINECS HA KOK/IBIA HHTEPBAJ B COOTBETCTBHH C THITOTE30M:
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p,=P(-20<X<-10) @ 21029 o[ 22025
10,6 10,6

= —®(1,42) + D(2,36)= 0,422 + 0,491 = 0,069

p,=P(10<x<0) o222 || Z023) _0,1808+0,4222=0,241.
10,6 10,6

Amnanornuno: p, =P(0<X <10)=0,362; p,=P(10< X <20)=0,242;
P, =P(20< X <30)=0,069.

Brruncienue y° yno6HO BecTH, 0hOpMIss 3aMMuCh B BUE TAOIHIILL.

2
Vi Di np; V; —hp; (Vj - npi)z M
np,;

19 0,069 13,8 5,2 27,04 1,96
42 0,241 48,2 —6,2 38,44 0,78
71 0,362 72,4 -1,4 1,96 0,02
56 0,241 48,2 7,8 60,84 1,26
12 0,069 23,8 -1,8 3,24 0,23

) :Xi =4,25.

Wtak, mMepa pacxoXIE€HHS MEXKIY THMIOTE30d M ONBITHBIMU JIaHHBIMU
paBHa . = 4,25.

[Toctponm KpuUTHYECKYO 00JacTh s ypoBHS 3HaunMoctu [3=0,05.
Uncno cremeHeil cBoOOmB! I x° paBHO AByM. Tak Kak 4YKMCIO MHTEPBATIOB
pPaBHO IATH, a4 HA BEJIWYUHBI V, HAJOXEHBl Tpu CBs3u: 2V, =200; X =5;
s> =111,6. B urore  =5—3=2. Jljs 3aJaHHOT0 YPOBHS 3HAUMMOCTH 3 U 4UCIa
cTemeHel cBOOOIB! 7 =2 HAXOAWM W3 TaOMMIIBI pacmpeneneHus y~ (CM. TIPHUIL.,
Tabn. [14) kpuTHueckoe 3HaUCHHE xé =5,99.

Kpurnueckas o6nacts i TPOBEPKU TUIOTE3bI MMEET BUI [5,99;+0).
3nauenue . =4,25 B KPHTHYECKYIO 00JACTh He BXOAUT. BBIBOI: TMIOTE3a
ONBITHBIM JIAHHBIM HE IPOTHUBOPEYHT. Mepy pacxoxaeHus . =4,25 MOXKHO

OOBSCHUTH CIYyYallHOCTSAMH BBIOOPKH.
Omeem. I'unoTe3a ONBbITHBIM JTAHHBIM HE IPOTUBOPEYHT.

3agaua 3.12. J[)1s1 J7aHHOTO CTATUCTUYECKOTO psia.

1. ITocTpoiiTe rucTorpammy.

2. Ilo Buagy rucTOorpaMMbl MOAOEPUTE BBIPABHUBAIONIYIO KPUBYIO
(MHOTOYTOIBHUK pacHpeiesicHusl), T.e. BBIABUHETE THUIOTE3y O THUIIE 3aKOHA
pacripefienieHusi  ciy4aiiHoil BenuuuHbl. llomOepuTe mapaMmeTpbl 3akoHa
pacripesienieHus (paBHbIE UX OILIEHKAM Ha OCHOBE OMBITHBIX JIaHHBIX). [locTpoiiTe
CIUIQXKUBAIOIIYIO KPUBYIO B TOM K€ CUCTEME KOOPAUHAT.
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3.

C 1ToOMOIIBIO

KpUTEPUS

corjacus

«XH-KBaJIPaT»
corjacyercs JId JaHHas TWIIOTe3a C OMNBITHBIMA J@HHBIMH TIPH YPOBHE
sHaunmMoctu 3= 0,05.
(Cm. mpumep 3.12 1 ucxoAHbIEC TaHHBIE. )
Hcxoounvle oannvie k 3a0aue 3.12.

MPOBEPHTE,

Bap.1 |MHWurepBanmt | —25+-15 |-15+-5| -5=+5 S+=15 | 15+25
Ywciio Haom1. 13 17 36 25 9
Bap. 2 | UaTepBaisl 22 +-12 | -12+-2| 2+8 8+ 18 18 +28
Ywciio Haom1. 15 39 90 43 13
Bap. 3 | UaTepBaisl -20+-10 | =10+ 0 0-+10 10+20 | 20+ 30
Yucno HaO1. 14 55 68 43 20
Bap. 4 | UntepBais 4+6 6+8 8+10 10+-12 | 12+ 14
Yucno HaO1. 12 25 29 19 15
Bap.5 |MHutepBaaer | —20+-10 | -10+0 0-+10 10+20 | 20+ 30
Ywcito Hao1. 9 23 39 17 12
Bap. 6 | UatepBais -10+--6 |-6+-2| —2+2 2+6 6+ 10
Yucno HaO1. 10 20 39 22 9
Bap.7 |HutepBager | —20+—-10 | -10+-0 ] 0+10 10+20 | 20+ 30
Yucito Hao1. 10 25 33 19 13
Bap. 8 | UnTepBais -10+-6 |[-6+-2| —2=+2 2+6 6+ 10
Yucno HaO1. 12 21 33 23 11
Bap.9 |HutepBager | —20+—-10 | -10+0 ] 0+10 10+20 | 20+ 30
Ywcito Haom1. 12 23 33 17 15
Bap. 10 | UatepBaier | —10+-6 |—-6+-2| —2+2 2+6 6+ 10
Yucno HaO1. 12 19 36 23 10
Bap. 11 | UaTepBaisl -4+-2 -2=0 0+2 2+4 4+6
Yucno HaO1. 11 19 39 21 10
Bap. 12 | UaTepBais - 8+—-4 —-4+0 0+4 4+8 8+ 12
Ywcito Hao1. 10 22 37 20 11
Bap. 13 | UaTepBais -2=+2 2+6 6+ 10 10+-14 | 14+ 18
Yucno HaO1. 10 20 39 22 9
Bap. 14 | UatepBais —-4+0 0+4 4+8 8+ 12 12+16
Yucno HaO1. 11 19 39 21 10
Bap. 15 | UatepBasl -2=0 02 2+4 4+6 6+38
Yucno HaO1. 12 21 33 23 11
Bap. 16 | UntepBaisl 02 24 4+6 6+38 8+10
Yucno HaO1. 12 19 37 21 11
Bap. 17 | UaTepBaibl -4+-2 -2=0 0+2 24 4+6
Ywciio Hao1. 10 22 37 20 11
Bap. 18 | UuTepBaisl -5+-3 | -3+-1] —-1=+1 1+3 3+5
Yucno HaO1. 11 19 39 21 10
Bap. 19 | UatepBais —-6+-2 -2=+2 2+6 6+ 10 10+ 14
Ywciro HaOII. 12 22 30 26 10
Bap. 20 | UuTepBaibl 02 24 4+6 6+38 8+10
Yucito Hao1. 13 21 30 25 11
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Bap. 21 | UuTepBaisl -5+-3 |-3=-1] -1+1 1+3 3+5
Yucito Hao1. 14 20 30 24 12
Bap. 22 | UuTepBaibl -4+-2 -2=0 02 24 4+6
Yucio Hao1. 23 45 60 53 19
Bap. 23 | UaTepBais —-4+0 0+4 4+8 8+ 12 12+16
Yucito Haom1. 46 62 54 17
Bap. 24 | UatepBaibl 02 24 4+6 6+38 8+10
Ywcito Haom1. 22 45 62 53 18
Bap. 25 | UatepBaibl -5+-3 |-3+=-1] —-1=+1 1+3 3+5
Yucno HaO1. 20 46 64 54 16
Bap. 26 | UatepBais -10+-6 |[-6+-2| —2=+2 2+6 6+ 10
Yuciio Hao1. 18 45 70 53 14
Bap. 27 | UatepBais —-6+-2 -2=+2 2+6 6+ 10 10+ 14
Yucno HaO1. 23 41 65 55 16
Bap. 28 | UntepBais —-8+—-4 —-4+0 0+4 4+8 8+ 12
Yucito HaO:1. 24 40 65 54 17
Bap. 29 | UatepBais -10+-6 |[-6+-2| —2=+2 2+6 6+ 10
Yucno HaO1. 12 20 35 22 11
Bap. 30 | UuTepBasibI -2+0 0+2 2+4 4+6 6+8
Yucno HaO1. 19 46 74 38 23

Ipumep 3.13. B Buzie CTaTHCTUYECKOrO psja NMPUBEACHBI CTPYNIIPOBAHHBIE

JaHHBIC 0 BpeMeHH 0e30TKa3HoM paboTsl 400 pruOOpPOB.
Bpems
. ot 500 no ot 1000 o ot 1500 no
0e30TKa3HOM ot 0 10 500 1000 1500 2000
paloTHI B Hacax
Hnero 257 78 49 16
pudOpoB

CornacyroTcss 1M 3TH JAHHbBIE
uMeeT
F(x)=1-exp(—x/500)? YpoBeHb 3HAUUMOCTH B3sITh, HaipuMep, paBHbIM 0,02.

0e30TKa3HOM’

paboThI

npudopa

C TMPEANOJIOKCHUEM,
GyHKINIO

YTO BpeMs

pacrpeneneHus

Pewenue. BpanciuM BEPOSTHOCTH, MPUXOIAIIMECS B COOTBETCTBUHU C
TUIIOTE30M HA UHTEPBAJIbI:

P =P(0<x<500) E(500)—F(0) l-e'—1+e 1-%/e~0,6324;

p,=P(500< x<1000) 1-e’-Et+e'
p, =P(1000<x<1500) 1-e”’—kte”
p,=P(1500<x<2000) l-e’-k+e”

Brruncaum .

0,3676 - 0,351~ 0,2325;
0,1351-0,8499 ~ 0,0852;
0,0499 —0,6182~0,0317.

2
V. —Ap.
Vi Di npi V; —np, (Vj - npi)z M
np;
257 0,6324 252,96 4,04 16,32 0,06
0,06 0,2325 93 -15 225 2,42
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49 0,0852 34,08 14,92 222,6 6,53
16 0,0317 12,68 3,32 11,02 0,97

2
2 = =9,88.
Uucno creneHeit cBOOOIBI paBHO TPEM, TaK KaK Ha YETbIPE BEITUYUHBI V;
HAJIOXKEHA TOJIBKO OJIHA CBA3b XV, =n. /[ Tpex creneHed cBOOOIBI U ypOBHS

sHaunMocT 3 =0,02 HaxoauM W3 TaOIUITEI pacTIpeEICHUS «XU-KBaApaT» (CM.
2
npuiL., Tabi. 114) kputndeckoe 3HaueHue ¥, =9,84. 3HayeHne 12 =9,88 BXOAUT

B KPUTHUYECKYIO 00J1acTh. BBIBOJ: THMOTE3a MPOTUBOPEUYUT OMBITHBIM JaHHBIM.
['unoTe3y oTBepraemM u BEpOSTHOCTh TOTO, YTO MBI IIPU ATOM OIlIKOaeMcs, paBHa
0,02.

Omeem. ['unore3a ONbITHBIM TaHHBIM ITPOTUBOPEYNT.

3agaua 3.13.1. J[111 u3ydeHus: MOTOKA MOCETUTENEN B CUCTEMY MacCOBOTO
oOciykuBaHUs (HampuMep, Mara3uH, cOepOaHk ©W T.1.) OBUI TIPOM3BEICH
XpOHOMETpPaXX HWHTEPBAJIIOB MEXAYy NpUxXxoAdaMu moceTutenet Pe3ynbrarhl
M3MEpEeHUH OBUTH MIPEACTABJICHBI B BUJIE CTATUCTUYECKOTO PsJia.
| 02 | @ | @) (6:8)
Yuciio HaOIr0IeHUI 2 V) V3 7
CornacyroTcsi i 3TH Pe3yJbTaThl C MPEANOJI0XKEHUEM O TOM, 4YTO
HaOII01aCcs MpOCTeNMi TOTOK coObITHil. (B mpocteiiiemM moToke WHTEPBAJIbI
MEXKy MOMEHTaMU MOSIBJICHUS COOBITUN HE3aBUCUMBI U UMEIOT MTOKa3aTEIbHBIHI
3aKOH pacnpeaeneHus: F(x)=1—-exp{-Ax}, x>0, A>0.) YpoBeHb

3HAaYUMOCTH BO3bMUTE paBHBIM 0,05. (CM. mpumep 3.13 u ucxoaHbie JaHHBIC. )
Ykazanue. Cuuras mnpeacTtaBUTeNIeM KaXJAOro HHTEpBAJIA  €ro

CepeluHy, HallINTe CHavaa OLIEHKY A Ha OCHOBE PE3y/IbTaTOB HAOIIOCHUI.
Hcxoonvie oannvie k 3a0aue 3.13.1.

No 2 V) V3 V4 No 2 V) V3 V4
1 135 39 17 9 16 165 54 22 9
2 170 48 19 13 17 175 49 27 9
3 167 51 22 10 18 164 56 21 9
4 196 68 26 10 19 182 52 25 11
5 193 73 25 9 20 194 71 26 0
6 136 37 18 9 21 183 51 24 12
7 196 69 24 11 22 165 41 23 11
8 166 52 23 9 23 158 40 21 11
9 164 42 24 10 24 163 43 25 9
10 168 50 21 11 25 256 99 34 11
11 177 47 25 11 26 157 41 22 10
12 169 49 20 12 27 181 53 26 10
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13 195 70 25 10 28 257 98 33 12
14 160 52 23 9 29 212 81 37 10
15 176 48 26 10 30 180 54 27 9

3agaua 3.13.2. B pesynbprare n HaOMIOACHUN ClaydyailHOM BeIMYHMHBI X
OKa3aJ0oCh, 4YTO B MHTepBaIbl (X;X, +2), (x,+2;x,+4), (x,+4;x,+06),
(x,+6;x,+8), (x,+8;x,+10) momano cOOTBETCTBEHHO ki, ki, k3, ki, ks

HaOmoaenuil. [Ipu ypoBHE 3HAUMMOCTH [3 COIJIACYIOTCS JIM 3TU PE3YyJbTaThl C
MHEHHEM, 4YTO HaOJrojaeMas cllydaiiHas BEJIMYMHA HUMEET pACIpEeICHHE

a+l
[TapeTo ¢ MIOTHOCTHIO BEPOSITHOCTH [ (X) :i(ﬁj opu x,<x u f(x)=0
X, \ X
npu x<x, (a>0 u x,>0). (Cm. mpumep 3.13 u HCXOIHBIE NAHHBIE; X) —
HOMEp BapHuaHTA.)
Ykxazanue. Hanpure oueHKy napaMmeTrpa a 1o METOy MOMEHTOB.
Hcxoonvle oannvie k 3a0aue 3.13.2.

No kl kz k3 k4 k5 Ne kl kz k3 k4 k5 Ne kl kz k3 k4 k5
1 (34177 |9 |3 1147 18|10 8 | 7 |21|134/43 13| 9 | 1
2 (47125|14]19 |5 112142130 (24|19|15)22|136/39|15| 9 | 1
3 (511291519 |6 (1379|3719 |15]10)23 |71 4229 |12| 6
4 4112017112 0 |14 |217{41 |24 |11 | 7 |24 |126/29 15| 9 | 1
51612411710 ] 8 |15 (118[45 16|11 |10]25(102/40|23 |11 ]| 4
6 5524114 |10| 7 116 |96 |47 28|19 |10]26|98 43|31 |17 |11
7 14722117122 17|61 |40 (27|22 |10]27|128|89 |61 |34 |28
8 /3926|124 |18 |13 )18 (54|29 (2522|2028 |132/46|12|10| 0
9 |75133 1191310194525 |18| 9 |3 1299647281910
1044 (2210 | 8 | 6 |20|134|42|14|10] 0 |30|96 (47|29 17|11

Ipumep 3.14. Mounety nogopocunu 50 pa3. I'epO Beiman 32 paza. C
MOMOILBIO KPUTEPUS «XU-KBAJAPAT» IPOBEPUTH, COIIACYIOTCA JIU 3TH PE3YIbTATHI
C MPEIIOJIOKEHUEM, YTO IOIOPACHIBAIIA CUMMETPUYHYIO MOHETY.
Pewenue. BpiiBUHEM TUIIOTE3y, YTO MOHETA ObUIa CUMMETPUYHOU. DTO

03HAYaeT, YTO BEPOSITHOCTH BhINAJIEHUS repOa npu KaxaoM Opocke paBHa 1/2. B
OMMCaHHOM ormbITe TepO Bbinman 32 pa3a u 18 pa3 Beinana uudpa. Beruucnsem

Y-

2
V. —np.
Vi Pi npi V; —np; (v, — np;)z M
np;
32 0,5 25 7 49 1,96
18 0,5 25 —7 49 1,96

S = =3,92.
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Yucno creneneil cBoOOAbI A1 ° paBHO 7 =2 —1=1, Tak KaK cllaraeMbIX
ZIBa, a CBA3b HA BEJIMYMHBI V; HAJIOXKEHa oAHa: Vv, +Vv,=50. Jlna yucia
cTerneHer cBoOOabl 7 =1 W ypOBHS 3HAUMMOCTH, Hampumep, paBHoro =0,05
HaxoJIUM U3 TaOJUIIbI pacrpeeNeHus «Xu-KBaapar» (cMm. npui., Tabdmn. 114), uro
P(y*>3,84)=0,05. D10 o3HauaeT, uTO0 WpH ypoBHe 3HaumMmocTu [3=0,05
KPUTHYECKYIO O0IIACTh I BEJIMYUHBI 7  COCTABISIOT 3HA4eHHs [3,84;+o0).

Brruucnennoe 3HadueHue Xﬁ =3,92 nomagaet B KpUTHIECKYIO 00JIaCTh, TUIIOTE3a

OTBCPracrTc:. BGpOHTHOCTB TOT'O, YTO MBI IIPHX TAaKOM BBIBOJIC OIHI/I6aCMC5I, paBHa
0,05.

Omeem. HpezmonoxceHHe 0 CUMMCTPHYHOCTHU MOHCTHI HE COIJIaCycCTCs C
OIIBITHBIMH JAHHBIMU.

3amaua 3.14. PesynbraThl 1nOAOpachIBaHUSI UrpaJbHOTO KyOuKa
MPEJCTABIICHBI B BUJIE€ CTATUCTUYECKOTO psJia:

['panb KyOHKa «1» «2» «3» «» «5» «6»
Yucio BeIMageHUN N N N N N N
1
rpaHu 2 3 4 5 6

MoxHo 11 cuutath (rpu ypoBHe 3HaunmMocTu 0,05), 4yTo moadpackiBaIn
ONHOPOJHBIA U cuUMMETpUuHbIM KyOuk? (Cm. mpumep 3.14 u wucxomHbie
JTaHHBIE. )

Hcxoounvle oannvie k 3a0aue 3.14.

Ne kl kz k3 k4 k5 k6 Ne kl kz k3 k4 k5 k6
1 17 30| 11 |25 |15 (22} 16 | 21 | 20 | 13 | 17 | 30 | 19
2 18 | 27 |23 |12 |27 | 13 ) 17 | 11 | 21 | 14 | 25 | 19 | 30
3 26|14 |19 |11 |21 |29 |18 |23 | 17 | 21 | 19 | 27 | 13
4 16 | 28 | 13 | 25 |20 | I8 | 19 | 20 | 21 | 11 | 31 | 14 | 23
5 |29 |16 |21 | 15 | 12 | 27 | 20 | 19 | 24 | 20 | 28 | 17 | 12
6 17 130 |19 |21 {20 | 13 | 21 | 11 | 25 | 25 | 15 | 17 | 30
7 |25 119 |30 | 11 | 21 | 14 | 22 |23 | 12 | 12 | 27 | 18 | 27
8 19 27 | 13 123 |17 | 21 | 23 |19 | Il | 11 | 21 | 26 | 14
9 | 31 | 14 |23 |20 |21 | 11 | 24 | 13 | 25 | 25 | 20 | 16 | 28
10 | 28 | 17 | 12 | 19 | 24 | 20 | 25 | 21 | 15 | 15 | 12 | 29 | 16
11 | 25 | 15|22 |17 |30 | Il 26 | 19 | 21 | 21 | 20 | 17 | 30
12 | 18 | 27 | 23 | 12 |27 | 13 | 27 | 30 | 11 | I1 | 21 | 25 | 19
13 | 26 | 14 | 19 | 11 | 21 | 29 | 28 | 13 | 23 | 23 | 17 | 19 | 27
14 | 16 | 28 | 13 | 25 | 20 | 18 | 29 | 23 | 20 | 20 | 21 | 31 | 14
15 | 29 |16 | 21 | IS5 |12 | 27 | 30 | 12 | 19 | 19 | 24 | 28 | 17
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Ipumep 3.15. Jlna xaxgoro n3 100 TeaeBU30pOB PETMCTPUPOBATIOCH
YUCIIO BBIXOJIOB M3 CTPOs B TEUEHHE TapaHTUUHOTO Cpoka. Pe3ynbrarsl
MPEICTABJICHBI B BUJIE CTATUCTUYECKOTO Psia:

Hucno BBIXOI0OB 0 1 o) 3 4 u 6osee
U3 CTPOst
Yucio 54 27 14 5 0
TEJIEBU30POB

CornacyroTcsi Id 3TH JaHHBIE C MPEINOJIONKEHUEM O TOM, UYTO YHUCIO
BBIXOJIOB U3 CTPOSI UMEET ITyaCCOHOBCKUM 3aKOH PaCIpeIeICHUS ?

Pewenue. Eciu cnydaiiHasg BeauynHa X — YUCIO BBIXOIOB U3 CTPOS
TEJEBU30pPa, UMEET ITyaCCOHOBCKUM 3aKOH pacIpeiesieHus, TO

k
P =P(X kb K—e‘é, k 03,273,...,
k!
rjie mapameTp A HEU3BECTEH.

OueHuM mapaMeTp W3 ONBITHBIX JaHHBIX. B 3akoHe pacmpejeneHus
[lyaccona mnapameTrp A paBeH MaTeMaTHYECKOMY OXHUJAHUIO CIIy4alHOU
BenUuuHbL.  OIEHKOM  MAaTeMaTH4YeCKOro  OXHUJaHUs  CIYXKUT  CpelIHee
apupMeTHIECKOE:

)—(_9-54+1-27+2-14+3-5+4-0
100

Wrak, BeIABUraeM rumoTe3y, YTO U3ydaemas ciiydailHasi BEeIMYMHA UMEET

3aKOH pachpeiesIeHHs

0,7 ~A.

k
P(X =) %e-‘”; k 0,1,2,3,...=

JIisi mpoBepKH BBIABUHYTOW THUIIOTE3bl 3aJaUM YPOBEHb 3HAUYMMOCTH,
Hanpumep, paBHbeii 0,02. IlocnengHue Tpu paspsna, CoAEpIKAIIME Malo
HaOMIOACHUM, MOXHO OOBEIWHHTh. B mTOre MMeeM TpH paspsga W YHCIO
cTerneHel cBoOOIbI paBHO 7 =3 — 2 =1, Tak Kak Ha BEJIMYMHBI V; HATOKCHBI JIBE
cBs3u: 2v, =100 u X =0,7. U3 TabGuumpl pacupeneleHns «XH-KBagpaT» (CM.
npwrt., tabn. [14) must 3amansoro =0,02 u yucna cremeneit cBoboanl » =1
HaXOJUM, YTO KpUTHYECKasi 00JacTh UMeeT BU [5,41;0).

Bpruucium tenepn xi B cooTBeTcTBMM € BBIABHUHYTOW THIOTE30U
paspsAabl UMEIOT BEPOSITHOCTH:

0 1
P,=P(X 0) :(O’T?)e-‘” 95 P —=PX 1) éoﬁ) e 835;
P,=P(X 2) 0,12 P,+P,+.. 1-0,5-035-612 0,03.

Brerauciienue xi npousBeieM, (GUKCHUPYsI TPOMEXKYTOUHBIE PE3yJIbTaThl B
Tabaure.
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2
Vi Di np; V; —hp; (Vj - npi)z M
np,;
54 0,5 50 4 16 0,32
27 0,35 35 -8 64 1,83
19 19 15 4 16 1,07
T =322

BbruncieHHOe 3HAYCHHE B KPUTHYECKYIO OO0JIACTH HE BXOJAWUT. BBIBOI:
THIIOTE3a O ITyaCCOHOBCKOM 3aKOHE pacIpeleNieHUus] U3ydaeMoH CIy4JaifHOM
BEJIMYMHBI OTIBITHBIM JTAHHBIM HE MPOTUBOPCYHT.

Omeem. I'urioTe3a He MPOTUBOPEUYUT ONBITHBIM JTaHHBIM.

3apaua 3.15. [locne Habopa TeKkCcTa KHUTU KOPPEKTOP MOACUUTAIL YUCIIO
OMEeYaTOK Ha KaXKJOW CTpaHWIle KHUTU. Pe3ynbTaThl mojicuera MmpecTaBliICHbl B
BHJIE CTATUCTUYECKOTO psJia.

Hucro 0 1 2 3 4
OIIEYaTOK
Uucno cTtpanuil ko ki ky ks k4

CormacyeTcst 1 C 3TUMU NaHHBIMU (TIpu ypoBHE 3Hauumoctu f3=0,05)
YTBEPKJACHUE O TOM, YTO YMCIIO ONEYATOK HAa CTPAHMIIE UMEET IMyaCCOHOBCKUU
3akoH pacnpenenenus? (Cm. mnpumep 3.15 u  HUCXOAHBIE JIaHHBIE.
Bocnonw3yiitech npui., Tadu. 115.)

Hcxoounvle oannvie k 3a0aue 3.15.

ko k 1 kz k3 k4 Ne ko k 1 kz k3 k4

190 | 195 | 92 31 12 116 | 220 | 221 | 112 | 33 14

186 | 185 | 82 37 10 | 17 | 184 | 108 | 82 16 10

246 | 151 | 70 23 10 | 18 | 187 | 138 | 53 12

189 | 195 | 93 33 10 | 19 | 214 | 224 | 121 | 30

217 | 227 | 108 | 35 13 120 | 181 | 111 | 84 15

186 | 141 | 49 15 9 21 | 191 | 179 | 78 43

166 | 145 | 62 17 10 122 | 132 | 134 | 65 20

216 | 221 | 120 | 33 10 123 | 213 | 225 | 120 | 33

186 | 105 | 82 17 10 124 | 192 | 177 | 80 41

189 | 191 | 101 | 29 10 1 25 | 180 | 112 | 85 14

191 | 179 | 79 41 10 126 | 191 | 180 | 78 40

33 75 80 83 29 127 | 131 | 137 | 63 19

Y — |
No_\OO\O\O\O\O,_O

213 | 230 | 115 | 28 14 128 | 218 | 221 | 116 | 33

186 | 140 | 351 14 9 29 | 130 | 138 | 64 18 10

| o | | | |
nElmDIRaeleNenislwN=Z

190 | 154 | 76 21 9 30 | 186 | 138 | 55 12 9

Ipumep 3.16. B Teuenue natu pabounx AHEW HeAeTW Ha KOHTAKTHBIM
teneoH (GupMbl MOCTYNWIO COOTBETCTBEHHO 69, 50, 59, 75, 47 3BOHKOB.
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MoxHO nu cuuTaTh NMpU ypoBHE 3HAYMMOCTH [3=0,02, 9TO MHTEHCHUBHOCTH

3BOHKOB HE 3aBUCHT OT JHS HEJlenu?
Pewenue. CHauana nocTporuM KpUTHUYECKYIO 00s1acTh. O0I11I€€e KOJINYECTBO
3BoHKOB paBHO 300. Yucno creneneit cBoOoabl paBHO »=5—1=4, Tak Kak

5
pa3psioB MsTh, a CBSI3€U OJHA (Zvi =300). [lo Tabnuie pacripeqeneHus: «Xu-
i=1

kBagpaT™» HaxomauM it » =4 u 3=0,02, 9T0 KpUTUIECKOE 3HAUYCHUE xé =11,67.
Wrak, kputudeckas oonacte umeet Bun W, =[11,67;+w).

BriaBuHeM rumoresy, 4TO MHTEHCUBHOCTH 3BOHKOB HE 3aBUCUT OT JHA
HEJIeJIU, T.€. C BEPOSTHOCTBIO 1/5 KaKIblil BBI30B MOXKET MOCTYIUTH B JIO00I1
pabouuii 1eHb HEJETH.

B NpeamonoKeHWMH, uYTO TUIOTE3a BEPHA, BBIYMCIMM 3HAUEHHE ) .
Briuncnenue yno0Ho oopMUTh B BUJI€ TAOJIUIIBI.

2
Vi Di npi vV, —hp; (Vj - npi)z M
np,;

69 1/5 60 9 81 1,35
50 1/5 60 -10 100 1,67
59 1/5 60 -1 1 0,017
75 1/5 60 15 225 3,75
47 1/5 60 -13 169 1,69

3 =2 =8,4773,

CyMMa 3JIEMEHTOB MoOcNenHero cronbua maer . <11,67. Bssox:

TUIIOTE3a ONBITHBIM JJAHHBIM HE MPOTUBOPEYUMUT.
Omeem. ['unore3a ONbITHBIM JJaHHBIM HE MPOTUBOPEYUMUT.

3agaua 3.16. Ha mocce mexay OByMs TOpOAaMH PAaCIIONIOXKEHBI TPH
aBTO3aMpPABOYHbIE CTAaHIMU. B TeueHHMe Yaca Ha 3THX CTAHIUSAX 3aMPaBUIOCH
COOTBETCTBEHHO ki, ky 1 k; aBTomoOumneit. Ilpu ypoHe 3Haummoctu [3=0,05
corjjacyercss Jd C OSTHUMHU JaHHBIMU MPEINOJIOKEHHE, YTO aBTO3alpPaBKU
OJIMHAKOBO MOMYyJIsipHbl Yy aBToBianenbleB? (Cm. mpumep 3.16 U ucxomHbie
JTaHHBIE. )

Hcxoounvle oannvie k 3a0aue 3.16.

No kl kz k3 No kl kz k3 Ne kl kz k3
1 52 73 76 11 61 81 59 21 51 40 65
2 78 69 54 12 69 53 79 22 64 39 50
3 53 70 57 13 54 69 57 23 47 62 38
4 50 39 52 14 38 52 60 24 61 46 38
5 48 63 39 15 46 61 38 25 60 35 52
6 38 53 61 16 35 52 60 26 55 60 38
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7 38 49 63 17 60 55 38 27 62 44 56
8 40 65 51 18 55 62 45 28 45 66 54
9 39 50 64 19 56 | 44 62 29 66 54 45
10 47 38 62 20 46 59 60 30 45 55 62

3.6.3. MMpoBepka runoTesbl © HE3ABUCMMOCTU ABYX CAYHOMUHbIX BEAUYUH

Ilocmanosxka 3a0ayu. MOXHO 1M 1O pe3yibTaraM HaOMIOJEHUU JBYX
CIIy4aiHBIX BEJINYMH CAEJIaTh BBIBOJ 00 MX 3aBUCUMOCTH UJIM HE3aBUCUMOCTH.

B mpunoxeHusx 5Ta 3amada MMeEET CICAYIOIYH0 IOCTaHOBKY. IlycTs
KQ)K]IbI 3JIEMEHT T€HEepaIbHOM COBOKYITHOCTH 00JIaJaeT ABYMs MpU3HAKaMU A U
B, npusnak A4 wnmeer rpajmaumu (Wi ypoBHH) A, A4,,...,A4,, a npusHak B
pasnu4aercs 1o ypoBHAM B, B,,...,B.. Bo3HHKaeT BOIpPOC, CBA3aHbI JIU APYT C

JIPYTOM 3TH IPU3HAKH?

EcrectBeHHO cunTaTh, 4TO A U B HE3aBUCUMBI, €CIIA TIPU BBIOOPE JIH0OOTO
AJIEMEHTa TEeHEPAJbHOW COBOKYMHOCTH HE3aBUCUMBI COOBITUS «npusHax A
npunumaem snadenue Ay N «npusnax B npunumaem 3navenue B 1IpU BeexX i U
Jj. @POpMaJIbHO 3TO 03HAYAET, YTO
i BceX A; u B;. 1IpoBepHUTh HENOCPEICTBEHHO BBINOJHEHHE COOTHOIIECHUS
(3.6.4) HET BO3MOKHOCTH, TaK KaK 3HAYEHHUS BXOJAIINX B HETO BEPOSTHOCTEU
HEHU3BECTHBI.

Ilycte y B3ATBIX Hayrajg #n WICHOB TE€HEPAJIbHOW COBOKYITHOCTH
ONpPEAEIIEHbl BEIMUYNHBI MPU3HAKOB A U B. [1o 3THM pe3ynbTaTaM MOKHO HAWTH
n; — YUCIO HAONIOJCHMI Napbl 3HAYCHWW NpHU3HAaKoB A; u B;. Torma oOmiee
YUCJI0 HAOMI0ICHUI 3HaUYCHUM MpU3HAKa A; paBHO

S
Zn,.j =n,+n,+...+n,=n,. (3.6.5)
j=1

AHaJIOTUYHO, YUCI0 HAOIIONEHU TPU3HAKA B; paBHO
r
Zn,.j:nlj+n2j+...+nrj=n*j. (3.6.6)
i=1

OObIUHO pe3ynbTaThl HaOMOACHUN OGOPMIISIIOT B BUJE TaOIMIBI,
KOTOPYIO HAa3bIBAIOT Mad.Iuyell COnpaiCeHHoCmu NPU3HAKO8.

Taﬁ.Jmua COIIPAKCHHOCTH IIPU3HAKOB

A
A A, A; Ay
B
B ni Ny nil N N
B ni N Ni N nx)
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B]' nyj ny; njj Ny i
BS nis N Nis Ny Nxg
ny= Nyp= N Ny n

Brenem o6o03naueHus st BepositHocTe. [Tomoxum

py=P(4B7), PE) X, p= PB) XP p.,
j=1 i=1
Heobxomumo mposeputb rtunoresy Hoy: p, = p.p., mus Beex map (i, )),
i=12,....k, j=12,...,s.
Ecnu HabmroaeHnit MHOTO (XOTs OBl HECKOJBKO JIECATKOB), TO IO TEOpEME
bepnynu

i 7 ; M ;
n—>0 pij’ n n—>0 pi*’ n n—0 p*j'

n

Kpurepuii ocHOBaH Ha CpaBHEHHHM HaOJIOAAEMbIX YHUCEN TMOSBICHUS
KOMOMHAIIMN MPU3HAKOB C YUCIAMU TOSIBICHUN, KOTOPBIE TOJKHBI ObUTH OBI
ObITh, €clid Obl MPU3HAKK OBLUIM HE3aBUCUMBI M HE IMOJBEPrajlCh Pa3IUYHBIM
CIIy4YalHOCTSIM.

[lockonbKy BEpOSITHOCTH HACTYIUJICHUS JBYX HE3aBUCHUMBIX COOBITHI
paBHA MPOU3BEIACHUIO BEPOATHOCTEU 3TUX COOBITHI, TO 3a OLIEHKY BEPOSTHOCTHU
COBMECTHOTO TMOSIBIICHUS COOBITHH A; W B; MOXXHO IpPHHATH IPOU3BEICHUE

M

n,.
-—L (06e >TH OpoOM — OIEHKM COOTBETCTBYIOLIMX BEpOATHOCTEH). Torma
n o n

TEOPETUYECKOE YUCIIO HAOIIOACHNN Napbl A; U B; TOIDKHO OBITH PaBHBIM
n, M, n.n,

i* *J

n .
n o n n
DTy BEIWYHWHY MOXHO HAa3BaTh TEOPETUYECKUM YHUCIIOM NOSIBIICHUN mapwl A; U

J

B;. Ilpu BepHOH THIIOTE3€ BEIUYHHEI HE JIOJDKHBI 3HAYUTEIBHO

n
OTIINYaTbhCA OT 7. O crenenu pPaCXOXKACHUSA MCKAY HUMHU MOKHO CYAWUTH I10

BCINYHNHC
2

k s g n
ur=>> . (3.6.7)
i1 ol 1,
n

Ecmu rumotesa Hy 0 HE3aBHCUMOCTH BEpHA, TO TIPU 71 —> 00 BenuduHa U’
HMEET pacmpeaeneHne «xu-kpaapat» ¢ r =(k—1)(s—1) crenmeHsMu cBOOOIHI.

Uucno creneHeid cBOOObI ONpenensaeTcs: U3 CIeAyIuX coodpaxkennil. Beero
cimaraembix rs. Ha HUX HaknaasiBaroTCcs cBs3U. Llpexne Bcero,
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Z”z‘j =n.
i

Omnpenensisi nj=, Mbl BOCHOJIB30BAINCH k paBeHcTBamu (3.6.5), HO B cuy

k
an‘* =n, (AKTUUYECKU HE3aBUCUMBIX ciaraembix Oyner k—1. U3 Tex xe
i=1
coobpaxkeHuid B paBeHcTBax (3.6.6) Toiapko s—1 craraemoe SBISETCS
He3aBUCUMBIM. [loaTOMY UnCIo cTenenei cBo00 bl
r=ks—(k-1)—(s-D—-1=(k-1)(s-1).
B Tabmuie pacmpeseneHus ’ 10 3aJaHHOMY YPOBHIO 3HAYMMOCTH P U
) 2 2 2
quCIy CTereHei cBobombl 7 = (k —1)(s —1) Haxomum y, Takoe, uro P(U” = y;).
2
Kpurnyeckas 00acThb ist IPOBEPKH THNOTE3bI uMeeT B W, =[y;,%0) . Ocraercs

BEIYHMCITHTH (hakTHueckoe 3HaueHnme U’. Ecam OHO MOMamaeT B KPUTHYECKYIO
001acTh, TO TUIIOTE3a OTBEPraeTcs, MPHU STOM BEPOATHOCTH OLIMOOYHOCTH 3TOTO
BbIBOJIa paBHA P. Eciu BblumMcleHHOe 3HadeHHe U° He BXOIUT B KPUTHYECKYIO
0011aCTh, TO TUTIOTE3a OTBITHBIM JIAHHBIM HE IPOTUBOPEUUT.

IIpumep 3.17. JlanHble 0 cnade 3k3ameHa 246 CTyACHTaMH CrpyNIIMPOBAHBI
B 3aBUCHMOCTHU OT MECTa OKOHYaHUS CTYIEHTOM CPEIHEH ILIKOJIBI.

Onenka MockBuuu HOE:K:;E?)GBBC HNuoropoauue 1
OT1nnyHO 16 11 19 46
Xopouio 21 21 26 68

VoBi. 35 38 19 92
Heynosi. 13 10 17 40

N 85 80 81 246

MoOXHO 7M1 1O 3TUM JIJaHHBIM 3aKJIOUUTh, YTO YCIIEBAEMOCTh CTYACHTOB
MPAaKTUYECKU HE 3aBUCUT OT MECTa IMOJYyYEHUs] UMM CpEJHEro 0oOpa3oBaHMUs?
(YpoBeHb 3HAUUMOCTH B35Tbh, Hanpumep, paBHbIM 0,05.)

Pewienue. 1lpennonoxum, 4To ycCreBa€MOCTh CTYJEHTOB HE 3aBUCUT OT
MecCTa MOJYyYEHHs] CpelHero oOpa3oBaHuUs (3TO TUIMOTE3a, KOTOPYIO MPEICTOUT
npoBepuTh). Yucino creneneit cBo6obl paBHo » =(3—1)(4—1)=6. Jlng ypoBHs
sHaunMoctd P =0,05 wu umcma creneHedr cBoOoapl =6 U3 TAOTUIIEI
pacripenienieHus1 «xu-kBajapat» (cMm. mpwi., Tadn. [14) Haxomum KpuUTHYECKOe
3HAYEHHE xé =12,59. Kpurnueckyro obnactb W, COCTaBIAIOT 3HAYEHUS

U? €[12,59; ) . Berancaum daxtrueckoe 3nadenne U mo dpopmymne (3.6.7):

Ut (16 46-85Y /46-85 (| 46-80) /46-80
246 246 246 246
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( 46-81Y /46-81
+| 19—
246 246

+(17—

3HA4YCHUC

Brerauciennoe

40-81

+(21

246

jz 40-81
246

U?=11,047<12,59,

=11,047.

_68-85)" /6885
246

246

T.C.

HC

ABIACTCA

KpUTUYECKUM. PacxokJieHHs B JAHHBIX IO YCIEBAEMOCTH MOXKHO OOBSCHUTH
ciy4yallHbIMU (pakTopaMu (CIy4alHbIii OTOOp CTYIEHTOB, CIY4allHOCTH MpH
BBIOOpE OMJieTa Ha SK3aMEHE U T.11.).

Omeem. 1lpennonoxeHre 0 HE3aBUCUMOCTU YCIIEBAEMOCTU CTYAEHTOB OT
MeCTa TMOJYYEHUS UMM CpeAHEro oOpa30BaHUS HE MNPOTUBOPEYUT OMBITHBIM

JTAHHBIM.

3apmaua 3.17. [lpuBenennl AaHHBIE O BO3pAacT€ W YpOBHE 0OOpa3oBaHUS
(cpennee, cpennee mpodeccUOHAIbHOE, BhHICIIEE) Y PAaOOTHUKOB HEKOTOPOM
¢bupwmsl. [lpu ypoBre 3HaunMocTtu 0,05 mpoBepbTe TUIOTE3Y O TOM, YTO YPOBEHD
o0pa30BaHUs U BO3PACT HE3aBUCHMBL.

opazoBanue | Cpennee Cpennee Briciiee
Bospact npodecCHoHaAIbHOE
1o 30 et n no1 n31 x|
ooipiie 30 et ni2 N N3, My
nyx Nox N3+ n
(Cm. mpumep 3.17 u ucxoAaHbIEC TaHHBIE. )
Hcxoonvie oannvie k 3a0aue 3.17.

Ne | myy | mor [ m3t [ mp | np [ nyp | Ne | myy | moy | 31 | mpp | mo | n3p
1 20 | 13 | 18 | 23 |20 |26 | 16 | 21 | 25 | 20 | 29 | 21 | 28
2 36 (32 (21 |14 |11 |16 | 17 | 28 | 32 | 19 | 30 | 21 | 31
3 25 118 | 21 |19 | 22 |15 | 18 | 15 | 22 | 19 | 21 | 18 | 25
4 19 | 22 |15 |25 | 18 | 21 | 19 | 24 | 20 | 29 | 22 | 26 | 35
5 17 | 18 | 12 | 22 | 14 | 17 | 20 | 16 | 11 | 14 | 21 | 32 | 36
6 31 (21 (30 |19 | 32 |28 |21 |21 |18 |25 |15 |22 | 19
7 16 | 20 | 33 | 21 | 14 | 26 | 22 | 28 | 30 | 17 | 32 | 22 | 21
8 |21 |22 32|17 | 30 | 28 | 23 | 26 | 28 | 22 | 35 | 27 | 32
9 35 (26 [ 22 129 | 20 | 24 |24 | 26 | 14 | 21 | 33 | 20 | 16
10 | 28 | 21 |29 | 20 |25 |21 | 25 |25 | 21 | 27 | 34 | 35 | 38
11 | 32 | 27 | 35 |22 |28 |26 26| 18 | 23 |16 | 17 | 14 | 22
12 | 38 | 35 |34 |27 |21 [ 25 |27 | 23 |14 |25 | 15| 10 | 13
13 | 13 |10 | 15 | 25 | 14 | 23 | 28 | 26 | 20 | 23 | 18 | 13 | 20
14 | 39 | 35 |34 |27 |19 | 26 | 29 | 26 | 19 | 27 | 34 | 35 | 38
15 | 22 |14 | 17 | 16 | 23 | 18 | 30 | 29 | 25 | 28 | 37 | 40 | 41
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3.6.4. MpoBepKa NnApaMeTprU4eCcKmnx runoTes

Kpurepuii nis mpoBepku TUNoTe3bl (GOPMHUPYIOT 32 CUET OTHECEHHUS K
KPUTHUYECKOW 00J1acTH BBIOOPOK, KOTOpBIE MPHU JIaHHOW THUIOTE3€ HAUMEHEe
BeposiTHBL. HO MOKeT okazaThCsi, UTO OAMHAKOBO MaJOBEPOATHBIX BHIOOPOK MPHU
JAHHOM TUMOoTe3€e OOJbIIe, YeM I3TO HEOOXOIUMO i (POPMUPOBAHUS KPUTEPHUS
JAHHOTO YPOBHSI 3HAYMMOCTH. ToOraa TpyJHO PEUIUTh KaKME UMEHHO BBIOOPKHU
CleAyeT BKJIIOYATh B KPUTHUYECKYI0 OO0JacTh. ODTHX TPYAHOCTEH MOXKHO
n30exarb, €CIIM BMECTE€ C MPOBEpSIiEeMONl THUMOTE30M paccMaTpuBaTh W
albTEPHATUBHBIC TUIOTE3bI.

[lycth cnmyuaiinas BenmuuuHa X uMmeeT QyHKIUIO pacupenencHus F(x,0),

TUI KOTOPOM HW3BECTEH. 3HaueHHWEe TmapaMmeTpa O HEW3BeCTHO, HO g O
OMPENIENICHO MHOXECTBO JIOMYyCTUMBIX 3HaueHuit (2. OObIYHO rumnore3a 00
MCTUHHOM 3HA4Y€HUU mapameTpa 0y CBOAUTCA K YTBEPXKICHUIO, 4YTO 0O
MPUHAJJICKUT HEKOTOPOMY MHOXECTBY o € (2. Hampumep, B KauecTBE (0 MOXKET
OBITh HA3BAHO OJHO U3 JOMYCTUMBIX 3HAUCHU.

Onpenenenne. [lapamempuueckou cmamucmuyeckou unomeszou H
Ha3bIBacTCs yTBEpXKAEHUE, 4YTo O, €®, NPOTHB aJIbTEPHATUBBI [, 4YTO

0, eQ\o.

['unotesy H, Ha3BIBAIOT HY1€GOl cunome3ol W CUYATAIOT, YTO OHA
UCTUHHA, eciau JeiictBurenbHo O, €. Ilpm 0O, ® HyneByro Trunoresy

Ha3BIBAIOT JIONCHOI.

['umore3a, OMHO3HAYHO ONpENIETAIONIAs BEPOSATHOCTHOE pachpesieicHHe,
Ha3bIBAC€TCSl npocmou. B TPOTUBHOM Ciy4yae THUINOTE3Y HA3bIBAIOT CIOMKHOM.
Hanpumep, rumore3a 0 CUMMETPUYHOCTH U OAHOPOJHOCTH WIPATbHOIO KyOHKa
MpOCTa, TaK KaK OJHO3HAYHO OIPEIeseT BEPOATHOCTH BCEX MCXOJOB MpHU
nonOpackiBaHuK KyOuka. ['mmore3a o TOM, YTO OIIMOKAa W3MEPEHHM HMEET
HOPMAJIbHBIN 3aKOH PACTpEICIICHUs, SBIISETCSA CIOKHOM, TaK KakK IMPH pa3HbIX
3HAYEHUSIX MAPAMETPOB MOITY4alOTCsl pa3Hble HOPMAJIbHBIE 3aKOHBI paCpe/ICIICHUSI.

IIpocTass mapameTpuyeckas THIIOTe€3a IIPOTHUB IIPOCTOM albTePHATHBBI
MOXKET OBITh OIHCaHa YKa3aHWEeM OJHOW TOUku Op B 0 M OJHON TOUku O; B
Q\o.

[lapameTpuyeckyto THUIIOTE3Y MPOBEPSIIOT 1O  OOBIYHOM  CXEMe.
[IpousBoaaTr n HaOMOIEHUN CiydallHON BEIWYUHBI, B PE3yJbTaTe KOTOPBIX
MOJNY4al0T HEKOTOpHIE pe3ylbTaThl X ={X,,X,,...,X,}. B BbiOOpouUHOM
npocTpancTBe W Qopmupyercs KpuTudeckas oOnactb W, mnpu MomnaJaHuu
BBIOOPKHU B KOTOPYIO Turmore3a orBepraercsa. Ho BrIOOp Kputuueckoil odiactu
MIPU HAJTUYHUH AJIbTEPHATUBHON THUIOTE3bI UMEET CBOM OCOOCHHOCTH.

[Ipu m1000M KpUTEpUM TPOBEPKU CTATUCTHUYECKOM THIOTE3bl IO
pe3yiabTaTaM HaOJIOJACHUN BO3MOXKHBI OIMIMOKU JBYX THUIIOB: OWUOKA Nep8O2o
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poda BO3HUKAET MPU OTKIOHEHWHM TUMIOTE3bl Hj), KOT/Ja OHA BEpHA, a owubKa
8MOpP0O20 pooa COBEPIIALTCS, €CIIU MPUHUMAETCS JI0KHas runore3a H,.

—

O6o03HauuM 4epe3 P()? €W, /0) BeposATHOCTH TOro, yTo BBIOOpPKA X
MonajeT B KPUTHUUECKYIO0 OOJacTh, €Clii 3HaueHue mnapamerpa paBHo 0. Ota
BEPOSTHOCTh KakK (YHKIUS T[apaMeTpa Ha3bIBACTCA @YHKYUelu MOWHOCmU
kputepus W,. Ilpu kaxxnom 0 31a QyHKIMS TOKA3bIBAET ¢ KaKON BEPOATHOCTHIO
CTaTUCTUYECKUN KpUTEpHUl W, OTKIOHSET TUIIOTE3y, €CIM Ha camoM jene X
uMeeT GyHKIUIO pactipeaenenus F(x,0).

3ameruM, urto o P& eW,/0,) mpu 6,c® paBHa BEpPOATHOCTU

omuOKH TepBoro pona. Bemnuuna 3 1=P(X e W,/0,) npu 6, € Q\® paBHa

BEPOSITHOCTH OMIMOKM BTOPOrO pojAa. ITO BEPOATHOCTh HEMOINaJaHUs B
KPUTHUYECKYIO 00J1aCThb, T.€. BEPOATHOCTb NPUHATHS THIIOTE3BI H): 0, € ®, Korga
3Ta TUIOTE3a JOKHAS.

Pa3HbpIM KpuTepusiM 1Jid MPOBEPKU THUIOTE3bI /) MPOTHB aJbTEPHATHBBI
H| comyTCTBYIOT pa3Hble BEPOSATHOCTH O U [3. ECTECTBEHHO jKelaHue ClaenaTh
00€ 3TH BEPOATHOCTH MHHMMAJIbHO BO3MOXHBIMH. HO OOBIYHO yMEHBIIEHHE
OJTHOM W3 HUX BJ€4YeT YyBeauueHue aApyrod. HeobOxoaumo KoMHIpoOMHUCCHOE
pelIeHre, KOTOPOE TOCTUTAETCS CIENYIOIM 00pa3oM. BrIOMparoT BEpOATHOCTh
MPaKTUYECKH HEBO3MOKHOTO COOBITHS B KAUECTBE YPOBHS 3HAYUMOCTH OL. ITO U
€CTh BEPOSTHOCTH OIIMOKH mepBoro poja. Kputuueckyro obiactb GopMUpYIOT
Tak, 4YTOObl MpU 33JaHHOM YPOBHE 3HAUYMMOCTH O, BEPOSATHOCTh OUIMOKHU
BTOPOT'0 pojJa Obljla KaK MOKHO MEHBIIIE.

VYyer ommOOK NMEPBOro M BTOPOrO pojAa MO3BOJISIET CPAaBHUBATh MEXKIY

coboit kputepuu. Ilyctsb WO1 u WO2 — JIBa KpUTEPHUS I IPOBEPKU TUIIOTE3BI F)

MPOTUB aJbTEPHATUBHI /1|, UMEIOIINE OJMHAKOBBIE YPOBHU 3HAYUMOCTH O.. Ecnun
[IPU 3TOM

P(XeWl/0)<P(XeW)!/0,) mpu0,cw

v 2 v 1
P(XeW,/6,)>P(XeW,/0,) npu 6,cQ\o,
v 2
TO KpuTepuil W, HasbIBalOT H01ee Mowmbim, yeM W, . VI3 onpeneneHus BUIHO,
yro W] uMeeT GONBIIYIO BEPOATHOCTH OTBEPrHYTH JIOKHYIO THIIOTE3y MpH
OJMHAKOBOH ¢ W, BepoATHOCTH OIIMOKM TlepBoro poja. Eciu W, Mormmee

M000ro  JIPyroro KpUTEpHs, MMEIONIEro ypOBEHb 3HAYUMOCTH o, TO W

Ha3BIBAIOT HAUOOIee MOUHbIM KPUMEPUEM.
ITycte  HeoOXxoguMo mpoBepuTh rHnoresy FH,: 6=0, mnporus

anprepHatuBbl f,: 0=0,. Jlnd OnpeneseHHOCTH pacCMOTPUM HEMPEPBIBHYIO
cllydaiiHyl0 BenW4uHy X ¢ (QyHKIHMEH TUIOTHOCTH BepositHocth f(x,0), rae
napameTp 0 HeusBecTeH. Ecinu HaOmo1eHNsT HE3aBUCUMBI, TO BBIOOPOYHAsl TOUKa
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X, OyZyun MHOTOMEPHOM CIIy4allHOM BEJIMYMHOM, UMeeT (DYHKUHUIO IIOTHOCTH
BEpPOSITHOCTHU
f X Xpses,0) [ (3,0) 1 (3,,0) ..o (,.6).
CornacHo chOpMyIHpPOBaHHBIM TpPEeOOBAHUSIM OTHOCUTEIBHO OIIUOOK
MEPBOrO0 ¥ BTOPOTO POJia, KPUTHUECKYIO 00JIACTh CIEAYET BHIOpATh Tak, YTOOBI
MIPU 33JITAaHHOM O BEPOSITHOCTh

P(XeW, /03 J.W.Jf(xl,xz,...,xn,GO)dxl,...,z:lxn o

Y TIPY 3TOM BEPOSITHOCTD

P(X eW,/8,) Jf&.'[f(xl,xz,...,xn,Bl)dxl,...,dxn

ObL1a HauOOJbIIEH.

Takyro 3amauy BIepBble PEIIMIM B Hayajle TPHUALATHIX FOJIOB MPOIIIOro
Beka 0. Heliman m O. IIupcoH, ¥ NOIy4EHHBIM UMH PE3yJabTaT HOCUT UX UMS.
JUis  (GOpMyJTUMPOBKM 3TOrO0 pe3yjpTaTa IOHAJAOOUTCS TMOHATHE 63AUMHOU
abconiomuot Henpepvignocmuy QYHKIUM, KOTOPOE COCTOUT B TOM, 4TO B KaXKA0U
TOYKE (PYHKIUHU WIH 00€ paBHbBI HYJIIO, UM 00€ HYJIIO HE PaBHBI.

Jlemma Heitmana—IIupcona.
Ecm  f(x,x,,...,x,,0,) u f(x,x,,...,x,,0,) B3auMHO aOCOJIIOTHO

HeMpepbIBHBI, TO A aoooro a (0 <o <1) moxHo ykazars Takoe C >0, 4To
TOYKH BRIOOPOYHOTO MPOCTPAHCTBA, B KOTOPHIX

f(x,xy,...,x,,0,) =2 Cf (x,,%,,...,%,,0,) (3.6.8)
00pa3yloT KpUTHYECKYI0 o0nactb W, misa KOTOpoi P(X eW,/03 a. Ilpu

atoM W, Oyaer HamOoJiee MOIMHBIM KPUTEPUEM Uil MPOBEPKU TUTMOTE3bI H
IIPOTHB aTbTCPHATUBEI H.

3ameuanue. J[19 TUCKPETHBIX BEIMYMH B HepaBeHCTBE (3.6.8) poiib
f(x,x,,...,x,,0) HrpaeT BEpOATHOCTb UMEHHO TEX PE3yJIbTaTOB HAOIIOJACHMUIA,

KOTOPEBIC HOJ‘Iy‘-IeHBI, T.C.
P((X,,X,,....X,)/0) PEX X5/0)P(X= X,/0)-...-P(X=X,/6).

Ipumep 3.18. M3BeCTHO, YTO MpH TIIATEILHOM IMEPEMEIINBAHUMN TECTA
M3IOMHUHBI pPACOpPENENaOTCs B HEM IMpuMepHO 1o 3akoHy Ilyaccona, T.e.
BEPOSTHOCTh HAJINYHA B OynouKe k M3IOMHH paBHA Mpubmmsutensro A'e™ / k!,
rjae A — CpeAHee YMCIIO M3IOMUH, NPUXOASIINXcs Ha Oynouky. [Ipu Bbineuke
Oynouek moisaraercs no crapgapty Ha 1000 oymouek 9000 uztomun. Mmeercs
MOJO3PEHUE, UYTO B TECTO 3achllajd H3IOMUH MEHBIIE, YE€M II0JIaraeTcs IO
crangapty. s mpoBepku BbIOMpaeTcss ofgHa Oyjouka U MEPECUUTHIBAIOTCS
W3IOMHHBI B HEH.
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[TocTpouTs KpuTepUil ISl IPOBEPKU TMIIOTE3BI O TOM, 4TO A, =9 npoTHB
alIbTEpPHATUBBl A, <A,. DBeposTHOCTP OWIMOKM MEpPBOro pojaa  B3ATh

npuonu3urensHo 0,02.
Pewenue. JIna npoBepku THIIOTE3bl A, =9 NPOTHUB adbTEPHATUBBI A, <A,

no yiemMme Heitmana—IlupcoHa B KpUTHUECKYIO 00JIACTh CIEAYET BKIIOUUTH TE€
3HAYEHUs Kk, JUIsl KOTOPBIX

k
7»]1( exp(—A,)/ k! S C
A, exp(—A,)/ k!
rae C — HEKOTopast MOCTOSTHHAS.

b

Torma (A, /Ay) exp(h, —A,)>C. JlorapudpMupoBaHHe 3TOr0 HEPABEHCTBA
OpUBOAUT K HepaBeHCTBY kIn(A,/A,)+A,—A, =2InC. Tak xak A, /A, <1, TO
In(A, /A)<0u k<(InC+A,—Ar,)/In(k,/L,) =k,

WNtak, B KpUTHUECKyI0 00JacTh CIeAyeT BKIIOYWTH 3HAYCHUS
{0,1,2,...,k}, rne 3HaueHue k; 3aBUCUT OT omMOKM nepBoro pona. Ilpm A, =9
o ¢opmyite [Tyaccona mosryqaem BEpOSTHOCTH:

P(0)=0,000129, P()=0,001111, P(2) =0,004998,

P(3)=0,014996, P(4)=0,033735.

OTcrona ciieyeT, 9YTo €ClId BKIIOYUTh B KPUTHIECKYIO 00JIacTh 3HAYCHUS
it yucna u3toMuH k =0,1,2,3, TO BEpoSITHOCTh OMMOKHU MEPBOTO poja OyAeT
paBaa 0,000129+0,001111+ 0,004998 +0,014996 =0,021228. Hrak, eciau

W3IOMUH B OYyJIKE OKaXETCSI TPU WJIM MEHBINE THUIIOTE3y CIEIyeT OTBEPTHYThH B
MOJIb3Y €€ aTbTEePHATUBBI.

3amMeTuM, 4TO MpHU JT00ABICHUHN B KPUTHUYECKYIO 001acTh 3HaUeHHs k =4
BEPOSITHOCTh OIIMOKHU MEPBOTrO poja OCTaHETCs JocTaTouHo Mamoil = 0,05.

Omeem. W, ={0,1,2,3}.

3agaua 3.18. IIyctb p — BEPOATHOCTBH TOTO, YTO B3SITHIM HAYraJ YEJIOBEK
o0nagaeT HEKOTOPOM OCOOEHHOCTBHIO (HAMpUMEpP, MAIBTOHHUK, WU HUMEET
peakyro rpymmy KpoBH). [locTpouTs KpuTepuil ypoBHS 3HAYUMOCTU =~ O JJIs
IPOBEPKU THNOTE3bl f,: p = p, NPOTUB alnbTepHATUBLL [ : p=p, > p, 1O

pe3yabTaTaM 00CieIOBaHus 1 HAayraJl B3AThIX JIIO/ICH.

Vkazanue. OO0OcrnenoBaHre KaxJoro ueloBeKa MOXKHO CUHUTATh
HE3aBUCHMBIM OMBITOM. TaK KaK B YCJOBHUSX 3aJlayd BEPOSTHOCTH MOSBICHUS
COOBITHS B KaXXJIOM OMBITE€ p Malia, a ONBITOB MHOTO, TO MOKHO CUHTaTh, YTO
YUCJIO JIIOJIE C OCOOEHHOCTHIO pacCMpe/leNIEeHO MPUOIU3UTEIBLHO 10 3aKOHY
[lyaccona ¢ mapameTpom A = np.

(Cm. mpumep 3.18, ucxoaHbie NaHHBIC U MPUI., Ta0. I15.)
Hcxoounvle oannvie k 3a0aue 3.18.

No Do n o No Po n o No Po n o
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1 /0,015, 20 [ 0,03|] 11 0,04 | 20 |0,05] 21 | 0,01 | 80 | 0,02
2 [001] 30 /003 12 |10,045] 20 0,02 ) 22 | 0,01 | 90 | 0,03
3 [001| 40 /005 13 |0,05]| 100 | 0,02 ) 23 |0,015] 40 | 0,05
4 (001 | 50 /002 14 |0,05| 20 /0,02 24 | 0,01 | 100 | 0,02
S 1001] 60 001 15 [0,05] 40 10,02 25 |0,015] 20 | 0,05
6 001 70 001 16 [ 0,02 ] 30 0,02 26 | 0,03 | 20 | 0,05
7 1002 20 0,02} 17 10,02 | 40 | 0,02} 27 |0,04 | 25 | 0,02
8§ 10,025 20 [ 0,03 18 [ 0,02 | 50 0,03, 28 |0,015] 40 | 0,05
9 10,035] 20 [ 0,05 19 |0,025] 40 [ 0,03 | 29 | 0,03 | 100 | 0,04
10 10,04 15 10,01 ) 20 /0,025] 32 |0,05] 30 [ 0,04 | 50 | 0,05

Ipumep 3.19. UszrotoButenb yTBEpXKIAAET, YTO B JaHHOW OOJBIION
naptuu usnenuii Toiapko 10% um3nenuit Hu3koro copta. beuio otro6paHo Hayran
[ATh U3AENUN U CPEAN HUX OKA3AJI0Ch TPU U3JIENIHS HU3KOro copTa. C mOMOIIBIO
nemmbl Heiitmana—IIupcona moCTpOUTh KPUTEPUKM U MPOBEPUTH TUIIOTE3Y O
TOM, YTO NPOLEHT H3ACIUA HU3KOrO COpTa JCHUCTBUTENIBHO paBeH 10
(H,: p=p,=0,1) nporuB anbTEpHATUBBI, YTO MPOLEHT HU3KOCOPTHBIX

m3genuit Oonbme 10 (H,: p=p, > p,). BeposTHOCTh OmMOKK IEPBOrO poja
BbIOpath 0,01. KakoBa BeposTHOCTS OIMOKHM BTOPOro poaa, eciau p, = 0,67
Pewenue. Cornacuno nposepsiemon runorese p, = 0,1 mpu ansrepHaTUBHOM
3Ha4eHUU p, > p,. llo nemme Heiimana—IIupcoHa B KpUTHYECKYIO 00JIACTbH
CJeyeT BKJIIOYUTh T€ 3HAUYCHUS k, JJIsI KOTOPBIX
Pi(k/ p) _ Csk(pl)k(l_pl)s_k >C
P(k/p) Clp)'(-p)™"
rae C — HEKOTOopast MOCTOSTHHAS.

b

Iocne cokpamenns Ha Ci HepaBeHCTBO MPMBOJUTCS K BUILY

(P po) [A=p)/ (= p)] " 2C.
[Iponorapudmupyem ode yacTi HEPABEHCTBA
kln(p, / py)+(5— k)ln[(l—pl)/(l— po)] >InC
WA
k[In(p, / p))~In[(=p)/ (1= p)]]|2InC=5In[(1- p)/ (1~ p,)]-
Tak kak p,/p,>1, a (1-p,)/(1-p,) <1, To BbIpakeHHe B CKOOKE
HeoTpuuarensHo. IlosTomy
InC—5In[(1-p)/(-p)] _
- In(p, /po)—ln[(l—pl)/(l—po)] 1
3HAYUT, B KPUTUYECKYIO OOJIACTH CIIEIyeT BKIIOUUTh T€ W3 3HAUCHUUN
{0,1,2,3,4,5}, KOTOpbIE OO0JIbIlIE HEKOTOPOro kj, 3aBUCSIIETO OT YPOBHS
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3HAYUMOCTH (OT BEPOATHOCTU OUIMOKU MEpBOTO pona). [ns ompenenenus ki, B
MPEANOJIOAKEHNHU, YTO TUIIOTE3a BEPHA, BHIYUCIISIEM BEPOSTHOCTH:

P.(5)=C3(0,1)°(0,9)° =0,00001, P.&) C!(0,1)*(0,9)' 0,00045,

P.(3)=C.(0,1)°(0,9)* =0,008]1, P#£2) C7(0,1)°(09)° 0,0729.
Ecnu k kpuThueckod o00JaCTH OTHECTH 3HAYCHHS {3,4,5}, TO

BEPOSITHOCTh OIIMOKM TiepBoro poaa Oyaer paBHa o 0,00004+ 0,00045 +
+0,0081 €,00856 <0,01.

B ycnoBusix 3amaum oOkKa3aaoch, YTO CpEAU MSATH TMPOBEPEHHBIX TPHU
u3nenusi OpakOBaHHBIX. 3HAUCHHWE Kk =3 BXOIUT B KPUTHYECKYHO OOJIACTh.
I'unotesy p, =0,1 oTBepraeMm B NOJb3y alnbTEpHATUBBL. BEpOATHOCTH TOrO, 4TO

MBI OTO JenaeM onroo4uHo, Menbiie 0,01.
BeposTHOCTBIO OIIMOKK BTOPOTO POJia HA3bIBAETCA BEPOSITHOCTD NMPUHSATH
noxHyl0 runoresy. I'mmoresa p,=0,1 Oyaer mpunsta npu k=0,1,2. Eciu

BEPOSITHOCTh M3TOTOBJICHHSI OpaKOBAHHOIO H3JENIMS Ha CaMOM Jelie paBHa
p, = 0,6, TO BEpOSATHOCTb NIPUHATS JIOXKHYIO runoresy p, = 0,1 paBua

C2(0,6)°(0,4) +C(0,6)(0,4)* +C2(0,6)°€0,4)° 0,31744~1/3.
BeposatHocTh OmMOKM BTOPOro pojia BEIUKA MOTOMY, YTO KPUTEPUU

MIOCTPOEH HAa CKYJHOM CTaTUCTUYECKOM MaTepHaiie (BCero narh HabmoaeHui!).
Omeem. 1lpn ypoBHe 3HaunMoctu 0,01 HyJeByI0 THIIOTE3y OTBEPraeM.

3agaua 3.19.1. M3rotoBuTeNnb yTBEPKAAECT, YTO B KPYMHOW MAPTUU JOJIA
W3JIETUI BBICIIETO COPTA paBHA py. KOHTpakT mpemycMaTpuBaeT MPOBEPKY B3ATHIX
Hayraj n u3Jenvil. B 3aBUCMMOCTH OT MX Ka4eCTBa PEIIACTCSA BOIPOC O MPUEMKE
napTuy, Wi OTkaze oT Hee. [locTpouTs KpuTepwil O MPOBEPKU THIOTE3bI
H,: p=p, mnporus ambrepHatuBel H,: p=p < p,. BepostHoCTb OMMOKU

niepBoro poaa B3sath paBHoi 0,05. (Cm. npumep 3.19 u ucxoHbIC JaHHEIE. )
HUcxoounwie oannvie k 3a0aue 3.19.1.

Ne | po| n | Noe| po| n | No| pg| nmn | N | po| n | N | py| n
1 {09 6 7 10,85 9 113109 9 |19 [0.85| 6 |25 0,9 | 14
2 (0,8 7 8 (0,95 10 | 14 | 0,8 | 10 | 20 {095 7 | 26 |0,95| 12
3 (0,85 8 9 109 8 |15 (085 7 |21 (09 12|27 08| 14
4 (095 9 110 0,8 9 |16 [095] 8 | 22 (095 14 | 28 |0,85| 12
51097 |11 {08510 |17 {09 |10 | 23 0,8 | 12 |29 |09 | 11
6 (08| 8 |12 (095 6 |18 |08 | 6 | 24 (0,85]| 14 | 30 |0,95] 11

3agaua 3.19.2. VYcrpouTenum nOTEpEM YTBEPKIAKOT, YTO B CPEIHEM
KaXIbIM k-1 Ouner BbIMTPBIIIHBIN. Bl npuobpenu n OuneroB. U3 Hux
BBIUTPBILIHBIMUA OKazanuch m OuietoB. Ilpu ypoBHe 3HauuMoctu f3, €cTh JH
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ocHOBaHMS Bam cetoBath Ha CBOIO 0coOyro0 HeBe3yuecTh («MHe Bcerma He

BE3€T»), MJIU CTOMT YCOMHUTHCA B IPABJIMBOCTU YCTPOUTENEH JIOTEpEH?
YVkazanue. Ilyctb p — BEpOSTHOCTh KYNUTH BBIMTPHIIIHBIA OWIIET.

[Tposeputs runoresy H,: p=p,=1/k npotus ansrepHatusel H,: p=p, < p,.

(Cm. mpumep 3.19 u ucxoaHbie TaHHBIE. )
HUcxoounwvie oannvie k 3a0aue 3.19.2.

N | k| n | m | B | N| k| n|m| B |N| k| n | m]|P

1 |3 ]10] 1 |005)11 |4 |12 1 [005/21|3 |12] 2 |0,03
2 28] 0 005125 |10] 1 ]0,03j]22|2 |10] 1 ]0,05
3141910 1003j13]3 |12] 1 ]0,03}]23]4 |12] 1 0,05
4 | 5|10 1 |0,04]14] 2 | 8 1 10,0524 | 5| 9 1 10,02
5131120 (00215 4 |10 ] 1 |0,02]{25| 3 | 10 | 1 /0,02
6 | 2 /10| 1 |0,05(16 | 5 |12 | 1 |0,05]26] 2 | 9 1 10,05
7 14121 10,0217 |3 |10 ] 0 |0,02]27| 4 |12 | 1 0,04
8 | 5109 1 100318 2 |12 ]| 2 |0,05]28| 5 |10 ] O ]0,03
9 | 3,10] 0 |0,05]19] 4 | 9 1 10,03]29| 3 |12 ] 1 ]0,05
10,2 ]9 |2 (004/20| 5 ]10] 0 [002/30| 4 | 10] I |0,05

Hpumep 3.20. KonnuecTBO MEPBOCOPTHBIX U3JEIUA B KPYIHON NapTUH
He JOKHO ObITh MeHee 90%. Jlnms mpoBepku BeiOpanu Hayran 100 uznenuit.
Cpenn HHX OKa3aJIoCh TOJIBKO 87 M3AENHUM MEepBOro copra. MOXKHO JIM CUATATh
MIpU BEPOSITHOCTH OIIMOKU MEepBOro poxa, paBHout 0,05, yTo B HaHHOW MapTUH
MeHee 90 % nepBOCOPTHBIX U3ICTUIN?

Pewienue. TlocTpouM KpUTHYECKYIO 0O0JacTh JJiE MPOBEPKH THUIIOTE3bI
H,: p=p,=0,9 nporus amprepHatuBsl H : p=p <0,9 u mocmorpum,
NoNaaaeT Ju 3HaueHue 87 B KpUTHUECKYyro oOnacte. M3 nmemmbl Helimana—
[lupcona crneayer (cMm. paccyxkaeHus B mnpumepe 3.19 TONBKO C y4eTom
HEPABEHCTBA p, < P, ), YTO CYLIECTBYET TaKOE k), YTO MEHBIIEE UIU PABHOE Ky

YHUCJIO TIEPBOCOPTHBIX M3JIETUN ClIelyeT OTHECTU K Kputuueckoil odnactu. Tax
KaK HE3aBHUCHMBIX OIBITOB TMpojaeraHo wmHoro (n=100), TO MOXHO
BOCIIOJIb30BAaThCA MHTErpaibHOM Teopemon MyaBpa—Jlammaca, coriacHo
KOTOPOU

P (0<k<k,) @(hf%mla9]—©((FJMLQ9]20ﬁ5

4/100-0,9-0,1 4/100-0,9-0,1

k, —90
Ortkyna, ¢ yueroM HeuetHocTH (yHKIMM Jlammaca, nMeeM (D( 0

]+0,5 =0,05

90—k,

158105 CD( ]: 0,45. 13 tabmuusl ¢pynkuuu Jlamnaca (cMm. npui., tadn. [12)
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HaxozuMm, uto dD(1,65)=0,45. IosToMy 90—k

=1,65 u k,=90-3-1,65. Tax

KaK ky — 1enoe 4ucio, 1o k, =85. Mrak, KpUTHYECKYIO0 00IACTh IJIs IPOBEPKU
HYJIEBOW TUNOTE3bI COCTABIISIOT 3HaueHus k €[0;85]. Yucno 87 B KpUTUUECKYIO
o6nacte He momagaeT. HeT ocHOBaHMII COMHEBAThCS B TOM, YTO B JaHHOM
naptuu He MeHee 90% mepBOCOPTHBIX U3AECTUN.

Omeem. Hanuuue B BoiOOpKe MeHee 90% MepBOCOPTHBIX U3AEIHUM MOKHO
OOBSCHUTH CITYyYallHOCTSAMH BBIOOPKH.

3agaua 3.20. B neuemmnvix eapuanmax: W3rOTOBUTENb KPYIHOU NapTUU
U3JIeNIUA yTBEPXKAAET, 4YTO B MapTuu He Oonee m% WU3ACNHI CO CKPBITHIM
nedexrom (6pak). s mpoBepku BeiOpaHo Hayraa 100 umzmenuit. M3 Hux
0Ka3aoch k U3enuil OpaKOBaHHBIX.

B uemnvix 6apuammax: W3roTOBUTENb KPYIMHOW NapTUU U3JEIUI
YTBEPKIAeT, YTO B MapTUU HEe MeHee m% u3Aenuil Bbicliero kadectna. [lis
MpoBepKU BbIOpano Hayraj 80 mzaenuil. 3 HUX okazanoch k U3eNuil BHICILIETO
KadecTBa.

[Ipu BepoATHOCTH OMIMOKH MEPBOTO POAA O MOXKHO JHM COTJIACUTBCS C
YTBEPKICHUEM MOCTABIIMKA?

(Cwm. mpumep 3.20 u ucxoansie ganupie, o = 0,02 B HEUETHBIX BapHUaHTaX,
o =0,05 B ueTHBIX BapUaHTax.)

Hcxoonvie oannvie k 3aoaue 3.20.

N m | k| Ne|m | k| Ne|m | k | Ne|m | k|N|m| k[N |m]|k

10 | 15 60 53|11 | 6 | 111640 3121 | 7 |13]26]40]|3lI

50|41 9 [15112 50421179 [ 1422|7063 |27 | 8 |15

6
7
8§ |14 8 170162 13| 5|9 |18|55[48 23| 5 |10]28 |45 ]38
4013219 |10]16]14|45[36,19 101724504329 | 5 |11

DB [N | ==

7 112]10(55|46 15| 8 [13]120]60 52259 131307064

Hpumep 3.21. CnyuaitHasg BennunHa X MMEET HOPMAJIBHBINM 3aKOH
pacnpenenenus N(m,G°), TNpUYeM 3HAYEHHE JUCIEPCHM G M3BECTHO.
[Momyuyenst X, X,,...,X, — pe3yapTaTbl n HE3aBUCHUMBIX HaOJIIOIECHUN

CIIydyalHOM BeJNW4YMHBL. [lOCTpOWTH KpuUTEpHil [ TPOBEPKU THIIOTE3BI
H,: m=m, npotuB anpTepHaTuBBl H : m=m, <m,, 1ojaras BEPOATHOCTb

ommoku nepBoro poaa o = 0,05.

Pewenue. Tak xak HaONIOACHUS HE3aBUCUMBI, TO n-MEpHas CllydaiiHas
BenmmunHa (X, X,,...,X,) HMeeT IUIOTHOCTb BEPOSATHOCTH, PAaBHYIO

IIPOU3BCACHUIO IUIOTHOCTEH BCPOATHOCTH CBOMX KOMIIOHCHT:
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n

Y Z:(xi—m)2
f(x,%y,..,x,) ( }:exp = |

21o 20°

[Tloatomy mo nemme Heiimana—IIupcona Kk KpUTHYECKONW OOJIACTU JOJKHBI
OBITb OTHECEHBI T€ BHIOOPKH, JJISI KOTOPHIX

n n
D(x,—m)’ D (x,—m)’
f(xl,xz,...,xn,ml):exp -
S (X%, x,,m) 26’ 26’

>C.

[Tocne norapudmMupoBaHuss HEPABEHCTBA MOJIy4aeM

n n

Z(x,. —m,)’ —Z(x,. -m)*>26’InC=C,,

i=1 i=1
OTKyza
n
2 2
2(m, —my)Y x, 2 C, +n(my +m)=C,.
i=1
Tax kak 110 yciosuro m, < m,, TO
- C
Yr—S
i=1 2(1’}11 - mo)
Htak, B KpUTUYECKYIO 00JIACTh CIEAYET BKIKOYATh BBIOOPKH, Il KOTOPBIX

n
in < C,. CesxeMm 3HaueHue C; ¢ BEIMYMHOM OMIMOKYU NepBoro poga. Tak kak
i=1

n
HOPMAJIbHBIN 3aKOH YCTOMYUB, TO CyMMa in HMMEET TOKE HOPMAJIbHBIN 3aKOH
i=1

2
pacnpenenenus N(nm,nc”). Ecau runore3a H: m = m( BepHa, To 3HaueHHe Cj
MOYKHO HalTH U3 YCIOBUSA

L C,—nm —00—nm

P(—o< ) x. <€) O =2 |-O=—=—L"| a=0,05.
(o< Fneen of S| o[

C, —nm

1

Orcroma @ ——=—=| 0,05——<0. D10 0O3HAyYaeT, 4TO ApPrymMeHT (PYyHKIHH
ovn 2

Jlannaca otpuiarened. B cuny HederHoctu (QysHkuuu Jlanmaca umeem

Cb(nmo _ Cj—] %— 085 0,45. o tabnuie ¢Gysxmuu Jlamaca HaXoAUM, YTO

Covn
-C

®(1,65) =0,45. ITosTomy nmo—\/_3 =1,65. 3uauur, C, =nm, — 1,656\/; . Urax,
on
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n

€CIM CyMMa le. OKa)XETCsI MEHBILE BEIWYUHBI 71171, —1,656\/; , TO TUIIOTE3Y
i=1

Hj cienyeT OTBEPrHYTH B II0JIb3Y AJIBTEPHATUBHOM TUIIOTE3BI /1.

n

Omeem. W, = Zx,. <nm, ~1,650n }.

i=1

3amauya 3.21. Ousuyeckasl BeIMUMHA a@ U3MEPSIETCSl MPUOOPOM, CpEeIHUI
KBaJIpaT OMHMOKH KOTOPOTO paBeH G-. I10oydeHBI pe3ylabTaThl 71 HE3aBHCHUMBIX
m3Mmepennit X, X,,...,X,. 3nece X, =a+Y, rae Y; — ommubka npudbopa mpu i-
M U3MEPEHUHU.

[lomarasi, yrTo oOmMMOKKM W3MEPEHUM UMEIOT HOPMAaJbHBII 3aKOH
pacipenenenus N(0;6°), THocTpoiiTe Hambolee MONIHBIA KpUTEpHil I
IPOBEPKU THIOTE3bl [ ,: a=a, NPOTUB aIbTEPHATUBBL: O/ HEYEMHbIX
eapuanmoe H,: a=a, <a,; 014 uemnvix 6apuanmos H,: a=a, > a,.

BepostHocTh ommbku neporo poga Bo3bmute paBuoi 0,02.

YVkaszsanue.Tak kak M(X,)=M(a+Y¥ M(a)+MLY) a+0=a, a
D(X,)=D(a+¥%) D(a)+B(Y,) 0+c°, 10 X,~ N(a;c’).

(Cm. mpumep 3.21, a — HoMep BapuaHTa, n PAaBHO HOMEpY BapUaHTa
itoc 50).

3.4.5. MMpoBepKa rMnoTesbl O 3HA4Y€HMU MEAUCHDI

[Tycte X HEnpepbIBHAS CiydarHasi BEJIMYMHA, & 71 — 3HAUYCHHUE €€ MEIUAHBbI,
T.e. P(X <m)=P(X >m)=1/2. IlponenaHo n HE3aBUCUMBIX HAOJIOJCHUN Ha

CIIy4aliHOM BEIMYMHOW. MOXKHO M cUMTaTh IO UX pesynbraraM X, X,,...,X ,

YTO 3HAYEHUWE MEAHAaHbl PABHO M) NPOTUB AJIBTEPHATHUBBI, UYTO 3HAUCHHE
MEAMAHbI PaBHO M) (AJIs ONPEAEIEHHOCTH IIYCTh m, < m, )?

[IpeanonoxuM, 4To 3HAYEHUE m JACUCTBUTENBHO pPaBHO my (T.€. BEpHaA
HyJeBas Tunoresa H,: m=m,) "’ paCCMOTPUM IIOCIEN0BATENBHOCTh BEINYUH

X, —my, X, —m,,.... X, —m,.

Ecim  runoresa BepHa, TO P(X-m;=20)=P(X-m,<0)=1/2.
[TopcunraeM 4KCIIO MOJNOXKHUTEIbHBIX pazHOCcTed X —m, B Hamedl BBIOOpKE U
0003HaYNUM €ro uepes S.

n
Benuuuny S MOXHO NpencTaBUTh B BUje S = Z[ (X, —m,), tne I(x)=1

i=1
mpu x>0 u I(x)=0 mpu x<0. 3amerum, 4to ciyyaiiHas BeauuuHa [(x)
npuHUMaeT aBa 3HadeHus 0 u 1 c BeposTHOCTsMH p=1/2 Kaxmoe, eciu
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runote3a BepHa. [loaToMy mpu BepHOU HyJNEBOM THMNOTE3€ BEJIWYMHA S HUMEET
OMHOMMATBLHOE pacIpe/ie/ICHHE:

. 1 k 1 n—k . 1 n ~
PE=0 G (5] (5% C @' -

OueBHIIHO, YTO IIPU MEJUAHE PABHOU m, < m, BEPOATHOCTb P(X >m,) =
= p, <1/2.B nrore 3ama4a cCBOOUTCA K NPOBEPKE TUoTe3sl H,: p=p,=1/2
IIPOTHUB alIbTEpHATUBLL @ p=p <1/2.

Cornacno nemme Heiimana—IIupcona s moboro 0 <o <1 cymecrByer
Takas noctossiHHas BenuunHa C > 0, 4To 3HAYEHUS A, 711 KOTOPBIX

k __k n—k
fﬁlp%%zc
C, py (1= p,)
00pa3yroT KpUTUYECKYIO 00J1aCTh HaOOJIee MOIIIHOTO KpuTepus. Tak ke Kak U B

npumepe 3.19 nerko nokasarb, 4TO B KPUTHUECKYIO 00JIACTh CIE1YET OTHOCUTH B
MEPBYI0 Ouepe]b camble MalleHbkHe 3HaueHus k. OcTaeTcs TOJbKO HaNTH

k

HaunOobIee k, 171 KOTOPOTo ZCf (1/2)" <o, rae oo — BEpOATHOCTH OIIUOKH
i=1

MIEPBOTO poja.

Ipumep 3.22. [lo pe3ynbTaTaM HE3aBHUCUMBIX HAOIIOJICHUN CilydailHOM
Bemnunebl X, =3,05; X, =29, X,=3,4;, X,=23; X.=4,7, X,=3,27,
X, =235 X;=154; X,=4,1; X,,=2,8, X,,=3,9, X,,=1,8 uccinenosarein
B OTHOIIECHMU MEIMAaHbl m OTBEpr rumnoresy FH,: m=m,=3,5 U OpUHAIL
aJIbTEPHATUBHYIO runoresy H, : m=m, <3,5. KakoBa BEpOATHOCTb OLIMOKH

MEePBOrO pojia IPHU TAKOM BBIBOJE?

Pewienue. Ommbka mepBOTO poja COBEPIIAETCS, KOrJa OTBEpraercs
BepHas rumnoresa. [Ipeamnonoxum, 4Tto HyjeBas TMIIOTE3a BEpPHA U MEAUAHA M
neuctBuTeNnbHO paBHa 3,5. Toiapko B Tpex HaAOMIOACHUSAX Ppe3yJbTaThbl
npesocxoadar 3,5. Kak ObL10 MOKa3aHo BhIIIE, IPU albTepHATUBE m =m, <3,5 B

KPUTUYECKYIO 00JIaCTh CJIETyEeT BKIIOYATh B MIEPBYIO OYEPEIb Majbie 3HAYCHUS
k. 3nagenue k =3 OBUIO OTHECEHO HMCCIEAOBATENIeM K KpUTHUYECKON obmactu. B
MIPEANOI0KEHNH, YTO THUIIOTE3a BEPHA UMEEM

12 12
1 1 1 12
Plz(O) = C102 (_j = :P12(1) 1%‘(5] MQ

2 4096°
12 12
1 66 1 220
P, (Q)=C*|=| =——; =P.,(3) C|= iy
12( ) 12(2j 4096 12( ) H(zj 4096
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3
OTtkyna Z Clk2 (
k=0

Omeem.

1j12
2

299 ~0,07.
6

299
4096

b

3amaua 3.22. Ilo pe3ynpTaTaM HE3aBHCUMBIX HAOJIIOJICHUN cCilydailHOMN
sennuunel X, X,, X, X,, X, X, X,, X;, Xy, Xy, X, X,

HCCJICA0OBATCIIb B OTHOHICHUU MCAMWAHBI m OTBEPI I'MIIOTC3Y H 0 -

U NPUHAN alNbTEPHATUBHYIO TUIOTE3Yy f :

m=m,=3,5
m=m, <3,5. KakoBa BEpOATHOCTb

omuOKu TEpPBOTrO poja mpu TakoMm BbiBoAe? (CM. mpumep 3.22 U HCXOAHBIC

JTaHHBIE. )

Hcxoounvie oannvie k 3a0aue 3.22.
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28104 /08 2 | 1,2]-06/2618]09]15]1,1]0,7]09]0,5

2911602 0,714 1-09|19 | 0,8 | 1,2 1 |14 133]16] 0

30051, -06-18] 1 102 ]-02]12]06 05 |-05]2,1]-0,6

3.6.6. MpoBepKa runoTe3sbl O PABEHCTBE MATEMATUYHECKUX OXXUMAQHUMU

Ilycte Hax ciny4allHOM BeENWYMHOW X TIPOJENIAaHO 7 HE3aBUCHMBIX
HAOJMIOJEHUM, B KOTOpPBIX IHONy4YeHbl pe3yinbratel X, X,,...,X,, a Han
BEJIMYMHOMN Y MpojenaHo m HE3aBUCHUMBIX HAOJIOACHUN U MOTYYEHbI 3HAYCHUS
Y.,Y,,....Y . Ilpennonoxum, 4To u3BecTHHI aucnepcun D(X) = 612 uDY)= Gj ,
HO HEeu3BeCTHbl MaremaTtnudeckue oxugauus M (X)=a n M(Y)=a,. Ilycrs,
KpOM€ TOro, Kaxjas Cepus COCTOUT U3 JIOCTaTOYHO 001buio20 4YUCHA
HaOMOACHUM (XOTS OBl HECKOJBKO JIECATKOB B Kaxaou cepum). IlocTpoum
KpUTEpUN Il IPOBEPKHU MO pe3yJibTaTaM HaONIOJEHUN TUIIOTE3bl O TOM, UTO
a, = a,.

[Ipeanonoxum, 4To TUNOTE3a BepHA. Tak Kak CEpUU OMBITOB JOCTATOYHO
BEJIUKHU, TO JJIA CPEIHUX apU(PMETHUYECKUX UMEeM MPUOIUKEHHbIE PaBEHCTBA
X ~a, u Y ~a,. Eciu runotesa BepHa, T0 X ~Y u Benuuuna | X — Y | momkHa
OBITh OTHOCHUTENbHO MasioM. HampoTuB, Oosibllivie 3HAYEHHS HTOW BEIUUYUHBI
IJIOXO COTJIACYIOTCA ¢ TUMOTe30U. [103TOMY KpUTHYECKYIO 00JIACTh COCTaBST T
cepun HabmiofeHmit, 11 Kotopeix | X —Y [>C, rme C — HekoTopas
MOCTOSTHHAS BEJIMUMHA.

Cesokem 31y mnocrosHHyro C ¢ ypoBHeM 3Haunmoctu [3. CoriiacHo
IIEHTPAIBHOM HpeJebHOI TeopeMe KaxIas U3 BeNMduH X u Y pachpejencHa
NpUONU3UTENIEHO HOPMAJIbHO, KaK CymMMa OOJIBIIOrO 4YHUCJIa OJUHAKOBO
pacrpesieIeHHbIX HE3aBUCHUMBIX CIIy4ailHBIX BEJIMYMH C OrpaHUYEHHBIMU
mucniepeusmu. C ygerom Toro, uto M (X)=M(X) u D(X)=D(X)/n, MoXHO
yIBepXAHaTh, YTO X HMMeeT pachpejeineHue N (a,c}/n), a Yy —
pacnipesienenne N(a,,os /n). U3 dakra ycTOWYMBOCTH HOPMAIBHOTO 3aKOHA

pacnpeneneHuss MOXHO 3aKJIIOYWTh, YTO NMpPU BepHOU runoreze X —Y Toxke
UMEET HOPMaJIbHBIN 3aKOH pacnpeneneHus C rapaMeTpaMu

M(X-Y) a=a, 0uDX-¥) o /n+c./m
3anuiuem Ui HOpMalbHOTo 3akoHa pacnpenenenus N(0,6° /n+acs / m)
cTangapTHyo dhopmyiy (??777):

P(|X-Y -0|<g) =20

232




01051

P(|X-Y|2e) 1=20| ———|. (3.6.9)
2 2
6, , 6,

7+7

n m

[To 3amanHoMy [ u3 tabmuubl ¢pyHkuuu Jlammaca (cMm. mpui., tabn. [12)

1-B

HaiiieM Takoe fg, 4TOOBl 1-2@€;) [ umm CD(tB):T. Torma mnpu

npaBasi yacTh paBeHcTBa (3.6.9) Oyner paBna f3. Ilostomy npu

YpPOBHE 3HAYUMOCTU [3 KPUTHUYECKYIO OO0JIACTh [Jii MPOBEPKU THUIOTE3bI O
PaBEHCTBE JIBYX MATEMaTUUYECKUX OXUJAHUU COCTABAT T€ CEPUU HAOIIOICHUM,

AJIA1 KOTOPBIX

2 2
(¢) (¢)
_1+_2.

| X —Y |21, (3.6.10)

n m

3ameuanne 1. Ecnu gucniepcMd HEW3BECTHBI, TO OOJIBIIOE YHCIO
HaOMIOJIEHU B KaXJOM CEpUM TMO3BOJIIET JIOCTAaTOYHO TOYHO OLICHUTh
JTUCTIEPCUU TI0 3TUM K€ ONBITHBIM JTaHHBIM:

D (X, - XY’ D (& -Yy
D(X)=c; ~ = uD(Y)=0) v H—7.
n—1 m—1
Ipumep 3.23. Cpeanee apudmeTnyeckoe pe3yabTaToB 25 HE3aBUCUMBIX
M3MEPEHUN HEKOTOPOU MOCTOSHHOW BennuuHbl paBHO 90,1. B apyroi cepuun u3

20 He3aBUCUMBIX U3MEPEHUI MOIYyYeHO cpeiHee apudMeTruieckoe, paBHoe 89,5.

Jlucriepcus OMMOOK M3MEPEeHUs B 000MX CIydasx OJMHAKOBA U paBHA G~ = 1,2
(o=1,1). MoXHO 7M CUMTaTh, YTO HM3MEPSIAcCh OJHA M Ta K€ IMOCTOSHHAS

BEJIMYMHA?
Pewenue. BpiiBuraeMm rumore3y, 4To B KaXIOM U3 CEpUM H3MEPSIIACH
OlHA M Ta € TMOCTOSHHAs BEJMYMHA. 3aJaJuMCs, HampuMep, YpPOBHEM
sHaunMoctu B =0,01. [lo Tabmune 3HaueHuit Gpynkumm Jlammaca (cMm. mpwi.,
1-0,01
tabi. I12) maxomum, uro ®(2,58) =————.

Torma xputumdeckas 00JacTh I IPOBEPKU THIIOTE3BI OIMPEACIACTCS

= = 1 1
HepaBeHCTBOM | X —Y [>2,58-1,1- 2—5+2—0 =0,85. Tak kak B HailieMm ciy4ae
X-Y 90,1-=89,5 0,6<0,85, TO COMHEBATHCSI B TOM, UTO U3MepsIach OJHA

M Ta XK€ MOCTOSHHAs BEJIWYHWHA, OCHOBAHWU HET. PacxoxnaeHus B 3HAUYCHUSAX
CpeaHUX apu(PMETHIECKIX MOKHO OOBSICHUTH OMIMOKAMHU U3MEPEHHIA.
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Omeem. IlpeamnonoxeHne O PaBEHCTBE MATEMAaTHYCCKUX OXHJAHUN HE
MIPOTHUBOPEUYNT ONBITHBIM JTAHHBIM.

3agaua 3.23.1. [Ipu ypoBHe 3Haunmoctu 3 =0,05 mpoBephTe THMOTE3Y O
PAaBEHCTBE MATEMaTHYECKUX OXHUAAHUKW B JIBYX cepusix HaOI0aeHUH.
Bocnonb3yiiTech MCXOAHBIMUA AaHHBIMH K 3amade 3.12. HMcnosb3yiiTe IaHHBIE
CBOETr0 BapvaHTa U CJIEAYIOIIEero 3a HUM BapuanTta. B 30-M Bapuante cpaBHUTE
MaTeMaTH4YeCKOe OXXKHUJIaHHE C MaTEeMaTHYECKUM OXXHJIAHHEM B TIEPBOM
BapuanTte. (Cm. nmpumep 3.23.)

3ameuanne 2. Kpurepuii (3.6.10) MOXHO HCHIONAB30BaTh U MPHU
HEOOJIBIIIOM YHCie HAOMIOICHUIN B KaXJA0W CEPUH, HO TOJBKO MPU YCIOBUHU, YTO
X u Y uUMEIT HOpMalibHbIe 3aKOHbl pACIpENeNICHUsI C W3BECTHBIMU
aucriepcusMu. B 3ToM  cilyyae HOPMAalIbHOCTb PACHpPENENIeHHUs] CPEHUX
apu(pMETHUYECKUX PpEe3yJIbTaTOB HAONIOACHUN CleAyeT HE U3 IEHTPaIbHOM
npeAeiabHOM Teopembl, a u3 (¢akTa YCTOWYMBOCTH HOPMAJIBHOIO 3aKOHA
pacripenieneHuss (CymMMa HE3aBHCHUMBIX HOPMaJIbHO pacHpeieieHHbIX BETUYUH
TOXE UMEET HOPMAJIbHBIN 3aKOH paclpe/IeICHHUs ).

3apauya 3.23.2. B nmnpenmnonokeHWH, 4YTO HAOIIONANUCh ClydailHble
BennuuHbl X U Y ¢ HOpMalbHBIM 3aKOHOM pacIpeleieHus U AUCHEPCUSIMU
c,=6,=L3, npu yposHe sHaunmoctu [=0,05 nposepbTe THIOTE3Y O

PAaBEHCTBE MATEMaTHYECKUX OXHUAAHUKW B JIBYX cepusix HaOI0aeHUM.
Bocnonbs3yiiTech UCXOHBIMU TaHHBIMU K 3a1aue 3.22. Ucnons3yiite nudpoBbie
JAHHBIE CBOETO BapHWaHTa B KA4€CTBE 3HAYEHUW CiIy4ailHble BEJIMYHMHBI X U
CIEAYIOIIETO 3a HUM BapuaHTa. B 30-M BapuaHTE CpaBHHTE MAaTEMaTHYECKOE

OKHMJIAHUE C MAaTEMATHYECKUM OXHUJaHUEM B MepBoM Bapuante. (Cm. mpumep
3.23))

3.7. PerpecCcUOHHbIN aHAAU3. OLLEHKM NO METOAY HOMMEHbLUUX KBAAPATOB

PerpeccuoHHBIM  aHanM30M  HA3BIBAETCA  pa3feid  MATEMaTH4YEeCKOU
CTaTUCTUKH,  OOBEAMHSIOMIMN  MPAKTUYECKUE  METOAbl  UCCIEIOBAHUS
KOPPEIALIMOHHOM  3aBUCHUMOCTH  MEXKAY CIy4YalHbIMM BEJIIMYMHAMU 10
pesyiabTaTaM HaOmoneHuit Haa HuMU. Crojga BKIIOYAIOTCS METOJIbI BhIOOpa
MOJIENIA U3Y4a€MOW 3aBUCHUMOCTH U OLIEHKH €€ MapaMeTPOB, METOJIbI MPOBEPKHU
CTaTUCTUYECKUX TUIIOTE3 O 3aBUCUMOCTH.

IIycTtp Mexay cinydalHbIMU BeluuMHAamMu X W Y CylIECTBYET JMHEUHas
KOpPPEIALIMOHHAA 3aBUCUMOCTh. DTO O3HAYa€T, UTO MATEMATHYECKOE OXKUTAHUE
Y nuHelHO 3aBHCHT OT 3HAYEHMM ciydailHOMW BenuuuHbl X. I'padux sToM
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3aBucumoctu (iuHus perpeccuu Y Ha X) umeet ypaBuenne M (Y)=pX +b, rae

p ¥ b HEKOTOpBIE TOCTOSIHHBIE.

JluneliHasi Mojenb MPUTOAHA B KAdyeCTBE MEPBOrO MPUOIUKEHUS U B
Cllyyae HEJTMHEWHOW KOppEesluU, €ClM pacCMaTpuBaTh HEOOIbIINE UHTEPBAJIBI
BO3MOYHBIX 3HAUCHUH CITyYalHbIX BEJIUYHUH.

[lycTs mapamMeTpsl JIMHUU PETpeccUr P U b HEU3BECTHBI, HEM3BECTHA U
BeIMYMHA KO3(QPHULIMEHTa KOPPEIALUY 1y, Hax caydalineiMu BennyuHamMu X u Y
MPOJICNIaHO # HE3aBUCHUMBIX HAOJIOACHUMN, B pe3yJbTaTe KOTOPHIX MOIYUYEHBI 71
nap 3Hauenuit: (X,Y),(X,,Y,),....(X,,Y ). OTH pe3yabTaTsl MOTYT CIIy>KUTb

UCTOYHUKOM HMH(OPMAIMM O HEU3BECTHBIX 3HAYEHUAX P, D, ryy, HAIO TOIBKO
YMETh 3Ty UH(POPMAIIUIO U3BIICYb OTTY/IA.
HeusBecTHass HaM JNUHUS perpeccuu y =px+b, Kak U BCSKass JUHUS

perpecCun, HUMECT TO OTIUYHUTCIBHOC CBOﬁCTBO, qTo CpeI[HI/Iﬁ KBaapar

OTKJIOHCHUH 3HAY€HUW Y OT Hee MUHUMAaJIeH. [103TOMy B KaueCTBE OLIEHOK IS P
U b MOXKHO MPUHSTH T€ UX 3HAYEHUS, IPU KOTOPHIX UMEET MUHUMYM (yHKIIHS

Flp,b)= F(p,b¥ Y (pX, +b-Y,)".

k=1
Takue 3HaueHust p U b, COrITaCHO HEOOXOJUMBIM YCIOBHUSIM SKCTPEMYyMa,
HaXOASATCS U3 CUCTEMBI YPABHEHHUIA:

oF 2z
P 2Z(pXk +b-Y)X, =0,
op k=1
F n
a—:2Z(pXk +b-Y,)=0,
ob k=1
WIN
pY X;+b> X, =) XY,
k=1 % 1 % 1
pZXk +bn = ZYk
k=1 k=1
Pemenus 3t1oi cucTeMbl ypaBHEHHUM 1a10T OLIEHKH
nZXkYk - ZXkZYk
p=—tt— 5 (3.7.1)
ny X;—-|>.X,
k=1 k=1
u
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B Zle ZYk _ZXk ZXkYk
b — k=1 k=1 % 1 =% 12
ny X; —(ZX,{]
k=1 k=1

Ha3bIBACMbIC OYEHKAMU NO Memody HAUMeEHbUIUX Keadpamoe.
I/IBBGCTHO, 4TO OHLCHKH II0 MCTOAY HAMMCHBIIMWX KBaAPaTOB ABJIAIOTCA
HECMCIICHHBIMH H, Oonee TOTO, CpCAr BCCX HCCMCUICHHBLIX OICHOK 06J'IaI[aIOT

HAUMEHBIIIEH TUCTICPCUEH.
s onieHKH KOA(PUIIMEHTAa KOPPEIAIUd MOXHO BOCIIOJIB30BAThCS TEM,

, (3.7.2)

X

4TO0 7, =pP—=, ]I Ox U Gy, CPEIHUE KBAJAPATHICCKUEC OTKIOHCHHUS CIyYailHbIX
y

Benn4rH X 1 Y cooTBeTcTBeHHO. O003HAYUM 4YEPE3 Sy U S, OLICHKH 3TUX CPEIHUX

KBaJpaTUYECKUX OTKJIOHEHMM Ha OCHOBE OMNBITHBIX JaHHBIX. OLIEHKH MOXHO

HaiiTu, HanpuMmep, o gopmyre (3.1.3). Torpa mist koadduimeHTa Koppeasaiuu

HMCCM OLICHKY

7 = pz—x. (3.7.3)

y
[Io w™meTony HaWMMEHBIIMX KBAJAPATOB MOXKHO HAXOJWUTH OICHKHU
apaMeTpoB JIMHUU PETPECCUU U MPU HEeTMHEHHOM Koppesiuu. Hanpumep, s
muanu perpeccun Bupa M (Y)=aX’+bX +c oLeHKM TapaMeTpoB a, b u ¢

HaXOJATCS U3 YCIOBHUS MUHUMYMa (DYHKLIMH

F(a,b,c)zi(aX,f +bX, +c—Yk)2.
k=1

Ilpumep 3.24. [lo gaHHBIM HAOMIOACHUN [BYX CIIy4yalHBIX BEIUYUH

HalTU KO3 UIIMEHT KOPPENAINI U YpaBHEHHUE JIMHUU perpeccur ¥ Ha X.
X 3 8 4 4 7 8 2 5 6 3
Y 4 5 2 5 6 8 3 4 5 5

Pewienue. BprauiciuM BEIIMYMHBI, HEOOXOIUMBIC JUIS HCIIOJIb30BAHHS
dbopmyn (3.7.1)—(3.7.3):

10 10
D X, =34+8+4+4+..43=50; D Y, =4+5+2+5+...+5=47;

k=1 k=1

10
DX =F 4+ +4 447+ 437 =292

k=1

10
> XY, =3-4+8-5+4-2+...+3-5=257.

k=1

ITo popmynam (3.7.1) u (3.7.2) nonyuum
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. 10-257-50-47 11 292-47—50-257~208
10-292—(50)* 21 10-292 — (50) T
Wrak, ornenka nuHuM perpeccuu umeet Bua ¥ =0,52X +2,08. Tak kax

0,52: b=

X :% =5, To no dpopmyie (3.1.3)
2 2 2 2
S§:(3 5" +(@8-9) +(;l 5 +...+(3-9) 4,67, 5. = JA.67 ~2,16.
AnanornaHo, s, =1,64. IlooToMy B KayecTBE OLECHKH KO3(hduireHTa

2,16 =0,68.
4

KoppeJsiiuy uMeeM 1o ¢popmyie (3.7.3) Benuanny 7, = 0,52 -

b

Omeem. Y =0,52.X +2,08; 7, =0,68.

3agaua 3.24. [lo naHHbIM HaAOMIOEHUN ABYX CIydalHbIX BeTU4YMH X U Y
HalTU KO3(POUIIMEHT KOPPENSIUU STUX BEIUYNH U YPAaBHEHUE JIMHUU PETPECCUU
Y na X. (Cm. npumep 3.24 u ucxoansle JTaHHbIE. B kadecTBe 3HaueHuil X
HCMOJIB3YITE TaHHBIE CBOETO BAPUAHTA, B KAUECTBE 3HAYEHUM ) BOCHOIB3yUTECH
JAaHHBIMU cieaytomero 3a Bammm Bapuantom. B Bapumante 30 B KaudecTBe
3Ha4YeHUH Y BO3bMUTE JaHHbIE IEPBOTO BApUAHTA. )

Hcxoounvle oannvie k 3a0aue 3.24.

X X5 X3 Xy Xs Xs X7 X3 X Xio

1,2 2,3 2,9 4,1 4,7 6,1 7,0 7,9 8,1 8,8

3,1 2,9 2,2 4,9 5,8 5,0 7,2 6,2 7,0 7,1

1,4 2,0 1,5 5,1 6,9 6,1 8,9 6,8 1,7 8,9

2,5 4,1 3,2 6,0 5,1 4,9 1,7 6,7 7,3 8,7

3,9 4,2 4,1 4,8 6,0 4,3 6,1 7,2 6,9 7,3

2,5 5,0 3,2 6,1 5,2 5,4 7,9 6,0 6,1 9,1

0,5 3,9 4,0 5,3 6,3 6,5 8,1 7,3 5,2 8,3

1,5 2,8 5,1 4,5 5,5 7,2 7,5 6,6 8,0 7,5

2,9 3,1 4,8 5,6 4,9 6,5 7,9 5,1 5,2 7,1

2,1 4,0 4,2 6,2 4,3 7,1 7,6 3,9 4,5 7,8

1,2 3,5 3,7 6,5 3,7 7,3 8,2 3,1 4,0 6,1

2,2 4,3 4,9 5,5 4,2 6,7 6,3 2,4 4,2 6,9

1,0 5,2 3,9 4,8 5,1 6,2 7,1 3,6 5,1 5,8

—0,8 | 3,5 4,3 4,1 4,7 5,9 7.5 3,2 4,8 6,1

1,1 4,2 4,9 3,9 3,7 5,5 6,1 3,5 5,9 4,8

-1,2 | 3.8 5,0 4,1 3,2 6,2 5,5 3,1 7,1 5,4

0,5 4,5 4,2 3,8 2,7 4,9 6,0 4,2 7,7 4,6

1,8 3,9 4,9 2,9 4,1 5,5 5,1 3,9 6,1 5,2

03 | 24 5,4 1,9 3,5 6,1 4,6 4,4 7,2 4,7

0,9 3,2 6,2 3,3 4,0 6,9 5,3 4,0 7,8 6,1

DO | 1D | e | et | k| e | | | ek | | | ek
bl iy i~y i bl Y = N R TN TR R S

-1,5 | 1,9 6,8 2,0 4,3 7,1 5,1 4,2 8,8 7,2

237



22| 20 ] 05 ] 73 0,3 3,9 8,2 6,5 3,7 9,1 8,3

23| 0,8 1,6 6,8 1,9 4,8 7,4 7,1 4,9 8,5 7,0

24| -1,3 | 0,1 7,4 1,1 3,9 6,9 7,8 5,7 9,1 6,7

25| 05 1,2 6,8 1,7 4,6 6,5 7,3 4,1 8,8 7,2

26 0,2 04 5,5 1,2 5,1 7,5 8,0 3,5 0,6 6,7

27| 09 0,8 3,9 2,8 4,6 5,8 7,9 4,4 8,7 6,1

28| 1,6 1,2 4,2 2,1 2,9 4,9 8,2 3,7 6,2 6,9

29| 2,1 1,9 4,1 3,5 2,6 3,5 7,5 4,8 5,8 6,0

30| 15 2,4 3,7 3,1 3,5 4,9 6,8 6,5 7,1 7,9

Ipumep 3.25. [Tonyyena Bei6opka 3HaueHU BeTnurH X u Y.
X 2 3 4 4 6 7 8 10

Y 8 5 2 6 3 2 1 2
JUnst IpeAcTaBIeHHs] 3aBUCUMOCTH MEXIY BEIMYMHAMH IPEATIONAracTCs

a o
WCIOJIB30BATh MOJENb Y = 5% + b . HaiiTu o1ieHKH mapameTpoB a u b.
Pewenue. PaccMOTpuM CHavdasa 3agaqy OLEHKHU IapaMeTPOB 3TOW MOJEIN
a
B oOmieM Buue. Jlunus Y :}+b WUTPaeT pPoJib JUHUHU PETPECCUU U MOITOMY

napaMeTpbl €€ MOXXHO HaWTH W3 YCIOBUS MHUHUMyMa (QYHKIMU (cymMma
KBaJIpaTOB OTKJIOHEHUM 3HAYEHUU Y OT JIMHUU JOJDKHA ObITh MHHUMAJIBHOM IO
CBOMCTBY JINHUU PETPECCHUH )

2
F(a,b)= Z(Xiwyk] .
k=1 k

HeoOxonuMble yclioBUS 3KCTpeMyMmMa MPUBOAAT K CHUCTEME U3 JBYX
YPAaBHEHHUM:

8_F:2Z i%—b—Yk L:(),
oa S\ X, X,

oF S oa
—=2>|—+b-Y |=0.
ob Z(Xk ‘

k=1

Otkyna
=1 -1 = Y,
a —+by —=>) £ (3.7.4)
;X; :I;Xk :lek
azi +bn=>Y,. (3.7.5)
k:IXk k=1

Pemienus cucrembl ypaBHenuit (3.7.4) u (3.7.5) u OynyT oLleHKaMHu IO
METOJy HAMMEHBIIIUX KBaJAPATOB JIJIs TApaMETPOB a U b.
Ha ocHOBE OIIBITHBIX JAHHBIX BEIYUCIISICM:
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501 1 1 1 5.1 1 1 1
L =056 e+ —=18T;
z D AT,

le/f 22 32 10 lek
Y, 2 N
Z_:_ .. +-—=882; ZY,(:8+5+2+...+2:29.

0,56a+1,87b=28,82 u 1,87a +8b=29.
DTa cuctema uMeeT perieHus a =16,7 u b= -0,25.
Omeem. d=16,7; b=-0,25.

3agaua 3.25. U3 TeopeTnyeckux COOOpa)K€HUM CIEIYET, YTO MEXKIY

CIIy4aliHbIMU BEIUYMHAMU X U Y CyIIEeCTBYET 3aBUCUMOCTD
X

By X +B,
rjie mapameTpsl By U J; HEU3BECTHBI.

[lo pesynpTaTaM HAOMIOAEHUN TAphl ATUX CIy4YalHBIX BETMYUH HaauTe
OILICHKH MapaMeTpoB [y U f; MO METOly HAUMEHbIIKNX KBaapaToB. (CM. mpumep
3.25 1 UCXOIHBIC TaHHBIE.)

YVkaszanue. 3anuiuTe PaBEHCTBO (3.7.6) B BUJIC
1_BXB g B
Y X ’

Hcxoounvie daHHble K 3a0aue 3.25.

(3.7.6)

¥ BBeauTe o0o3HaueHue 1/Y yepes Z.

Xi | X | XN | X X | Xe Y Y, Y; Y, Ys Ys

21142 148 109 38586708 1,105 1,25 1,0

0,540 18 6,1 |35]52025]0,68]0,56|1,25)0,77]0,83

0,6 1523532 ]60]19 04 0,850,680, 71| 0,9 |0,73

0,8 1,6 148 | 2,745 ]55]2005]0,85|0,680,85] 1,1

2515216510518 144 06 0,71 1,0 | 0,4 |0,55]0,85

22 105148 1,0 (39 571,202 16 1,1 [1,75]1,)5

32 148 12! 1420861 0680704 065|024 1,2

49109 13870 21]35]051]029]08 |0,68| 04 | 0,5

6,1 1304521521104 )06 036| 0,3 0,5 0,23

35159142172 13127902025 -21]068]| 3,4

051253548 ]31]54035]-2,0-1,25/-1,3|-1,5|-1,0

43 106 |22 3140|1206 0,280,556 0,8 | 0,5 | 0,6

5112910510119 139 084,0,75| 0,3 10,45] 0,6 |0,77

06 132123 ]15]26 450203029025 0,4 |0,36

52139109 12128 15,40 ,05 0408 | 1,7 10,56

04 1411619 1503202145 1,25 1,8]54] 3,0

23 /128,05(137]08 510407102 045)0,35]0,43

1,6 140 1,1 12413229 1035/046|0,36,| 0,4 |0,43|0,38

k|t [ | | k| | | k| | ok
SN b s = N IR I A E SIS 3

2110513216 ]09 29 -20[-25|42]-2,1]-06]-2,8
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2005 (32 14 5114519 -1,1]0,52| 0,7 10,47 |0,54 | 0,66
21125109 13521 42|52 ,06]13]06 ]0,71]0,59 0,48
221321601906 |52 |35,071]09 0,73| 0,4 |0,85]0,68
23/ 6,1 | 3552054018 1,25]0,770,83]0,250,68 | 0,56
24/ 09 138 (5821 142480512510 6,708 1,1
251 2,7 1455508 |16 | 48 10,68085] 1,1 | 2,0 10,56 0,85
26/ 1,0 139 (5712210548 1,1 [1,75]15 [ 1,2]02]1,6
27,142 108 (6,1 |32 1482106502412 /0,68] 0,7 | 04
281 70 12,1 13549109 |38 0680405105029 0,8
29 2,1 |52 1,1 161 130450305 023|041 0,6 0,36
30 72 |13 127 135159142 12106834 [-90]-20] 2,5

Ecnn naGnroneHuilt MHOTO, TO pe3yJibTaTbl UX OOBIYHO TPYHIUPYIOT U
MPEACTABISIOT B BUJIE KOPPEISAIUOHHON TaOJIHIIBI.

X
y (x;,%,) (%,,3) (X X01) T,
(V1>)1) ni N3 N1 7
(y29y3) niz 15%) N Ny
(ymﬂmerl) Nim Nom N Ny,
Py ny= o= Ny n

B sr1o0li Tabimuue 7; paBHO YNCITy HAOIIOACHHUH, U1 KOTOPBIX X HAXOIUTCS B
uHTepBane (x,,Xx,,), a ¥ — B uHtepsaie (y,,y,,). HYepes n; 0003HaUCHO YHCIO

HaOMoaeHn!, pu KOTopelx X € (x,,x,,,), a ¥ Ipou3BosIbHO. YNCI0 HAOMIOACHUH,
TpH KOTOPBIX Y €(Y;,,,;), @ X IPOU3BOJILHO, 0D03HAYCHO Yepes3 ;.
Ecnu BeauuyuHBI JUCKPETHBI, TO BMECTO HWHTEPBAJIOB YKa3bIBAIOT

OTACJIBbHBIC 3HAYCHUA J3THUX BCIWYHH. I[J'If[ HCTIPCPBIBHBIX CJ'Iy‘-IaI\/,IHBIX BCINYNH
MNpCACTABUTCIICM KaXKJIOIro MHTCPBAJIa CHUTAKOT €TI0 CCPCAUHY U IMOJIararoT, 410

1 1
E(Xi +Xx,,)H 5( Y, +Y;,) HaOIONAIMCh n;; pas.

[Ipu Oonpmmx 3HaueHHUSIX X U Y MOXHO i yNPOUICHUS BBIYUCICHUIN
MEePEHEeCTH Hayajao KOOPAMHAT M M3MEHHUTh MaciiTad Mo Kaxiaou u3 ocew, a
MOCJI€ 3aBEPILICHUS BEIYMCICHUN BEPHYTHCS K CTApOMYy MacliTady.

IIpumep 3.26. IIponenano 80 nHaGmrogeHuit ciydailHbIX BenuurH X U Y.
Pesynbrartel HaOmoAeHUN mpeacTaBieHbl B BuAe TaOmuubl. Haiitu nunuio
perpeccuu Y Ha X. OueHutb K03GOUITUEHT KOPPEIISIUY.

X 2 -1 0 1 2
Y 0,5-1,5 | 1,5-2,5 | 2,5-3,5 | 3,5-4,5 | 4,5-5,5 n,
1] 1416 | — — — 5 7 12
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0] 16-18 4 7 10 7 32
1| 18-20 11 8 6 6 1 32
2| 20-22 3 — 1 — — 4

Ayx 18 15 17 18 12 80

Pewenue. llpencraButeneM KaXIOro HHTEpBaja OyAeM CUYUTaThb €ro
cepeauny. [lepenecem Hauano KOOPAUHAT U U3MEHUM MAcCIITA0 MO KaXXJA0U OCH
Tak, 4yToObl 3HaueHuss X W Y ObutM ynoOHBI 17 BeluMciaeHUi. [ns 3roro

Y-17

neperieM K HOBBIM nepeMeHHbIM X =X -3 u YV :T' 3HA4YECHUS ATHUX

HOBBIX TEPEMEHHBIX YyKa3aHbl COOTBETCTBEHHO B CaMOil BEpPXHEH CTpOKe H
CaMOM JIEBOM CTOJIOIIE TaOJIHIIBI.
UToOBl WMMETh MpEACTaBICHHE O BHAC JHUHUHU _PErpeccuH, BBIYACIAM

CpEHUE 3HAUYECHUS Y pu GUKCUPOBAHHBIX 3HAUCHUSIX X:

04411142 ;
Y, = 0-4+ +2-3 =1,56; Y, :w:(),%;
18 15
- 10+1-6+2-1 - -
7 =2 0+176+ = 0,47; Y, = 0,06; Y,=-0,5.

HaneceM 5T 3HadYeHWS Ha KOOPAMHATHYIO IJIOCKOCTh, COSIUHUB IS
HarJsIHOCTH UX OTpe3kamu npsmoi (puc. 3.7.1).

A Y
1
| | | > ~
-2 -1 0 1 2 X
Puc. 3.7.1

[To BuAy MOJYy4EHHOM JOMAHHOW JIMHUKA MOHO MPEANOJIOKUTH, YTO
nuHUS perpeccun Y Ha X aBusercs npsaMon. OneHnM ee mapamerpsl. s 3Toro
CHayaja BBIYUCIHM C YY€TOM TPYNIHUPOBKU JAHHBIX B TaOJUIlE BCE BEIUUYUHBI,
HE0OX0ouMBbIE IS ucronib3oBanus ¢popmyn (3.31-3.33):

Y XY, =D=n XY 1-(1)-5+2:(-1)-7+...42:(-2)-3=-53
k=1 i,j

2%
k=1

=S X, (<2)-18+(=1)-15+0-17+1-18+2-12=-9;
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DX =D=nX] 4-18+1-15+1-18+4-12= 153;
k=1 i

DY, =YanY (-1):12+40-32+1-32+2-4 28,
k=1 j

Torpa
_ (=53)=(-9)-2 ~ 15328 =(=9)-(—
p=§0 (=53)—( 9)2 8 0,33, i 53-28—-(-9) (253):
80-153-(-9) 80-153-(-9)
B noBoM Macmitabe oOlleHKa JIMHUM PETPECCUU  HMMEET  BUJ
Y =—0,33X +0,31. T'paduk 5Toif mpsiMoii IMHUK H300paxeH Ha puc. 3.7.1.

JUI OUEHKH G 10 KOPPEISALHOHHOW TaOIHIle MOXKHO BOCIOJIB30BaThCS

0,31.

dbopmynoit (3.1.3):

DX, -X)n,
s, =1 =1,38.
n-—1

[1o100HBIM e 00pa30oM MOKHO OLICHUTH G, BennuuHon s, =0,75. Torxa

olleHKOM  KOod(hUuIMEeHTa  KOppeNslud  MOXKET  CIYXUTh  BEJIMYHMHA

F—033.255  _gs8
0,75

24
9

Bepnemcs k ctapomy Maciitaly:
Y-17
5 - —0,33(X -3)+0,31 umu ¥ =-0,66.X +19,6.
KoaddumumenT koppensnnn nepecunThiBaTh HE HY)KHO, TaK KaK 9TO BEITUIMHA

Oe3pa3MepHas 1 oT MaciuTada He 3aBHCHT.
Omeem. 7, =—0,58; ¥ =-0,66X +19,6.

[lycts HexkoTOpble (pu3nueckue BenWYuHbl X U Y CBs3aHBI HEU3BECTHOM
HaM  (QYHKIMOHAIBPHOW 3aBUCUMOCTBIO Y= f(x). [na wusydenus o>1oit

3aBUCUMOCTH IIPOU3BOIAT U3MEPEHHUS Y TIpU pa3HbIX 3HaUeHUAX X. M3Mepenusam
COMYTCTBYIOT OIIMOKKM W TO3TOMY pPE3YyJbTaT KaXJOTO HM3MEPEHHUs CIydacH.
Ecmm cucremarnueckoid OmmMOKH TMPU W3MEPEHHSIX HET, TO V= f(x) HWrpaer
pOJib JIMHUM PETPECCHd M BCE CBOWMCTBA JIMHUU PErPECCUU MPUIIOKHUMBI K
y=f(x). B gactHOCTH, y = f(X) OOBIYHO HAXOIAT MO METONY HAUMEHBIITUX
KBaJpaToB.

3agaua 3.26. Pesynbrarel HaAOMIOAEHMNA CiydyalHbIX BenuuuH X U Y
npeAcTaBleHbl B Buie Tabnuiel. Haligute nunuto perpeccun Y Ha X. Ouenure
ko3(ppunuent koppenanuu. OLeHnTe TOYHOCTh MPOTHO3a CITyYailHON BETMYUHBI
Y no uzBectHomy 3Hauenuro X. (CM. npumep 3.26 U UCXOAHBIC TaHHbIE. )

Hcxoounvie oannvie k 3aoaue 3.26.
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(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) 4 — — — — — 4
(6,8) 2 3 1 1 — — 7
(4,6) 1 1 4 2 1 — 9
(2,4) — 2 3 3 3 3 14
(0,2) — — — 1 2 3 6
n, 7 6 8 7 6 6 n=40
Bap. 2
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) 4 — — — — — 4
(6,8) 2 3 1 1 — — 7
(4,6) 2 1 3 2 1 — 9
(2,4) — 2 4 2 3 3 14
(0,2) — — — 1 3 2 6
n, 8 6 8 6 7 5 n=40
Bap. 3
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) 5 — — — — — 5
(6,8) 3 4 1 1 — — 9
(4,6) 2 3 4 2 1 — 12
(2,4) — 2 3 4 3 3 15
(0,2) — — — 1 4 4 9
ny 10 9 8 8 8 7 n=>50
Bap. 4
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(6,8) — — — 2 4 4 10
(4,6) 1 3 2 5 4 3 18
(0,2) 2 6 5 3 2 — 18
(-2,0) 5 4 5 1 — — 15
(-4,-2) 4 - - - - - 4
n, 12 13 12 11 10 7 n=065
Bap. 5
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(10,12) — — — 1 4 5 10
(8,10) — 2 3 4 3 3 15
(6,8) 2 3 5 2 2 — 14
(4,6) 3 4 2 1 — — 10
(2,4) 5 1 — — — — 6
ny 10 9 8 8 8 7 n==065
Bap. 6
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(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(10,12) 4 — — — — — 4
(8,10) 2 3 1 1 — — 7
(6,8) 1 1 4 2 1 — 9
(4,6) — 2 3 3 3 3 15
(2,4) — — — 1 2 2 5
My 7 6 8 7 6 5 n=40
Bap. 7
(2,4) (4,6) (6,8) (8,10) | (10,12) | (12,14) ny
(8,10) 4 — — — — — 4
(6,8) 2 3 1 1 — — 7
(4,6) 2 1 3 2 1 — 9
(2,4) — 2 4 2 3 3 14
(0,2) — — — 1 3 2 6
My 8 6 8 6 7 5 n=40
Bap. 8
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(10,12) 5 — — — — — 5
(8,10) 3 4 1 1 — — 9
(6,8) 2 3 4 2 1 — 12
(4,6) — 2 3 4 3 3 15
ny 10 9 8 8 8 7 n=>50
Bap. 9
(2,4) (4,6) (6,8) (8,10) | (10,12) | (12,14) ny
(8,10) 6 — — — — — 6
(6,8) 4 4 2 1 — — 11
(4,6) 1 4 3 3 1 — 12
(2,4) — 1 3 2 4 3 13
(0,2) — — — 1 3 4 8
n, 11 9 8 7 8 7 n=>50
Bap. 10
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) 3 — — — — — 3
(6,8) 2 3 1 1 — — 7
(4,6) 1 3 4 3 1 — 12
(2,4) — 2 3 3 3 2 13
(0,2) — — — 1 2 2 5
Ty 6 8 8 8 6 4 n =40
Bap. 11
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(0,4) (4,8) (8,12) | (12,16) | (16,20) | (20, 24) 1y
(6,8) 3 — — — — — 3
(4,6) 2 3 1 1 - - 7
(2,4) 3 1 4 2 1 — 11
(0,2) - 2 3 3 3 3 14
(-2,0) - - - 1 2 2 5
ny 8 6 8 7 6 5 n=40
Bap. 12
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) 1y
(10,12) 4 — — — — — 4
(8,10) 3 3 1 1 - - 8
(6,8) 2 3 4 3 3 - 15
(4,6) - 2 3 3 4 3 15
(2,4) — — - 1 3 4 8
7y 9 8 8 8 10 7 n=>50
Bap. 13
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) 1y
(8,10) 4 - - — — — 4
(6,8) 2 3 2 1 - - 8
(4,6) 3 5 4 2 1 - 15
(2,4) — 2 3 3 4 4 16
(0,2) - - - 1 2 4 7
ny 9 10 9 7 7 8 n=>50
Bap. 14
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(4,6) 6 — — — — — 6
(2,4) 3 4 2 1 - - 10
(0,2) 2 4 3 2 2 - 13
(-2,0) - 1 3 3 4 4 15
(-4,-2) — — — 1 2 3 6
n, 11 9 8 7 8 7 n=>50
Bap. 15
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) ny
(8,10) 5 — — — — — 5
(6,8) 4 4 2 1 — — 11
(4,6) 2 3 3 2 1 — 11
(2,4) — 2 3 3 3 3 14
n, 11 9 8 7 8 7 n=>50
Bap. 16
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(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) 3 — — — — — 3
(6,8) 7 4 2 1 — S 14
(4,6) 4 5 10 6 1 — 26
(2,4) — 3 3 3 4 7 20
(0,2) — — — 2 3 2
Ny 14 12 15 12 8 9 n=70
Bap. 17
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(6,8) 3 — — — — — 3
(4,6) 4 3 1 1 — — 9
(0,2) 1 5 4 3 1 — 14
(-2,0) — 2 4 5 4 3 18
(-4,-2) — — — 1 3 2 6
7y 8 10 9 10 8 5 n =250
Bap. 18
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(10,12) — — — 1 4 4 9
(8,10) — 2 3 4 3 3 15
(6,8) 2 3 4 2 1 S 12
(4,6) 3 4 1 1 — — 9
(2,4) 5 — — — — — 5
ny 10 9 8 8 8 7 n=>50
Bap. 19
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(4,6) — — — 1 2 3 6
(2,4) — 1 3 3 4 4 15
(0,2) 2 4 3 2 2 — 13
(-2,0) 3 4 2 1 — — 10
(—4,-2) 6 — — — — — 6
n, 11 9 8 7 8 7 n=>50
Bap. 20
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) ny
(8,10) — — — 1 4 4 5
(6,8) — 2 3 3 3 3 11
(4,6) 2 3 3 2 1 — 11
(2,4) 4 4 2 1 S S 14
(0,2) 5 — — — — — 9
n, 11 9 8 7 8 7 n=>50
Bap. 21
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(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(4,6) - - - 2 2 5 9
(2,4) - 1 3 3 5 4 16
(0,2) 3 5 4 4 2 - 18
(-2,0) 4 4 2 1 — — 11
(-4,-2) 6 - - - - - 6
n, 13 10 9 10 9 9 n=060
Bap. 22
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) 1y
(4,6) - - - 1 2 3 6
(2,4) - 1 3 3 4 4 15
(0,2) 2 3 3 2 2 — 12
(-2,0) 4 5 2 1 — — 12
(-4,-2) 5 - - - - - 5
n, 11 9 8 7 8 7 n=>50
Bap. 23
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) 1y
(4,6) - - - 1 2 2 6
(2,4) - 2 3 3 3 3 14
(0,2) 1 1 4 2 1 - 9
(-2,0) 2 3 1 1 - - 7
(-4,-2) 4 — — — — — 4
n, 7 6 8 7 6 5 n=40
Bap. 24
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) - - - 1 3 4 8
(6,8) - 1 3 2 4 3 13
(4,6) 1 4 3 3 1 - 12
(2,4) 4 4 2 1 — — 11
(0,2) 6 - - - - - 6
n, 11 9 8 7 8 7 n=>50
Bap. 25
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) ny
(8,10) - - - 1 2 4 7
(6,8) - 2 3 3 4 4 16
(4,6) 3 5 4 2 1 - 15
(2,4) 2 3 2 1 - - 8
(0,2) 4 - - — — — 4
ny 9 10 9 7 7 8 n=>50
Bap. 26
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(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(8,10) — — — 2 3 2 7
(6,8) — 3 3 3 4 7 20
(4,6) 4 5 10 6 1 — 26
(2,4) 7 4 2 1 — — 14
(0,2) 3 — — — — — 3
7y 14 12 15 12 8 9 n=70
Bap. 27
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(10,12) — — — 1 4 4 9
(8,10) — 2 3 4 3 3 15
(6,8) 2 3 4 2 1 — 12
(4,6) 3 4 1 1 — — 9
(2,4) 5 — — — — — 5
ny 10 9 8 8 8 7 n=>50
Bap. 28
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(4,6) — — — 1 2 4 7
(2,4) — 1 3 4 5 4 17
(0,2) 2 5 3 2 2 1 15
(-2,0) 3 4 2 1 — — 10
(—4,-2) 6 — — — — — 6
Ny 11 10 8 8 9 9 n=>55
Bap. 29
(-2,0) (0,2) (2,4) (4,6) (6,8) (8,10) ny
(10,12) 4 — — — — — 4
(8,10) 3 3 2 1 1 — 10
(6,8) 2 6 7 4 6 2 27
(4,6) — 2 3 4 5 5 19
(2,4) — — — 2 3 5 10
My 9 11 12 11 15 12 n=70
Bap. 30
(0,2) (2,4) (4,6) (6,8) (8,10) | (10,12) ny
(4,6) — — — 2 3 7 12
(2,4) — 1 3 5 7 4 20
(0,2) 2 5 6 4 2 — 19
(-2,0) 4 5 2 1 — — 12
(-4,-2) 6 1 — — — — 7
Ny 12 12 11 12 12 11 n =60
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3.8. Ctatuctuyeckue pewarwme oyHKUUU

Ilycte X — cnydaiiHas BEIWYMHA, THI 3aKOHA PACHPENEICHUS KOTOPOU
F(x,0) — u3BecTeH, HO HEM3BECTHO 3HAYCHHE MapaMeTpa 0 3Toro 3akoHa. EcTh
OCHOBAHHS T10JIaraTh TOJBKO, 9YTO O € = — HEKOTOPOMY MHOKECTBY 3HaUCHUH.

Ilycte X ={X,,X,,...,X,} — pe3ynbraTsl n HaOJIOAEHUI ciay4aliHON
BEJIMYUHBI X.

Yno0HO paccmarpuBaTth BBIOOPKY X xax TOYKY B BBIOOPOYHOM
npocrpancree W. HamomuHum, 4tO0 W — COBOKYHHOCTH BCE€X BO3MOKHBIX
BBIOOPOK JJAHHOT'O 00beMa U3 3HAYEHUH CITy4allHOU BEJIMYUHBI.

[lo pesynpTaTaM HaOMIOJEHUM HEOOXOAMMO MPUHATH pEUIEHHE O
3HAYEHUH mapameTpa 0.

Eciu D — MHOXeCTBO BO3MOXKHBIX pellIeHHil (B Hamiem ciaydae D
coBmagaeT ¢ =), TO ¢ (opmanbHOW TOYKH 3pEHHS HEOOXOAMMO HAWTH
otobOpaxkenue d ()? ) BBIOOPOYHOTO MPOCTPAHCTBA W Ha IPOCTPAHCTBO PEIICHUM
D (cMm. puc. 3.8.1).

d(fﬁl

W D

Puc. 3.8.1

Takoe oToOpakeHuEe HA3bIBAIOT CMAMUCIUYECKUM Peuaroujum npasuiom
WA cmpamezuell.

[Tpu xkaxxmom 0 MBI MOXKeM TpPHUHSTH JI000e pemenue d € D. Ilpunsarue
penieHust d, Korja CTUHHOE 3HAYSHUE TTapaMeTpa paBHO 0, MPUBOIUT K nomepe
L(0,d). Benwmuumna L(0,d) moxeT OBITh W OTPHUIATETLHOW — TOTIA 3TO
BBIUTPHIIIL

Jlist Toro 94TOOBI BRIOpATh ONTHMAIBHOE DEIIAOIIee MPABIIO, HYKEH
KPUTEPH, IO KOTOPOMY MOKHO WX CpaBHUBATh. JJIs 3TOH IienM BBOIUTCS B
pPacCMOTpPEHHE TaK Ha3bIBaeMasi (YYHKYus pucka, KOTopas ONpeneseTcs Kak
cpeaHee 3HaUeHUE QYHKIMH MOTEPh MIPU 3HAYCHUU Hapamerpa 0:

R(0,d(X)yr MA{L[O,d(X)]},
R(0,d (X)) Zb[@, d(X)]P(X,0) s KuCKpeTHOl CIIy4yallHOM BEITMYUHBI,
X

R(0,d(X)) J H0,d(X)]dP(X,0) 1s HenpepbIBHON CIIy4aifHOH BEINUYNHEL.

XeWw
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OyHKIUS PUCKA 1a€T BO3MOXKHOCTh CPABHUBATH CTPATETUU MEXKTYy COOOM.

B vactHOCTH, cTpaTerus d* nmpeanouTuTeNbHee CTpaTeruu d, eciu
R(6,d*)< R(0,d) npu Bcex Oe =

R(6,d*) < R(0,d) xots 0661 ipu o71HOM O € =
WNHorma MOXXHO TOBOPUTH O PAaBHOMEPHO JIyUIeH peraromnieil GyHKInm.
Takol, HanpuMep, ABJIsSIETCS pertaromas GyHkuus d, Ha puc. 3.8.2.

R4
4 FE9 *

J R
F(B,d;) |

I
|\_/d/\_/
|

|

|
I
| |
| | -
A o NS =]
() &9
Puc. 3.8.2 Puc. 3.8.3

B ciyyae ecnu mpaBuiia B Ha3BaHHOM CMBICJIE HECpaBHUMBI (puc. 3.8.3),
BO3MOJKHBI Pa3HbIE MOIXO/IbI:
1) MO>XKHO CpaBHUBATH TUTOMIAIH TI0]] KPUBBIMHU U300paKaIOIIMU PUCKH;
2) MO’XHO CpaBHUBATh HAaWOOJIBIITUE 3HAYCHUSI PUCKOB U T.]I.
Jlnst xkaxaoil pemaromie (QyHKIIMU CYIIECTBYET HAMOOJbIEee 3HAUYCHHE
(yHKIMM prUcKa
max R(0,d).

MO03kHO BBIOpATh CTPATETHUIO, IIPH KOTOPOM JOCTHTaeTCs
minmax R(0,d).
d 0

Takyro cCTpaTeruro Ha3bIBAOT MuHumaxchou. Vnes Takoll cTpareruu
MpocTa: BBIOUpAETCS CTpaTerusi, Mpu KOTOPOW HAMOOJBIIUM U3 BO3MOXKHBIX
PUCKOB MUHUMAaJIeH. Takas cTpaTerusi CTpaxyeT OT CIMIIKOM OOJbIINX MOTEPb.
B npyrux OTHOIIEHMSIX 3TO peIlalollee MPaBUIO MOXKET OKa3aThCs IMIIOXHM.
Hamnpumep, ctparerus d; (cMm. puc. 3.8.3) o 3ToMy NPUHIKIY Jydllle CTpaTeruu
d,, XOTsI TIpW TIOAABJISIONIEM OOJIBIITMHCTBE 3HAYCHUM O cTpaTerus d; IpUBOJIUT K
OosblieMy yiiepOy, ueMm d.

JJ1st IpOCTOTHI pacCMOTPUM cCllydal, Korja = COCTOUT U3 k 3JIEMEHTOB:

= {659,,...,0,}.

[TycTe Ha OCHOBE HAKOIUIEHHOTO omblTa 3HaueHus 0,,0,,...,0, umeror

BEPOSTHOCTHU ¢,,4,,...,q, (AIpHOpHOE pacnpeneneHue). Torna GyHKIHIO pUCKa
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MOXHO OIpEJEIUTh KaK MaTeMaTHUYecKoe OXujaHue (YHKIUU MOTeph IO
OTHOILIEHHUIO K 3TOMY alipUOPHOMY paclpeeeHUIO:

RO,d(X)) D REB,.d(X)g, 33 L(0,d(X)P(X /0,

Crpaterusi, oOpamjaronias B MHHHUMYM Takyl0 (YHKLOHIO pHCKa,
Ha3bIBAETCA 0Oalieco8cKkoll cmpamezueti, OTBEYAIOLEH JAAaHHOMY AalpHOPHOMY
pacnpeieseHuIO.

Pa3znuuaror aBa TMIA CTpaTEruil.

l. Yucmas wniu nepanoomuzosannas ctparerus. Ilpu Takoil ctpareruu
KOKIOMY pE3yslbTaTy HaOJIIOJEHUM CTaBUTCA B  COOTBETCTBHE YETKO
OIPEJICIICHHOE PEILICHHUE.

DTO 03Ha4yaeT, 4TO BBIOOPOYHOE MPOCTPAHCTBO W pa3buBaeTcs Ha k
B3aMMHO Helepecekaromuxcss obmacren W, W,,...,W,, u ecam pe3yabTaTbl

HaOmonenuit X € W, To npuHumaercs pemenue 0=0..
2. Panoomuzosannas crtparerus (OT aHIIHMKWCKOro cioBa random —

ciyuyaiubiit). Jna kaxgoro X ycTaHaBIMBaeTCsi Ha0Op BEPOSTHOCTEH
A (X)), Ay (X),...,A (X) Takoit, dTO Zki()?):l. Torma mpu mnomydeHUN

pe3yiabTaToB HaOmoneHuil X MOPOU3BOJAUTCA CIy4YaWHBIA SKCIIEPUMEHT, B
KOTOPOM pealu3yercsl CllydalHas BEJIWYMHA, NPUHHAMAIONIAs 3HAYCHUS

1,2,3,...,k ¢ BEpOSITHOCTSIMU COOTBETCTBEHHO kl()?),Kz()? ),...,kk()? ). Ecnu
BBINAaeT 3HAYECHUE i, TO IPUHUMAaETCs penienre 0=0,.

BersiBUM 0coOeHHOCTM MHHHUMAaKCHOM W OailecOBCKOM cTpareruii. Pamu
HArJISAHOCTH U3JI0KEHUSI PACCMOTPUM CITydaid

= {0,,08, D=4{,.d,,...d}.
Torna ponb pyHKIIMU pUCKa OYAET UTPATh BEKMOP PUCKA
{R(8,,d(X)),R(6,,d(X));.

Kaxnoli uucrolt crtpareruni d; COOTBETCTBYET Ha IIJIOCKOCTU TOYKa C

KOOpANHATaMU
{R(6,,d,),R(9,,d,)}.

Ecanu  paccmoTperb  paHIOMHU30BaHHYIO  CTpaTeruid ¢ HabOpoM

BEPOSITHOCTEN

A (X), (X, A (X)),
TO KaXJ0M TaKOU CTPaTEruu COOTBETCTBYET BEKTOP PUCKA C KOOPAMHATAMU
AR(0,,d)+A,R(0,,d,)+...+ L, R(0,,d,)

MR(O,,d)+1,R(©0,,d,)+...+ 1 R(O,,d ).

['eomeTprdecku 3T0 KOOPAMHATHI LIEHTpPA TSKECTH Macc A,A,,...,A , B

no

CyYMMC paBHBIX CIAWMHHUIC MW PACIIOJIIOKCHHBIX B TOYKaAX, COOTBCTCTBYHOIIUX
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YUCTBIM pemeHusaM. Kaxaol 4ucTol cTpateruu COOTBETCTBYET Macca paBHas
€AMHMIIE, paACIOJIOKEHHAsT B COOTBETCTBYIOLIEH 3TOM CTpaTerMM TOYKE
(ocTanbHBIE Macchl paBHBI HYNI0). Eciu nepeOpaTh Bce BO3MOXKHBIE HAOOPHI
ApsAsy..oyh,, TO TOIYYUM BBIITYKIYI0 OOOJOYKY TOYEK, COOTBETCTBYIOIIUX

YUCTBIM cTparerusiM. Ha 1uiockocT Takas o000J0YKa BBITISIAT KAk
MHOTOYTOJIbHUK (cM. puc. 3.8.4), B o0miem ciydae — Kak MHOTOMEPHBII
MHOTOTPaHHUK.

PaccmoTtpum MuHMMakcHyro ctpateruto. Ham HeoOXoauMo Juisi Kaxaoro
BEKTOpa pHCKa BBIOpaTh MaKCHUMalIbHYI0 KOOpIMHATY, a 3aTe€M Cpeaud HUX
BBHIOpaTh HAUMEHBIIIYIO, T. €.

min max[R(0,,d), R(0,,d)]
d QX,_J hy_/
3amerum, yTo PyHKIUA max(x,y)=c umeeT rpaduk, n300pakeHHbII HA pUC.

no

3.8.4 MyHKTUPHOU JTUHUEM.

4 e

INEFFM AR CEIAA
CTHATETELT

] R(5y.d)

Puc. 3.8.4

Heob6xonuMo BwIOpaTh HauMeEHbIIEE ¢, TPU KOTOPOM TpaduK 3TOM
¢GyHKUMKM MMeeT OOUIyl0 TOYKY ¢ JUHEHHOW oOosioukoil (cMm. puc. 3.8.4). U3
ATOTO PUCYHKA BHUJIHO, YTO MUHHUMAKCHAas CTpaTerusl MOYTH HaBepHOE OyaeT
PaHAOMHU30BAHHOM.

N3 Tex Ke TeoMETpUYECKHX COOOpaKeHH BBISIBUM  XapakTep
OaitecoBckoil crpaTeruu. OnsaTh oOpaTUMCS K Ciyyaro ABYX 3HaueHuiu 0, u 0,.
ITycts P(0,)=¢,, P(0,)=q,, (g,+¢q,=1). Torna pyHxuus pucka umeeT BUI

¢, R(0,,d)+4q, R(6,,d) R(d) = (3.8.1)
%/_/ %f_/
x y

IIo cTpykType 3TO ypaBHEHHE ¢,X + ¢,y =C — ypaBHEHHE IIPSMOM JINHUH,

a Ko3(DPUIUEHTHI ¢ U g, ONPENEIAIOT €€ HAKJIOH. B MHOTOMEpHOM ciydae 3To
Oyler ypaBHeHUE MIOCKocTH (Tunepmiockoct). Ham HeoOxoauma ctparerus,
MIpU KOTOPOI JieBasi 4acTh BbipaxkeHus (3.8.1) munumanbHa. bynem yBenuuuBaTh
¢, TIOKa TIpsiMasi He KOCHETCS JTMHEWHO# 0005109kH (cM. puc. 3.8.5).
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4 P&

-
RG, &)

Puc. 3.8.5

B nmo6oM ciydae (1 npu KacaHUM B BEPILUHE, U NPU KACAHUH 110 CTOPOHE
MHOTOYTOJIbHMKA) Cpeld TOYEeK KacaHusi OyJeT XoTs Obl OJHA BepIIMHA
BBIITYKJION 000JIOYKH, @ BEPIIMHA COOTBETCTBYET YUCTOU cTpareruu. Tem cambiM
Mbl MPOUJUTIOCTPUPOBAIM YTBEPXKICHHE O TOM, YTO IHPU KOHEYHOM 4YHUCIE
MCXOJHBIX CTPAaTEruil BCEria CyIlIeCTBYET YUcmas 0aecos8ckas Cmpamezusl.

MunumakcHass u OallecoBCKasi CTpaTETrMU CBSA3aHbl MEXAy COO0Oi:
MUHUMAaKCHasi CTpaTerus siBjsieTcs 0alleCOBCKOW MO OTHOUIEHUIO K HANMEHEe
OJIaronpusATHOMY anmpHOPHOMY paclpeaeieHno. HammeHnee OnaronpusiTHbIM
OKa3bIBACTCS PpACIpENEICHHE, MpPU KOTOPOM MAaKCHUMaJIbHO BO3MOYKHBIN
KO3(pGuuueHT g =1 B BBIpaXEHUH ¢, X+ ¢,y =C COOTBETCTBYET HaUOONbIIEH

KoopauHate (Apyroil kod(pduiMeHT Toraa paBeH Hy0). B 3Tom ciydae
MOJIYYaIoTCsl JIMHUM X =¢ Wiu y =c (cM. puc. 3.8.6).

4 Oz

CICHED
Puc. 3.8.6

3ameuanue. BBeleHHbIE TOHATHUA MOXHO CBSI3aTh C TEOPUEH WIP.
Oxkpyxatomuidi Hac Mup (IPUPOSY) MOXKHO CUMTATh OJHUM W3 UTPOKOB, a
UCCIeIoBaTENsl IPYTUM UTPOKOM (TOJIBKO B 3TOM Cllydae MpHUpPOJia, B KauecTBe
y4aCTHUKA WIPbl, HE 3J0HAMEPEHHA [0 OTHOILIEHUIO K UCCIEI0BATENIO).
[Tpupoma wucmonb3yeT OOUH W3 BO3MOXKHBIX xomoB {0,,0,,...,0 }, a
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HCCIIeIoBaTelh B OTBET HA XOJ NPHPOABl TNpUHUMAaeT pemeHue d e D.
Bemnunna L(0,d(X)) yka3siBaeT MOTEPIO HCCIEMOBATENsS, BHIOPABIIETO TIO

pe3yiabTaTaM HaOJIoAeHUN X CTpaTEeruto d()? ), Korma mpupojia BeiOpama 0.

Bemnunna R(0,d(X)) xapaktepu3yeT CpeaHHE TIOTEPU UCCIIEeI0BaTes,
HCITOJIb3YIOIIETO CTPATETHIO d.

Ipumep 3.27. Habmogaercss paboTa HEKOTOPOTO YCTPOMCTBA B TEUCHHE
Bpemenu 7. I[lonoxxkum X =0, eciam ycTpOMCTBO HE BBIILUIO K3 CTPOS 3a 3TO
BpeMs, 1 X =1 B mporuBHOM ciryyae. ITycts

P(X =i/0) 0%1-0)",
Te. P(X=6) 0, P(X=1) 4-6.
B otHomennu 0 ects nBa npeanonoxenus: 0 =0, =1/4 u 0 H,=1/2.
Huaue roBops, BO3MOXKHBI /1Ba pemeHus a, =0, u a, =0,.
OyHKIMS TOTEph onpeaeseTcs Tabauuen.

a ay
0, 1 4
0, 3 2

TpeOyeTcs HaWTU MUHUMAaKCHYIO CTpPaTEruio M 0aleCOBCKYIO CTPATETHUIO
10 OTHOLIEHHIO K alpuopHOMY pacnpenenenuto P(0,) =P(0,)=1/2.

Pewenue. B 3TO cuTyali BO3MOXHBI CIIEIYIOIIUE YHCTHIE PEIIAOIINE

IpaBuUiIa:
d:d0)=aqa, dl)=a; d,: d,(0)=aqa, d,(1)=a,;
d;: dy(0)=a,, d;()=a; d,: d,(0)=a,, d,()=a,.

Pemaronue npaBuna d; u ds COOTBETCTBYIOT «IIPEAB3SITOMY MHEHUION.
Onpenennm BEKTOP pUCKa ISl KaXKIOTO PEIIAONIErO TPaBUIIA.
R®©,,d)=1-3/4+1-1/4=],
R@©,,4) 3-1/2+3-1R 3.
R(©,,d)=1-3/4+4-1/4=1,75,
R@©,,d,)= 2-1/2+3-1/2=2,5.
R(©,,d,)=1-1/4+4-3/4=3,25,
Hns dy —
R(@©,,d,= 3-1/2+2-1/2=2,5.
R(©,,d,)=4-3/4+4-1/4=4,
s dy —
R©,,&) 2-1/2+2-12 2.
Ha puc. 3.8.7 »UpHBIMM TOYKAaMH OTMEYEHBI KOHIbI BEKTOPOB PHCKA,
BBIJICJICHA 3aKpacKoW JMHEeWHass 000J04ka BeKTOpOB. M3 3TOro pucyHKa BUJHO,

YTO ONTUMAaJbHOM OaileCOBCKOM cTpaTterueil siBnsercss crparerus d;. s
MUHHMAaKCHOM CTpaTEruu TOUKAa KAaCaHUs JIMHEHMHOW 000JI0YKU MIPUMEPHO B TPHU

It dy imMeeM BEKTOp ¢ KOOpAUHATAMHU {

s dy umeeM BEKTOp {
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paza Onmuxke K Touke dp, 4eM K Touke dy. [loaTomy cremyer A B3siTb 0OpaTHO
HPONOPLHOHATIBHBIM PACCTOSIHUAM 10 Ha3BaHHBIX TOYEK, T.€. paBHBIM A, =3/4,

A, =3/4, A, =1/4,a % =k, =0.

& F(C.d)

Puc. 3.8.7

Omeem. OnTUMaILHON 0alleCOBCKOM CTpaTerueu siBusieTcs cTparerus d.
OnTumalibHasi MUHUMAKCHAsI CTpATErus peayin3yeTcsl Ipu Habope BEPOSITHOCTEH

A =k, =0, A,=3/4, A, =1/4.

3apauya 3.27.1. [lycth O — BepOSATHOCTH BBIXOJA U3 CTPOs YCTPOUCTBA
IpU OJHOM IUKIe wucnbiTaHuid. OO003HAauUM uepe3 X — UHUCIO IHKIOB
WCTIBITAHUW A0 BBIXOAA U3 CTPOsl yCcTpoucTBa. BenmunmHa X MOXeT mpUHUMATh
3HaueHus 1, 2, 3, ... ¢ BEpOSTHOCTAMU

P(X=%) (1-0)""q.
B orHomenun O ecth ABa mpenmnosioxkenus: 0; u 0, (MpOCTpaHCTBO
pelIeHU COCTOMT M3 JBYX JJIEMEHTOB ¢, =0, u a,=0,). OyHKIUA NOTEPH
3a/1aHa TaOIuIei.

a aj
0, Ly, Ly,
0, L Ly

[Ipeanaratorcst 4eTbIpe BO3MOKHBIX YMCTBIX CTPATETUN:
d:d =a,ecm X=1,ud =aqa, ecm X =2,3,4,5,...;
d,:d,=a, ecru X=12,ud,=a, eciu X =3,4,5,...;
d,:d,=a, ecrm X =1,2,3, u d, =a,, ecnmu X =4,5,6,...;
d,:d,=a, ecrn X =1,2,3,4, und,=a,, ecnu X =5,6,... .
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Halinure MUHMMakKCHYIO CTpaTerdi0 U O0ailleCOBCKYIO CTpaTeruio 1o
OTHOILEHUIO K allpuopHOMYy pactpenenenuto P(0,) =P(0,)=1/2. (Cm. npumep

3.27 ¥ UCXOIHBIC TAaHHBIE.)
Hcxoonvie oannwvie k 3a0auam 3.27.1.

Ne | 0; | O | Liv | Lio | Loy | Lop | Ne | Oy | 0, | Liy | Lio | Ly | Lo
1 /8 1/4| 0 1 2 0 16 | 1/8 | 1/4 | O 1 2 0
2 |1/10] 1/5 | O 3 2 1 17 |[1/10| 1/5 | O 3 2 1
3 |1/10] 1/6 1 3 2 0 18 |1/10| 1/4 1 3 2 0
4 1/8 | 12 1 2 3 0 19 | 1/8 | 1/6 1 2 3 0
5 |[1/101 14| O 2 3 1 20 | 1/2 | 2/5 0 2 3 1
6 1/512/5| 0 1 2 0 21 | 1/8 1172 O 1 2 0
7 (1/100 1/6 | O 3 2 1 22 |1 1/4 1172 0 3 2 1
8 1/4 | 12 1 3 2 0 23 | 1/8 | 1/4 1 3 2 0
9 1/5 [1/10] 1 2 3 0 24 |1/10] 1/5 1 2 3 0
10 [ 12 ]11/4] 0 2 3 1 25 |1/10] 1/6 | O 2 3 1
11 [ 12113 ] 0 1 2 0 26 | 1/8 1121 0 1 2 0
12 [ 1/311/4] 0 3 2 1 27 [1/10] 1/4 | O 3 2 1
13 | 1/4 | 1/5 1 3 2 0 28 | 1/5 | 2/5 1 3 2 0
14 [1/10| 1/3 1 2 3 0 29 | 2/5 | 1/4 1 2 3 0
15 | 1/4 | 1/3 0 2 3 1 30 |13 1/4 ) 0 2 3 1

3amaua 3.27.2. llonBepraroTcsi HCNBITAHUIO TpU oOpaslia U3AeIuid U
PETUCTPUPYETCS YUCIO MPOILIEAINX HUCHbITaHue 00pa3ioB X. B oTHomeHuun
BEPOSITHOCTU BBIXOJa U3 CTposi oOpa3lia MpU HCHOBITAHUU €CTh JIBa
npeanonoxenus: 0; u 0,. Tak kak MPOBOASTCS HE3ABUCUMBIE HCIBITAHUS, TO
P(X=i/0) =Ci(1-0) 0°'. MHOX)ecTBO pelIeHH# COCTOMT H3 JBYX
JIEMEHTOB a, =0, 1 a, =0,. EcTb Tpu pemaronmux npaBuia:

d ={aqupu X Oma,npuX 132,3};

d,={aq,upu X O,lma,npuX 2,3};

d,={a,npu X 0,1,21a,npu X 3}.
Jlist 3aiaHHON PYHKIIUU TOTEPh HAUTH:

1) MUHUMAKCHYIO CTPaTEruIo;

2) 0aileCOBCKYIO CTpaTeruio, eciu o0a 3HaueHus O NpeacTaBiIsIOTCS
paBHOBepOsATHBIMH. (CM. ipuMep 3.27 U UCXOAHBIE JaHHBIC K 3aaue 3.27.1.)

Ipumep 3.28. B nByx BHENIHE OJMHAKOBBIX YpHAX HAXOIATCS Iiapsl. B
MEepBOM ypHE MATh O€NbIX U MATh YEPHBIX IIAPOB, @ BO BTOPOU TpU OENBIX U
IIECTh YEPHBIX. YPHY BBIOMPAIOT Hayraja, U U3 HEe MPOU3ZBOAUTCS MOBTOPHAS
BbIOOpKa uyeThipex mapoB. [lo pesynabTatam BbhIOOpa HEOOXOIMMO MPUHSTH
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pEIICHHEe OTHOCUTEIBHO COJACPIKAHUS YPHBI, W3 KOTOPOW MPOU3BOIUIICS BBHIOOD
IapoB, T.€. MPOCTPAHCTBO PEIMICHUN COCTOUT U3 JIBYX PEIICHHIA:

— pemieHre a; — IIapbl BRIOWPAIUCH W3 TIEPBOA YPHBI (BEPOSTHOCTH
BbIOOpa Oeroro mapa pasHa 0, =1/2);

— pelleHue a, — Iapbl BBIOMpAINCh U3 BTOPOH YPHBI (BEPOSTHOCTb
BbIOOpa Oeitoro mapa pasHa 0, 349 133).

Heo0OxonuMo HailTH MUHUMAKCHYIO M OalleCOBCKYIO CTpaTe€ruu MPUHATHUSA
penieHui, ecnu GyHKIUS OTEPh ONpeesieTcs] TabIuIIei:

a a
0, 0 5
0, 4 -1

Pewienue. B ycnoBusix 3a1a4v BO3MOXHBI CJIEIYIOIINE YUCTHIE CTPATErUU:

— d| — TpuHUMAaeTCs PelIeHUe d;, €CIM BCE YEThIPE pa3a BHIOUPATUCH
OeJble MIaphl, U MPUHUMAETCS PELICHUE dp, €CIU OEJbIX 1IapOoB ObUIO BHIOPAHO
TpH, ABa, OJAVH WIH HOJIb;

— d, — TPUHUMAETCA PEUICHUE dj, €CIM U3 YPHBI ObUIO BBIOpaHO TpHU
WU 4YeTbipe OeNbIX Iapa, M MPUHUMAETCS PEIICHHE dp, €Clu OeNbIX IIapoB
OBLIO JBA, OJIH WJIH HOJIb;

— d; — TpUHUMAETCs PEILICHUE d, €CIU U3 YPHBI ObUIO BHIOpAHO JIBa,
TPU WIH YEThIpe OENbIX 1apa, U MPUHUMAETCS PEIICHHUE d;, €CIIA OENbIX 1apOB
OBIJI0 OJIMH HJIN HOJIB;

— d4 — TIPUHUMAETCS PEIICHUE a|, €CIU B BRIOOPKE OJMWH, ABa, TPU WU
4yeThlpe OenbIX IIapa, U MNPUHUMAETCA pPEUIEHUE dp, €CIM OeNbIX IIapoB B
BBIOOpKE HET.

Cnydan  «mIpelB3STOrO MHEHHUs», KOrja Tmpu  Jo0od  BBIOOpKE
MPUHUMAETCS BCETJa OJHO U3 PEIICHUMN @) WU d,, UCKITIOUUM U3 PACCMOTPEHUS.

BepostHocT BbhIOOpa TOTO WM WHOTO 4HUCIa OENbIX IIAPOB MOXKHO
BbIUUCINTE 1O (opmyne bepuymn (2.6.1). Ilpu 6,=1/2 oHu paBHBI

P(0)=1/16, P()=4/16, P(2)=6/16, P,(3)=4/6, P(4)=1/16. Ilpu
0, =1/3 atu BepostHocTH paBubl P,(0)=16/81, P,(1)=32/81, P,(2)=24/8],
P,(3)=8/81, P(4)=1/8L

VYuuthiBasi 3TU BEPOATHOCTU, OMPEICIUM BEKTOPbl PUCKA I KaxI0u
CTpaTeruu:

1 15
RO.,d¥ 0-—+5-—=~4,69,
O diy 16 16

— 1S dj ©’MeeM BEKTOpP C KOOpJIWHATAMU

1 80
ROzd) 4-—-1-—=-0,94;
O4) 81 8l
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5 11
RO,dF 0-—+5-—~3,44,
( 1 2%: 16 16

— 15 d, ’MeeM BEKTOpP ¢ KOOpJIWHATAMU

9 72
R(O0=d,) 4-——1-—=~-0,44;
(9542 81 81
R(0,,d> O-%+5-%z1,56,
— U1 dz UMEEM BEKTOp ¢ KOOpAUHATAMU 13 43
RO, d3 4-=—-1-—~1,044
0.4 81 81
R(0,,d3 O-%+5-%z0,31,
— U1 d4s UMEEM BEKTOp ¢ KOOpAWUHATaAMHU 65 16
R(0,,dd 4-——1-—=~3,01.
0.5 81 81

Ha puc. 3.8.8 XHpHBIMU TOUYKAMH OTMEYEHBI KOHIIbI BEKTOPOB PHUCKA, a
3aKpacKoil BblJIeJIEHA TMHEWHAst 000J1049Ka BEKTOPOB.

Tak kak ¢ paBHBIMU IIaHCAMHM MoOrJa ObITh BbIOpaHa Jt00as ypHa, TO
uMmeeM anpuopHoe pacnpezaenenue: P(0,) =P(0,)=1/2. bailecoBckuil puck B

COOTBETCTBUU € COOTHOIIEHUEM (3.8.1) mpuHUMaeT BUJ
0,5R(0,,d)+0,5R(0,,d)=c.

N3 puc. 3.8.8 BUIHO, YTO ONTUMAIBHON 0aileCOBCKOM cTpaTerueil sBiseTcs
cTpaterus ds

MakcumanbHble KOOPAMHATBI BEKTOPOB PHUCKA PABHBI COOTBETCTBEHHO
4,69, 3,44, 1,56 u 3,01. MunumanbHas U3 HUX KoopauHata 1,56 y pemaroniero
npaBusia d;. IlodToMy H3 Ha3BaHHBIX YUCMbIX CTPATETUA MHUHUMAIbHBIN
HauOOoNBIINI pUCK oOecrieunBaeT crpaterus ds. HalimeM KoopAauHAThI TOYKU A,
KOTOpasi COOTBETCTBYET MUHUMAKCHOM cTpareruu. KoopinHaThl 3TOM TOYKHU X U
y paBHBI (OHA JEXKUT Ha mpsiMod y =x ). Kak u3BecTHO, ypaBHEHHE TPSIMOM,

IPOXOAAIIE yepes3 ABe ToUkH (x,,y,) U (x,,y,), AMEET BUL:
YN _N=h
X=X, = X,—X

[ToaTOoMy mpsimMasi, mpoxosinasi Yepe3 TOUKHU di U dy, UMEET YpaBHEHHE

y-104_301-104 1,97x +1,25y = 4,37.
x—156 0,31-1,56

HOHY‘IGHHOC YpaBHCHHUE BMECTC C PABCHCTBOM Y =X HO4€T BO3MOXHOCTb

OINpEeIeNUTh KOOPAUHATHI TOUKU A4: y =x =1,36.
Pacctostnue ot Touku d; 10 TOUKU A paBHO

\/(1,36 ~1,56)* + (1,36 —1,04)* ~ 0,38,
a pacCTOSAHUE OT TOYKH JI0 TOYKH A paBHO
\/(0,31—1,36)2 +(3,01-1,36)* ~1,96.
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Rie,d)

Puc. 3.8.8

[lepBoe paccTossHMEe NPUMEPHO B TMATh pPa3 MEHBIIE BTOPOTO. ITO
O3HAYaeT, 4YTO pEUICHHIO d3 CleQyeT INpUIucaTb BEPOATHOCTE A, =5/6,

peleHue d, UCIOIb30BaTh C BEPOSITHOCTBIO A, =1/6, a A 1 A, B34Tb paBHBIMU

Hymo. Jlanee cneayer mnocTymath clenyromuM oOpazoMm. IlonOpackiBaem
urpayibHbIM KyOuk. Eciu Ha HeM BbINajlaeT 3aJaHHas rpaHb (Hampumep, nudpa
OJINH), TO MCIIOJIb3YEM CTpaTeruro ds. Eciu e 3amanHas rpadb HE BBITIAJIaeT, TO
MIPUHUMAEM PEIICHUE B COOTBETCTBUU C MPABUIIOM d3.

Omeem. OnTUMaIbHOM 0aileCOBCKOM CTpaTerueil sBIsSETCS CcTpaTerus ds.
OnrumanbHas MUHUMaKCHas CTpATeTHs peaiu3yeTcs Ipu Habope BEPOSTHOCTEH

A =k, =0, A,=5/6, A,=1/6.

3agaua 3.28. B Tpex BHENIHE OJMHAKOBBIX YpHaX HAaXOAATCS mapel. B
MEepBOM U BTOPOU ypHaAX MO k| OenbIX U 10 k, YEPHBIX 11apa, a B TPEThel ypHE k3
OeJbIX MIapoB U k4 YEpHBIX. YPHY BBIOMPAIOT HAYrajJ U U3 HEE MPOU3BOJUTCA
MOBTOpHAsi BbIOOpKa ueThipex ImapoB. [lo pesynbraram BeIOOpa HEOOXOAMMO
MPUHATH PEUICHUE OTHOCUTEIBHO COJICPHKAHUS YPHBI, U3 KOTOPOU MPOU3BOAMIICS
BBIOOp IIAPOB, T. €. IPOCTPAHCTBO PEIICHUN COCTOUT U3 JBYX PEIICHUN:

— pelIeHuEe a; — Imapbl BBIOMPAIUCh M3 IMEPBOM HMIIM BTOPOH YpHBI
(BeposITHOCTH BBIOOpa Oeoro mapa paBHa 0);
— peIICHuEe a, — IIapbl BHIOMPAIINCH U3 TPETheH ypHBI (BEPOSTHOCTH

BBIOOpa Oesoro 1mapa paBHa 0;).
DYHKIUS TOTEPh UMEET CIICIYIOIIUNA BHI.

0, Ly L
0, Ly, Ly
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[lepeuncnure BO3MOXKHBIE YUCThIe cTparteruu. Halinure OGalilecOBCKyrO U

MUHHUMAaKCHYIO cTpareruu. (Cm. mpumep 3.28 u UCXO/IHbIE JaHHBIE.)

Hcxoounvie oannvie k 3a0aue 3.28.

ka

ks

ky

ki

4

4

5
4

4

3
5
2
2
2

4
5
3
5
2
2

Ly | Lo | Ly | L

-1

-1

1
-1

1

-1

Ne

ka

4 117

2119] 0

2120

21210

21220
6 1231 0

4 |24
6 |25
3 |26

412710

5 128

21290
21300

ks

2

6
3
4
4
2
2
2
3
2
5
6
3

o)

4

6

ki

4

5

—1

-1

Ne | Ly | Lo | Loy | Lo

10
11
12
13

14
15
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4. CAYMAUHDBIE NMPOLLECCHI

Ilycte 7' — HEKOTOPOE MHOXECTBO NEUCTBUTENBHBIX uucen. CnyuauHou
@yHKYyuell HA3bIBAETCSI COBOKYIHOCTh CIIy4alHbIX BeMWYUH {X (7)}, 3aBUCAILUX

or mapameTrpa te7 . Ilpu kaxaoM (UKCUPOBAHHOM 3HAUYCHHM IMapaMeTpa
t=t,eT uMmeeM Jel0 CO CIlydalHOW BeIW4MHON X (7,), KOTOPYIO Ha3bIBaIOT

ceyeHuem CayyauHou (yHKyuu TPU JTAaHHOM 3HAYEHUM napaMerpa t=t,. Poub

napaMeTpa 4Jalie BCEro urpaeT Bpems Wi koopauHata. [lapamerp MoxkeT ObITh
W MHOTOMEPHBIM. EciM mapaMeTp MHOTOMEpHBIA, TO TOBOPAT O CIIyYaWHBIX
nossx. [[pumepom IByMEPHOTO CIYyYaMHOTO MOJISI MOXKET CIIYKUTh TOBEPXHOCTh
BOJIHYIOILIETOCS] MOPSL.

[Ipu w©abmogaeHUU ciaydailHOM (YHKIMM Mbl TMOJy4aeM OJHY U3
BO3MOXKHBIX €€ peanu3aluuii — HecayyaiHyo QyHkuuoo. [loaTomy ciydaitHyro
(GYHKIMIO MOXHO paccMaTpUBaTh KAaK COBOKYHMHOCTh BCEX €€ BO3MOXKHBIX
peanuzanuii (cM. puc. 4.1, Ha KOTOpPOM >KHPHOW JMHUEH BBIJCIICHA OJHA W3
BO3MOXHBIX pealu3aluid, a TOYKAaMH OTMEYEHbl BO3MOXHBIC 3HAYCHHS
Clly4aiiHOW Benu4uHbl X (Z,)).

X(¢)

Puc. 4.1

Ecnu pons mapamerpa ¢ wurpaer Bpems, TO CIy4ailHyIO (QYHKIHUIO
HA3bIBAKOT  CAyYauHviM  npoyeccom. Ecmm mapamerp JOUCKPETHBIA, TO
COOTBETCTBYIOIIIME €My CIydailHble BEIUYUHBI OOpa3ylT  CAYUalHYIO
noc1e008amenbHOCb.

C wu3MeHeHueM TnapaMeTpa ! H3MEHSAETCSd M 3aKOH pPacIpelelICHUs
ciiyyallHOM Benu4uHbl X (¢). DTOT 3aKOH paclpeeieHuss MOKHO 3a/1aTh B BUJIE
(byHKIMM pacnpeieNIeHust

F(x/t)=P{X(t)<x}.
Ecmu pyskmms pacnpenenennst F(x/t) nuddepennupyema, To

Fxl D) :8F(x/t)
ox

Ha3bIBACTCA gbynm;ueﬁ NJIOMHOCmMu 6epPoOANHOCNnIU.
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JIns  DUCKpETHOM  CIy4yalHOM  BEJIWYMHBI  OJHOMEPHBIM  3aKOH
pacrpenesieHuss  3aJ4aeTcd  MEPECUYUCICHUEM  BO3MOXKHBIX  3HAYCHUU U
COOTBETCTBYIOIIMX UM BEPOSITHOCTEN

P{X()=x} p0), Dp0) 1

KoneuHoMepHBIM 3aKOHOM pachpeneneHus: ciaydyahHod (yHkiuu X (7)

Ha3bIBAETCA 3aKOH pacIpeesICHHs] 1 CEYEHUN CllydaiiHOW (QyHKUINUN
(X)), X(,),....X(,)}, neN, t,t,,..t €T.

IIpocnennts 3a M3MEHEHUSMHM BCEX BO3MOXHBIX 3HAYEHUW CIIy4alHOMN
BEJIMYMHBI U COOTBETCTBYIOIIMX UM BEPOSTHOCTEH, KaK MPaBUIIO, TPAKTUUECKHU
HEBO3MOXHO. [loaTOMy OOBIYHO OrpaHUYUBAIOTCS AaHAIM30M YHCJIOBBIX
XapaKTEPUCTUK ClydailHOW BenuuuHbl X (f). B mepByro odepeab UHTEPECYIOTCS
MaTeMaTUYECKUM OXKHUJIaHWEM (Ha4aJbHbIM MOMEHTOM TEPBOTO TMOPSIIKA),
nucriepcueid  (LIEHTPaJbHBIM MOMEHTOM BTOpPOTO TMOpSAKA) WU I aHalu3a
B3aMMOCBSI3M MEXK]ly 3HaUCHUSIMU TIpoliecca MPU Pa3HbIX 3HAYEHUSX MapameTpa
¢ paccMaTpuBalOT KO3 PUIIMEHT KoBapualuu (KOBapUAIITMOHHBIM MOMEHT).

Mamemamuueckum odxcudanuem ciydaHoro mnpouecca X (f) Ha3bIBalOT
HecllydyailHyl0  (QyHKIMIO m (f), 3Ha4eHHEe KOTOPOM TMpU  KaxIOM
(bUKCUPOBAHHOM 3HAYEHUHU MapameTpa ¢ PaBHO MATEMAaTUYECKOMY OXHUIAHUIO
CEYEeHUs Mpolecca Mpu ATOM 3HAUYCHUH MapameTpa, T.e.

m. (1) =M[X(1)] .

Jlucnepcueri cnyuyaiiHoro mpouecca X (f) Ha3bpIBalOT HECIy4alHYIO
¢byskmuro D (¢), 3HaUeHHE KOTOPOW IpPH KakKIOM (PUKCUPOBAHHOM 3HAYECHUU
napaMeTrpa ! paBHO JUCIEPCHUU CEUEHHsI Mpolecca MNpU STOM 3HAUYCHUU
napamMerpa, T.e.

D (t) = D[ X (2)].

Ha puc. 42 wu puc. 4.3 wuszoOpakeHbl HECKOIbLKO peaau3arui
COOTBETCTBEHHO cllydailHbIX IpoueccoB X, (f) m X,(f), KOTOpbIE HMEIOT
OJIMHAKOBBIE MaTeMaTH4eCKue OxujaHus u aucnepcur. OAHAKO XapakTep
IPOTEKAaHUS 3THUX IPOLECCOB CYIIECTBEHHO pasindeH. Y mpouecca X, (?)
peanuzalu IUIaBHbIE. OJTO CBUJETEIBCTBYET O 3aBHCUMOCTH 3HAYEHUU
mpoiiecca, OTACJIICHHBIX HEOONbIIMMH MPOMEXKyTKamu BpemeHu. [Iporiecc xe
X, (t) mensierca ObICTPO M BIMSHUE NPEbIAYINUX 3HAYEHUH Ipouecca ObICTpO

HCCAKACT.
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X;() 4 Xz(f).l

Puc. 4.2 Puc. 4.3

Jlnst onucaHusa 3TUX OCOOEHHOCTEW Mpolecca CYIIECTBYET CIelUalbHast
XapaKTepUCTUKA, KOTOpas HAa3bIBACTCS KopperiyuoHHou @yuxkyuei (MHOTIA
TOBOPSAT 00 a8mMoKoppenayuoHHOU QYyHKYUL).

Koppenayuonnot ¢gynxyueti cnydaitHoro mnpouecca X (f) Ha3bIBalOT

HeciydaiiHylo  ¢ynkuuto K (f,,f,), 3HadyeHHMEe KOTOPOM TMpU  KaXKIbIX
(UKCHPOBAHHBIX 3HAYEHWSAX Iapamerpa # W ¢, PaBHO KOXPPUIHEHTY
KoBapuauuu BeanuuH X (¢,) u X(¢,), T.e.
K. (1.t,) = M[(X(1) —m ()X (1) —m,(1,))].

IIpu paBHBIX MEXIy COOOW aprymMeHTax f =t, =t KOppeIALHOHHAs

(GyHKIMS paBHA JUCIIEPCUU CIy4aitHOTO mpoliecca:
K, (6,0)= M[X(6)~m,(O)F =D, ().

OTMETUM HEKOTOPBIE C8OLICMBA KOPPENAYUOHHOU PYHKYUU:

l.Ilpy mepecTaHOBKE AapryMEHTOB KOPPENALMOHHAS (PYHKIUS HE
MEHSIETCS:

K. (1,t,) =K (1,,1,).

2. IlpubaBnenue k ciydailHol (yHkumu X (f) Heciy4ailHOM (yHKUWU

¢©(¢) He MeHseT ee KoppensaurnonHon pynkuuu. Ecnu Y (1) = X (¢) + ¢(¢), TO
Ky(tl’tz) = Kx(tptz)-

3.1lpu ymHOXeHuM ciyyaiiHOM GyHkiIMu X (f) Ha HecaydalHYyIO
byukuio @(f) KoppensuuoOHHAs (YHKIHMS YMHOXAeTCsl Ha MPOU3BEIICHHE
©(7)(t,) . Ecm Y (1) = @(£) X (1), T0

K, (7,1,) = o(t)o(t,)K . (8,,1,).

[Ipu pelnieHNN HEKOTOPBIX HAYYHO-TEXHUUECKUX 3a7]a4 IPUXOJUTCS UMETh
JIeN0 CO CIy4yalHBIMU MPOLIeCCaMU, KOTOPBIE yIaeTcsl OnucaTh KOMOWHaIMei
MPOCTHIX (PIE€MEHTAPHBIX) PYHKIMNA, B KOTOPbIE B KAYECTBE MapaMeTPOB BXOMST

Clly4aiiHble BeJIMYMHBL. Takue cilydaiiHble (DYHKUNU Ha3bIBAIOT 21€MEHMAPHIMU
CYUAUHBIMU PYHKYUAMU.
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Hampumep, W(t)=Xsin(Yt+Z), rtoe ciay4yailHBIMH BEJIMYHHAMHU
ABIIAIOTCS aMIUIMTYAa X, yacToTa Y u ¢a3a Z rapMOHUYECKUX KOJIEOAHUI.

Ipumep 4.1. DnemeHTapHas ciydailHas (QYHKOMS HMEET BHJ
Z(t)=Xsin(Yt), tne X m Y HE3aBUCUMBI, NpHYeM X HMEET IUIOTHOCTH
BeposTHOCTH  f(x)=Aexp(—Ax), A >0, x>0  (moKazaTenpHBIA  3aKOH
pacripefiefieHuss ¢ MapaMmMeTpoM A), a ciaydailHas BeJuuuHa )Y PaBHOMEPHO
pactipeneneHa B orpeske [0,a]. TpeOyerca naiitu st Z(f) MareMaTH4YECKOE
OKHJIaHHE, TUCTIEPCUIO U aBTOKOPPEISAIUOHHYIO (DYHKITHUIO.

Pewenue. O603naunm sin(Y'¢) depe3 W(t). YuuTeiBasi, 9TO CIydaiiHas
BenmunHa Y paBHOMepHO pacmpenenena Ha [0,a] ¢ MOCTOSHHON ILUIOTHOCTBIO
f(yv)=1/a, numeem

1—cosat

m, (t) = M[sin(Y?)] jsin( vt)dy :—t
0 a

Q=

IToaTomy
: 1 1-
m () = MEX)M[sin(1D)] - C—‘;S‘”
a
TaKk Kak JUIs [IOKa3aTelbHOIO 3aKOHa pacmpeneneHus m =MEX) 1/A.
Bprauncinm
K, (1,t,) = M{[ X sin(Yt,) —mm, (1)][ X sin(¥t,) —m.m, (¢,)]} =
= M {X?sin(Yt,)sin(Yt,) —m_m, (¢)X sin(Yt,) —m m_(t,) X sin(Y?,) +
+(mx)2mw(tl)mw(t2)} :M(XZ)M[SIH(YII)Sln(Yt2 )] - (n/lx)2 mw(tl)mw(tZ) -

_(mx)z m, (t,)m, (1) + (mx)2 m, (t,)m,(t,) =
= MOC)MIsin(¥s)sin(Y)] — (m, Y m, (1, 2,).
JUIsl TOKA3aTeNbHOrO 3aKOHA PAcHpelie]eHus IBYKPaTHOE MHTEIPUPOBAHUE
110 9aCTsiM OacT

M(X?)= szk e x  2/\7%,

0

a M[sin(Y?)sin(17,)] =— | sin(yt,) sin(yt,) dy =

O ey

1
a

1§ 1 | sina(t,—t,) sina(t, +1t,)
=— | {cos[y(t, —t,)] —cos[y(t, +t,)]} dy —|——"1—"2— L_2- |,
2a£{ [t —1,)] = cos[y(t, +1,)]} dy 261{ - P
ITostomy m 1ipu £, <f, W IpPH 1, >1,
1 {sina(tl—tz)_sina(tl+t2)}_L‘1—cosatl 1-cosat,

M-t t+t, 2 at at

Kz (tl, tz) =
a
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I[J'I?I BBIYHCJICHUA JUCIICPCHUM BO3BMEM B IIOJIYYCHHOM BBIPAKCHUHA
t=t,=t:

1 sin 2at 1—cosat)’
D.(t)= 2[61_ }_( 2) .
ak 2t (ath)
— : _ 2
Omeem. m (1) :l-lcﬂ, D_(1) :%[a_ sm2at}_ a 00562”) .
A at ak 2t (ath)

3anaua 4.1. DneMeHTapHas ciyyaiiHas QyHKIMS 3aJjaHa PABEHCTBOM
Z(t) = Xexp(Y?),
rne X u Y HesaBucumsl, npudem X umeer M (X)=m, D(X)=0c", a ciydaitHas
BelMuMHa Y paBHOMEpHO pacnpeneneHa B orpeske [0,a]. Haitgure
MaTeMaTHYeCKoe Oxunanue m_(t), pucnepcuto D_(f) U aBTOKOPPEISLUOHHYIO
¢ysxmmo K, (¢,,4,). (Cm. npumep 4.1, a — HOMep BapHaHTa.)

Hpumep 4.2. Ilycte X, X,,...,X,,... — IOCIEIOBaTEIbHOCTD
HE3aBUCHUMBIX CITyYalHBIX BEJIMUUH C PYHKIIUEH MIOTHOCTH BEPOSTHOCTH
f(X)=ax Y mpu x>1u f(x)=0 mpu x<1, a>0.
['oBopAT, 4TO MOCiEenOBaTENbHOCTE {X,} IpPEBBINIAET YPOBEHb  (BBIXOOUT 3a
YPOBEHB %) B MOMEHT j, ecnii X, >u . Pacemotpum N(u) =min{i>1: X; >u} —

MOMEHT TEPBOTO BBIXOJIa TOCIEIOBATEILHOCTH (CIy4yaHOTO mpolecca C
JTUCKPETHBIM BpPEMEHEM) 3a YpoBeHb u. Tpebyercss HaWTU pacupenesieHHue
ciiyyaiiHOM BennyuHbl N(u) ¥ ee MaTeMaTHYecKOoe OXKUIaHuE.

Pewenue. Beraucnum
L 1

u o’

p=P(X,>u) Jz@tx‘“_ldxz —x ¢
u

Torma P(X, <u)=1-1/u"mn

PON(u) = k)= (1—%] L
u u

— 3TO T€OMETPUYECKUI 3aKOH pacipeieeHus.
k-1
Ho nmns reomerpumueckoro 3akoHa pacnpeneneHuss P(X =k)=pq

k=12.3,..., M(X)szqu:l/p. B mnamem ciydae poiib p wurpaer

k=1

BenmunHa 1/ u”. Tloatomy

M (N (u)) = l/lu“ =u”.
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k-1
Omeem. P(N(u)=k)= (I—LOJ ia, k=1,2,3,...; M(N(u))=u".
u u

3agaya  4.2. Ilycrs X, X,,...,X,,... — IOCIEIOBaTEIbHOCTD
HE3aBUCUMBIX CIIYYaHBIX BEIMYUH C (PYHKITUEH TUIOTHOCTHA BEPOSTHOCTH
f(x) =20 xexp{—(ax)’}, x>0, a>0.
O0603HaYMM MOMEHT TEPBOTO BBIXO/1a TTOCIICIOBATEIPHOCTH 32 YPOBEHb 1 Yepe3
Nu)=min{i>21: X, >u}. Haligure pacnpeneneHue Cciay4ailHOH BEIMYHHBI
N (u) u ee matrematuueckoe oxkuaanue. (Cm. mpumep 4.2, o — HOMEp BapHUaHTA.)

IIpumep 4.3. Ilycetrs X, X,,...,X,,... — IIOCIENOBaTECILHOCT

HE3aBUCUMBIX  CIyYallHbIX BEJIUYMH C  HYJEBBIMM  MaTeMaTUYECKUMH
OXKUAAHUAMH M paBHbIMU gucnepcusimu  D(X,)=D. TpeOyerca HaliTu

KOPPENSILMOHHYI0  (YHKIMIO g CIy4alHOM  IOCIEIOBaTEeIbHOCTHU
Y =X +X_,, n=0L12,....
Pewenue. Tak xak MaTeMaTHYECKAE OKUIAHUS CIIyYaHBIX BEJINYNH

paBHBI HYII0, TO X = X. [looTomy

K, (s)= M[Y, Yo ]= MYY, ] sM[(X, + X, )X, + X,..)].

Ipu s =0
K, (0)=M[(X,+X, )X, +X,.)]=

=M[(X>)+M[X X, 1+M[X, X ]+M[X ] B+D 2D. =

Ipu s =1
K,()=M[(X, + X, )X, +X,.,)]=

n+l
=M[X X, ]+M[X X, ]+M[X  J+M[X,X,,=D.

n+l

Ipu ocranphbx s =2,3,... Bennunna K (s)=0.
Omeem. K (0)=2D, K (1)=D, mpu ocranbHbIX s=2,3,... BeIMYHHA
K, (s)=0.

3apava 4.3. IIyctes X, X,,..., X, ,... — IOCIENOBATEIILHOCTh HE3aBUCUMBIX

CIIy4alHBIX BEJIMUYMH C HYJIEBBIMU MAaT€MaTUYECKUMH OKUJIAHUSIMU U PABHBIMU
aucnepcusmu - D(X,)=D. Hailigute KOpPpEIsSLUOHHYK (YHKIMIO UL
CIIy4ailHOM MOCIE0BATENBHOCTH

Y =X +aX, ,+bX, ,= n 01,2,
rae a u b — nocrosinubie BenuuuHbl. (CM. npumep 4.3, a — nocnennss uudpa
HOMEpa BapuaHTta, b=a+1.)

265



IIpumep 4.4. Bce nonoxxeHus ciydaitHoit Touku (X,Y) paBHOBO3MOMXHBI
B obmactu D ={(x,y):x* +y> <1,x>0, y>0}. Jlna ciaydaifHoro mporecca
Z(t)= X cosot + Y sin ¢, moctossHHas >0,
TpeOyeTcs HaWTH MaTeMaTudeckoe oxunanue m_(t), nucnepcuro D (¢) u
KOppessuuoHHy0 pyHKuuto K _(1,,1,).
Pewenue. 110 cBoricTBaM MaTEMaTUYECKOTO OKUIAAHUS
M[Z(t)]=coswt-M(X)+sinwt-M(Y).

Tak kak mnomans obmactu D paBHa 1/4, a BCe TOJOXKECHHS CITydaliHON
touku (X,Y) B 3TOl 00JacT PAaBHOBO3MOXKHBI, TO IJIOTHOCTh BEPOSTHOCTHU
ciydaitHor Touku f(x,y)=4/m npu (x,y)eD u f(x,y)=0 npu ocTambHBIX
(X, ).

MapruHanbHas TIIOTHOCTh BEPOSATHOCTH CITyYaifHOW BEIMYHUHBI X paBHA

Vi
f(x)= j 4/ mdy

1—x°.

als

S

[Toatomy

4 | 2 4 Ly
M(X)Z—J.xm dx ——I(l—xz)l/zd(l—xz)dx __(1_;\:2)3/2 i
n 0 n 37[ 37[

0 0

Amnanoruusdo, M (Y) = i [TosTomy
3n
4 .
m_(t) = M[Z£(¢)] 3—(cos of +sin ®t),
T

° : 4 4 .
a Z(t)= X coswt+Ysinwt ——cos®t ——sinwt =
3n 3n

:(X—ijcoscot+(Y—ijsincot: j(costhrf’sincot.
3n 3n

Brruncinum qucnepeuto X. Tak kak
4 | x=sin¢, dx=costdt
M(X*))=—|x*V1-x" dx ’ =
X% TC‘([ x=0=t=0=x 1I=>t=mn/2
/2 /2 /2

:—Jsinztcosztdﬁ l_[sin22tdt :ljmdt /4,
T 0 T 0 T 0
2 2 2 _
T0 D(X) :l—(ij :975—264. AHanoru4no HaxojauM, uto D(Y) :975—264.
4 \3rn 36m 36m

Briuuciaum Teneps KOppessiiuoHHYy0 (DYHKIIUIO MpoIlecca:

K (t,t,)= M[;E(tl)é(tz)] M[(j(cos ot, +10/sin cotl)(j( cos t, +}O’sin ot,)] =

= cosot, cosot,M (X*) + sin wt, sinwt,M (Y?) + cosot, sinwt, M (X Y) +
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o’

. i - 64 : :
+coswt, sinot MK XY) W(cos ®t, cost, +sin ot sinwt, ) +

+cov(X,Y)(cosmt, sinot, + cosmt, Sin?,) =

2
= ucosm(f1 —t,)+cov(X,Y)sino(t, +1,).
36mn
4 4
Berancnum cov(X,Y)=M|| X — ||| Y —— |=
3n 3n
4 4 16 16
=MXY)——MX)——MY)+—=M(XY)——.
(X¥) - M(X) == M(¥) 4 o= M(XY) —

4 N
Ho M(XY)z—de{ xy dy
TEO

0

Qo
o!—..»—

x(1-x*)dx = L [TosTomy
271

1 16 9n-32
2r 97> 18%°

cov(X,Y) =
C y4yeTom 3TOro noisydaem
I’ — 64 On-32 .
K (t,t,)= Wcosm(f1 —t,)+ Wsmw(f1 +1,),

On’ —64 9m—32 .
= +

D (t)=K (t,t = sin 2wt.
(1) =K. (1,0) > 8
4 :
Omeem. m_(t) = 3—(cos ot +sin ®t),

T

2
— 64 -32 .
D_(t)= on 26 + on 32 sin 2mt,

367 187

In* — 64 On—-32

Kz(tlatz) = WCOS(D(Z‘1 _tz) +Wsinw(tl + tz)'

3anaua 4.4. Bce nonoxenus cinydaitHoit Touku (X,Y) paBHOBO3MOXKHBI B

oOnactu D, OrpaHMYE€HHON NPSAMBIMUA JUHUSAMU: X+ y=a, x=0, y=0. i

CIIy4alHOTO Ipouecca
Z(t)=Xcosot+Ysinwt, ®>0

TpeOyeTcs HaWTH MaTreMartudeckoe oxunanue m_(t), nucnepcuro D (¢) u

KoppessaunonHyto ¢pynkuuto K_(7,,¢,) . (Cm. npumep 4.4, a — HOMEp BapHaHTA.)

Bzaumnoti koppensyuonnot ¢oynkyueu nByX ciydailHeiXx QyHkuud X (¢) u

Y(¢) waspBatOT HecnydaiiHyto QyHKumio R, (f4,1,) IBYX HE3aBHCHMBIX

apryMEHTOB f; W f;, 3HAYEHUS KOTOPOM PaBHbI KOPPEIALMOHHOMY MOMEHTY

CllydaiiHbIX BenmuuH X (f,) u Y (¢,):
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R, (tt) = MIX(8)Y(1,)].

Koppenuposannvimu Ha3bIBalOT ABE CiydaliHble (YHKIIMU, €CJIH HX
B3aMMHAsl KOppeJsSIlIuOHHAasE (YHKIUMsS HE paBHA TOXJIECTBEHHO HYyJ0. B
MIPOTUBHOM CJIy4ae TOBOPST O HEKOPPEIUPOBAHHBIX CTyYaUHBIX () YHKIIHSIX.

Ecnu paccMatpuBaTh MHOTOMEPHBIN CIIyYalHBIA ITPOLIECC X (1) ={X,(0),
X,(t),...,X, (¢)}, TO OH UMEET XapaKTEPUCTUKH

m()=M(X3, K&.t,) MX,)X0) ( 123...0).

OTH  XapaKTEpUCTHKM ONMUCBHIBAIOT TIOBEACHUE OTAEIBHO  B3ATHIX
KOOPAMHAT CIIY4alHOTO MPOILEcca, HO HE YUYMTBHIBAIOT B3aUMOJEHCTBUE MEXKIY
HAMHM. B KkadecTBe XapakTEpUCTUKH  B3aMMO3aBUCUMOCTHM  KOOPAMHAT
CIIy4ailHOro IMpoliecca HCIHOJIb3YIOT B3aUMHYIO KOPPEISLHUOHHYIO (DYHKIHIO

R,(1,t,)=M[X, ()X ,(¢,)]. B oOmem cnyyae B3auMHasi KOPpPEISIIMOHHAS
dynuns R (t,,1,) = MIX,(6) X, (1,)] ne pasna R, (t,.1,) = M[X,(,) X, (1)], Tax
KaK KoBapuarus Mexky ceueHusMu X, (#) n X ,(¢,) (touku 1 u 2 Ha puc. 2.4.4),

BOOOIIIE TOBOPS, HE paBHA KOBapHalku Mexkay cedeHusimu X (4) u X, (¢,) (Ha

puc. 4.4 Touku 3 u 4).

X(r)‘ X; (@)
1 4
I |
| : X; ()
|

31 I
| |
|
| | 2

0 3 }2 "1

Puc. 4.4

B TepMuHax XapaKTepHCTHUK BTOPOrO MOpPSAIKA, HAIPUMEP, TBYMEPHBII
ciydaiiHelii npouecc {X,(¢),X,(f)} OHNUCBIBAIOT BEKTOPOM CPEIHUX 3HAYECHUU

{M[X, ()], M[X,()]} nMaTpuLell KOPPEIALUOHHBIX (PyHKINI
(Rll(tl9t2) Rl2(t19t2)]

R, (1,1,) Ry, (1,.1,)

HarnsgaeiM = mpuMepoM  ABYMEPHOTO  CilIydaHOro nmponecca (Wiu
CIIy4alHOTO TOJIs1) MOXKET CIIYXKUTh TOBEPXHOCTh MOPSI.
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Ipumep 4.5. /Janbl 1Ba CIy4alHBIX IMpoLecca
X(t)=Ucost+Vsint u Y(t)=U cost —V sint,

rae ciaydauHble BenuuuHbl U U V' HE3aBUCMMBI U UMEIOT PaBHBIE THUCIIEPCUU
DU)=D(V)=D. Tpebyerca HallTU B3aUMHYIO KOPPEISALHOHHYIO (PYHKIIHIO
3THUX MPOIECCOB.

Pewenue. Tax xak M (X)=M (U)cost+M (V)sint, to

X(t)=Ucost+Vsint =M U)cost —M(V)sint Ucost+Vsint.

Amnanoruuno, Y (¢) =U cost —V sint. Toraa

R (4,t,) =M[X (1) ¥t,)] MI[(U cost, +V sint )(U cost, —V sint,)] =

= cost,cost,M (U?) +sint, cost, M (V' U) — cost,sint, M (U V) —sint,sint, M (V'*).
Benuuunel U u V' He3aBUCUMBL, a 3HAYUT U HEKOpPpEAUpoBaHbl. [loaTomy

cov(U,V) = M((OJ IO/) =0. C yuwerom TOro, uro MU*)=DU)=D, a

MV?*)=D(V) =D, nony4aem
R (t,t,) = D(cost eost, —sint sint,)  Dcos(t, +1,).
Omeem. R (t,t,) =Dcos(t, +1,).

3anaua 4.5. J[anbl ABa cily4allHBIX IpOLECCa
X(@)=bUcost+Vsint u Y(¢t)=U cost —bV sint,

rae ciaydauHble BenuuuHbl U U V' HE3aBUCMMBI U UMEIOT PaBHBIE THUCIIEPCUU
DU)=D(V)=D. Haiinure B3aMHYI0 KOPPEISIIMOHHYIO (YHKIMIO 3TUX
nporieccoB. (Cm. mpumep 4.5, b — HOMep BapuaHTa.)

IIpumep 4.6. [Jaubl 1Ba cioyyaiinbix nporecca X (1) =Ut u Y(t)=U + V¢,
rne U un V uesaBucumbl, umetor MU)=M PV )=0 u DU)=DWV)=D.
TpeOyeTcs HATH B3aUMHYI0 KOPPEJSIITUOHHYIO (DYHKIIMIO ATUX MPOIECCOB.

Pewenue. Tak kak M[X (1)]=M Ut) =tM (U)=0 u M[Y ()] =

= MU +Vt] MHU)+tM (V) =0, 10 R, (4,,8,) = MI(X(5) Y (t,)] =

=M[Ut)U +11,)] tMU*)+t,MUV)=tD.
Omeem. R (¢,t,)=1D.

3amauya 4.6. Jlansl nBa caydaiiHeix mpouiecca X(¢)=Ut+aV nu
Y&)=bU+V¢t, tne U u V wnezaBucumbl, umeror MU)=M PV )=0 nu
DU)=D(V)=D. Haiinure B3aMHYI0 KOPPEISIIMOHHYIO (YHKIMIO 3TUX
nporeccoB. (CM. mpumep 4.6, a — HOMep BapuanTa, b=a +1.)
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Ilycte X(¢#) u Y(t) — ABe ciydaiiHble (DYHKIIMH, a CiIydailHas (pyHKIUSA
Z(t) paBHa Z(t)=X(t)+Y(t). Bepazum xapaktepuctuku Z(t) uyepes
xapaktepuctuku X (¢) u Y(t).

MatemaTudyeckoe OXUIAAaHUE CYMMBI JIBYX CIy4alHBIX (YHKUUH paBHO

CyMM€ MaTeMaTH4E€CKUX OKUJAHUN ATUX (PYHKLINNA:
m_ () =m(¢) +m(2).

Samerim, uto Z(£) = M (Z(t) = m. (£) = M[X (£) + Y (£) = m, (£)— m, (£)] =
= MIX (1)~ m ()] + MY() ~m (0} X(6)+Y(2).
Hostomy K.(1,1,) = MIZ(t3Z(6,)] MATX(8) +Y(1) X (6,) +Y ()]} =
= MIX (1) X(1)]+ MIY(1) Y (6,1 + MIX (1) Y ()] + MY (8) X (8,)] =
= K (t,,1,) + K, (t,1,) + R, (t,,1,) + R, (1,,1,). (4.1)

Jlerko Buzethb, uto Jisi mpouecca Z(t)=X(¢)—Y(t) xoppensiuuoHHas

(GyHKIMS UMeeT BU:
K_(t,t,) =K. (¢,8,)+ K (¢,,1,) — R (4,,t,) — R . (¢,,1,). (4.2)

Ipumep 4.7. Crnydaiinsrii nporniecc X (¢) =sin(¢+a), a Y(¢) =a sint, tae
a — ciiy4yaliHasi BeJIMYMHA C paBHOMEPHBIM 3aKOHOM paclpeesieHus Ha [—TT, .
HeoOxomuMo HalTH KOpPPEISUUOHHYIO (DYHKIMIO CIy4ailHOro mpolecca
ZH=X@)+Y().

Pewenue. llpexnae BCEro BBUUCINM MATEMATHYECKUE OKUIAHUS
Cy4alHbIX npoueccoB. CinydailHas BEJIMUYMHA @ PABHOMEPHO pacHpeiesieHa Ha
[-7, ] ¢ MIOTHOCTBIO BepOsATHOCTU paBHOU 1/27. [loaTomy

M[X(t)]=— j sin(t + a) da

MY (2)] _Lnt{ da Ln{——n—z} - 0.

=0,

2

Beruucinum BeTMUMHBI Heo6xom/IMHe JUIs1 UcTionb30BaHus opmyisl (4.1):
. : 1 7. .
K (t,,t,)=M[sin(t, + a)-sin(¢, + a)] 2% J sin(t, +a)sin(t, +a) da =
Tc -7

t 1
= 1 J [cos(?, —t,) —cos(t, +1, +2a)] da = Ecos(t1 —1,);
T -

2
. : o T
K, (#,t,)=Mlasint, -asint,] sinf, sint, M (a”) ?sm t8int,;
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: : : 1 ¢ .
R (#,t,)=M[sin(t, + a)-asint,F sint, = J asm(t, +a)da=
T -7

: 1 _—_
=sint, o —a cos(t, + a)‘_’T + J cos(t,+a)da |=
T

: 1 . . :
=sint, 2—[—7: cos(t, + ) — mcos(t, — ) +sin(¢, + a%‘ _n] sint, cost,.
o

Awnanoruuno, R (f,t,) =sin{ cost,. Ilo popmyre (4.1)

1 . . . .
K (t,t)= Ecos(t1 —t,)+ ?smt1 sint, +sint, cost, +sint, cost, =

1 . . .
= Ecos(t1 —t,)+sin(t, +1,)+ ?sm t,sint,.

1 . . .
Omeem. —cos(t, —t,) +sin(¢, +¢,) + —sin¢, sint,.
2 3

3anaua 4.7. Ciyyaiiaeiit poriecc X (¢) =cos(wf+a), a Y (¢)=asint, raoe
a — ciy4yaiiHasi BeJIMYMHA C paBHOMEPHBIM 3aKOHOM paclpeesieHus Ha [—TT, .

HeoOxonuMo HalTu KOpPPEISIUOHHYIO (DYHKIMIO CIy4ailHOro mpolecca
Z(t)=X()+Y(t) B HeueTHBIX BapHaHTaX M JJs CIy4alHOrO Tpollecca

Z(t)=X(t)-Y(¢) B uerHbix Bapuanrax. (Cm. npumep 4.7, a — HOMEp BapHaHTA.)

4.1 CTAUMOHApPHbIE CAYHAMHbIE NPOLLECChHI

CJ'Iy‘-I&fIHBIfI nponecCc Ha3bIBACTCA CcmayuoHapHovim, CCIN BCC €TI0
XapaKTCPUCTUKHU HC 3aBHUCAT OT BPECMCHU.

Omnpenenenne. Cryuaiinas ¢QyHknus X (¢) Ha3bIBaeTcsl cmpo2o

cmayuoHaprou (CmayuoHapHoU 8 Y3KOM CMbIC/le), €CIU BCE €€ KOHEUHOMEPHBIE
3aKOHBI paclpejielieHusT He U3MEHSIOTCS OT CIABHUra mapamerpa (BpeMEHH) Ha
MPOU3BOJBHYI0 BEIUYUHY f. OTO B YAaCTHOCTH O3HA4YaeT, 4YTO €€
MaTeMaTU4eCKOe OXHUJAHWE U JUCIEPCUs TMOCTOSHHBI, a KOPPENISIHOHHAS
(YHKIMM 3aBUCUT TOJIBKO OT Pa3HOCTU apryMEHTOB.

Omnpenenenne. Cnyuaiinas QyHkuust X (f) Ha3bIBa€TCs CMAyUOHAPHOLU 8

WUPOKOM CMblCle, €CIW €€ MaTeMaTUYeCKOe OXKHMJIaHWe TIOCTOSHHO, a

KOppeJsIuOHHasl (PYHKIIMU 3aBUCUT TOJIBKO OT PA3HOCTH apTyMEHTOB T.€.
m_(t)=const, K (t,t,) K (¢{.,t,+1) k(7). (4.1.1)

Tak xax K (¢,t) = D(X), 10 ycnosue (4.1.1) 03Ha4aeT 1 NOCTOSHCTBO AUCIIEPCUU.

271



Ipumep 4.8. [lan ciyuaiineiii nponecc X (¢)=cos(t+¢), rme ¢ —
cilydaiiHasi BEJIMYMHA, pABHOMEPHO pactipeneieHHas B orpeske [0,2n]. Tpebyercs

JI0Ka3aTh, YTO STOT CIYYalHBIN MPOIIECC CTAIIMOHAPEH B IIIMPOKOM CMBICIIE.
Pewienue. JInsa nokasarenbcTBa HEOOXOIMMO IIPOBEPHTH BBITOJTHEHUC
ycinouit (4.1.1). Haiinem maTeMatrueckoe 0XUIaHUE
m_(t)=M[X(t)] M[cos(t+¢@)E M[costcos@—sintsinQ]|=
=cost - M[cos@]—sint - M[sinp] =0,

TaK Kak
17 |
M{coso] :—Jcoscpd(p —=-smeo|,” =0
21y 2w
U
M [sin @] iTsin dp = coso|”* =0
¢ 213 ¢ap o ?lo )
rae 1/2n — MI0THOCTh BEPOATHOCTH CIyYalHOM BEIMYMHBI (. 3aMETHM, 4YTO

j( @)=X@)-m_(t) cos(t+oHF—-0 cos(f+¢). [TooTromy
K, (1:,) = MEX (6) X (1,)] Mcos(z, + @) cos(t, + )] =

1
:EM[(:os(t2 +@—t,—@)+cos(t, +o+1t, + O}

1
= Ecos(t2 —t,)+ M[cos(t, +1, +2¢)] :%cos(t2 —1),

21
b

2n
Tak Kak M[cos(t, +¢, +20¢)]= 2L J cos(t, +t, +2¢9)d¢ % sin(t, +t, +20)| 7
Ty T
. :
= 4—[s1r1(t1 +t, +4n)—sin(¢, +¢,)]=0.
T

1
Urax, m_(1)=0, a K (¢,t,)= Ecos(t2 —1), T.c. 3aBHCHT TOJBKO OT

pasHoctu f, —t, =71. KoppemsiunonHas (yHKIOUS OKa3zajgach HE3aBUCALIEH OT

BEJIMYUHBI (), KOTOPYIO B MPUJIOKEHUSIX OOBIYHO TPAKTYIOT Kak «(hazy».
Omeem. [Iponecc cTalMOHAPEH B LIMPOKOM CMBICJIE.

3agaua 4.8. Jlokaxwure, 4yTO caydalHbIi mporecc X (1) =sin(at + @), rae
(@ — ciy4aliHas BeJIW4YWHA, PAaBHOMEPHO paclpejielieHHas B OTpe3ke [—T, 7],
CTallMOHApeH B MHUPOKOM cMbIciie. (CM. mpumep 4.8, @ — HOMEpP BapHaHTa.)

Ilpumep 4.9. 3HaueHust cayyailHoro mporecca X (f) U3MEHSIOTCS
CKauKaMHU B Clly4aliHble MOMEHTBI BpeMeHu fy, k =0,1,3,... . MOMEHTBI CKauKOB

0o0pa3yloT mnpocTelinii (ITyaCCOHOBCKUM) MOTOK COOBITUH WHTEHCHUBHOCTH |L,
T.€. BEPOSATHOCTH TOTO, YTO 32 BpEeMsI T MPOU30MUIET kK CKAYKOB paBHA
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k
(“kt') e, (4.1.2)

B untepsane (¢, ¢,,,) Mexny IByMs ckaukamu X (f) MOXET IPHUHHUMATh
nuib ABa 3HadeHus 0 win 1 ¢ BEpOATHOCTSIMH COOTBETCTBEHHO |—p=¢q U p.
3HaueHuss X (f) B pa3IMuHbIX HHTEpBaniax He3aBucuMbL. (Takoil mporiecc

Ha3bIBAIOT (homomenecpagpHvim CUcHAIOM.)
Heobxogumo naiitu m _(t), D[X(¢)], K (¢,t,), 1 BBIICHUTD, SBJIAETCS JIU

ATOT mpouecc X (¢) CTallMOHAPHBIM B IIUPOKOM CMBICIIE.

Pewenue. B npou3BOJILHBIA MOMEHT BPEMEHHU ! 3HAYCHHUA IMpolecca
HMMEIOT PACIPENECIICHUE

X(1) 0 1
P q p
[Tostomy m (t)=M+£X(¢)] 0-g+1-p=p;
DIX()]=0-p)g+(=p)'p pq+q’F pe(p+q)=pq.
3aMeTuM, 4TO €ClIu MEXKJy MOMCHTAMH /] U I, HE OBLIO CKa4YKOB npouecca
“orme t o |5-t,]), TO

(BepositHOCTH uero mo (opmyne (4.1.2) paBHa e
3HaueHus npouecca X (f,) n X (¢,) coBnajgaror u

MIX(t)X()]=M[X(t)¥ DIX(H pg.
Ecin xe Mexay MOMEHTaMH #; U f, CKauKu ObLIN, TO BeNUYuHbl X (7)) U

X(t,) He3aBucUMBI U M [5( (tl)j( (z,)]=0. IToaTomy

K (1,t,)=M[X(t)Xt,)]  pge™™+0-(1—e™™ )= pge™ .
I/ITaK, MATEMATHYCCKOC OXKXUJIAHUEC U I[I/ICHepCI/IH Hpouecca IIOCTOsIHHBI, a
KOppeTsAInoHHasT (PYHKIHS 3aBUCUT TOJBKO OT PA3HOCTH 3HAYEHUN apryMEHTOB.
9TO O3HaA4acT, 4To HpOHeCC CTaHI/IOHapeH B IHI/IpOKOM CMBICIIC.

Omsem. m_(t)=p, D[X®)]=pg, K. (t,t,)=pge™™. Tpouecc
CTAI[MOHAPEH B IITUPOKOM CMBICIIE.

3apaua 4.9. 3Hauenus cnydaitHoro mponecca X (f) U3MEHSIOTCS
CKauKaMU B Cclly4aliHble MOMEHTHI BpeMeHu fy, k =0,1,3,... . MOMEHTBI CKauKOB

00pa3yroT NpocTenInii (IyaCCOHOBCKHIT) MOTOK COOBITHII MHTEHCUBHOCTU . B
uHTepBane (f,t,,,) Mexny IByMsa ckKaukamu X (f) KMMeeT OMHOMHAJIBHOE

pacripeniefieHue C mnapaMmerpaMu n M p. 3HadeHuss X (f) B pa3IUUHBIX

MHTEpBaJlax HE3aBUCUMBI.
Haitnure m (t), D[X(¢)], K. (#,t,) U BBICHHUTE, SBISETCS JIU 3TOT

nporiecc X (¢f) crammoHapHBIM B mUpokoMm cwmbicie. (Cm. mpumep 4.9, B

HEUYETHBIX BapuaHTax # =3, B YETHBIX BapuaHTax n =4, 3HaYCHUE p BO3bMHTE
13 UCXOJHBIX JJAaHHBIX K 3a1ade 2.76.)
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Ipumep 4.10. Cayuaiinslii mporecc X(f) CTPOUTCS CIEAYIOIIUM

oOpazom. B HekoTOpblli chnydailHblii MOMEHT BpeMeHUu 1 MOsIBIsSETCS
IIPSAMOYTOJBHBIM MMIYJIbC JUIMTENBHOCTH #p) U CIIydallHOM aMrmumrtynou A4;. B
MOMEHT BpEMEHH [ +f, 3TOT UMIIyJIbC CMEHSETCS HOBBIM MMIIYJIbCOM TOM XK€

JUINTEIIBHOCTH W CIIy4alHOM aMIIUTynael A, U T. n. Bemnuunel A4, A4,,..

HE3aBUCUMBI, U KaXXJlasg C PAaBHBIMU BEPOSTHOCTSIMH NMPHHUMACT OJTHO U3 JBYX
3HaUeHUM «+1» mmm «—1». OgHa U3 BO3MOXKHBIX peanu3aruii mporecca X (¢)

rnokaszaHa Ha puc. 4.1.1.

X()
e e | I T | |—:
1 | | 1 1 1
—e & & + + + —» [
I hif a2 B ol I g
I | I
Puc. 4.1.1

Tpebyerca naittu m _(¢), D[ X (¢)], K (#,f,) U BBIACHUTbH, SABIIAETCSA JH
ATOT mpouecc X (¢) CTallMOHAPHBIM B IIUPOKOM CMBICIIE.

Pewenue. JIns mro60ro MOMEHTa BPEMEHH f:

m (t)=M[X¥()] -1-1/2+1-1/2=0,
DIX()]=(=1)*-1/2+1*-1/2=1.

O6o3HaunMm ¢, =t u t,=¢+ 1. Tak KaK PaBHOBO3MOKHBI BCE IOJIOKECHHUS
TOYKH t B [t,,t,,,), TO ¢t HMeeT paBHOMepHoe pacupeznenenue B [0,7)) ¢
(GyHKIMEN IUIOTHOCTHU BeposiTHOCTH f (1) =1/1,.

Cayuaiinblil npouecce nueHTpuposat (m (¢) =0), mnosToMy

K (1.t,)=¥M[X(1)X(1,)] M[X(@O)X(+1)].
Ecin B™MecTe 1) U ¢, = + T NPUHAJIEKUT IPOMEXKYTKY [?,,¢, ), TO

MIX ()X (1,)] :M(Az) =1

BepostHOCTB 3TOTO

P(t<t,—=t) Pt<t,—1t) M(4D 1-1/t,

Ecmu ke T > ¢, —t, BEpOATHOCTb YETO paBHA T/, TO
MIX ()X (t,)]=0

B CWJIy HE3aBUCUMOCTU CilydaiHbIX BenuuuH A, Ilostomy K (#,t,)=M (4%)-
P(t<t—t) 1-v/t,mpu O0<t<t, u K (¢,t,)=0 npu t>¢, (cM. puc. 4.1.2).
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T x(T]

0 T/t
Puc. 4.1.2

T

[locTositHHOE 3HAUYeHHE MaTEMaTUYECKOTO OXHJAHHMS Tpolecca MU
3aBHCHMOCTb KOppesiLuOoHHON QpyHkumuu K (#,f,) =k _(T) TOIBKO OT Pa3sHOCTU

apTyMCHTOB T =1, —f, CBHACTCIBCTBYIOT O TOM, YTO MIPOLECC CTAIHOHAPECH B
IIUPOKOM CMBICIIE.

Omeem. m_(t)=0, D[X(#)]=1, K (t,t,)=1—-1/t, npu 0<1t<¢t, Hu
K (t,,t,)=0 npu t>¢,. IIponecc crauoHapeH B IIMPOKOM CMBICIIE.

3agaua 4.10. Cyyaiinblii nporecc X (f) cTpoutcs cienyromum oopazom. B

HEKOTOPBIN CIy4YailHbIii MOMEHT BPEMEHU 1 TOSIBISIETCS MIPSMOYTOJIbHBIN UMITYJIBC
JUIMTEIBHOCTH fy U CIlydalHOM aMIumTynod 4;. B MomeHt Bpemenu 7 +f, dTOT

VMMITYJIbC CMEHSAETCSA HOBBIM HMMITYJbCOM TOH K€ JUIMTEIILHOCTH W CIIy4allHOM
ammumryael A, ¥ T.0. Bemuumuel A4,A4,,... HE3aBUCUMBI U OJUHAKOBO

pacnpenenensl. O1Ha U3 BO3MOXKHBIX PEAIA3ALNAN ITPOLIECCa NPEACTABICHA HA PHC.
4.1.3. B HeueTHBIX BapHaHTaxX BEJIMUMHBI A PABHOMEPHO PACIIPEACIICHBI B OTPE3KE
[-a,a]. B deTHbIx BapuaHTax BEIUYMHBI A HMMEIOT IUIOTHOCTh BEPOSITHOCTH
f(x)=

n(a’ +x%)

Haiinure m (t), D[X(¢)], K. (#,t,) U BBICHWUTE, SBISETCS JIU 3TOT

npu x €[—a,a]l nu f(x)=0 mpu ocTaTHHBIX X.

nporiecc X (f) cranmmMoHaApHBIM B IMHUPOKOM cMbIcie. IlocTpoitte rpadux
KoppessiiuonHont pynkuuu. (Cm. npumep 4.10, a — HOMEp BapuaHTa.)

& X1
.
, | —
— I ' -
: | | | | | | | —
fet | N L 7 S
| I | 1
Puc. 4.1.3

Ipumep 4.11. Cayuaiinslii mporecc X(f) CTPOUTCS CIEAYIOIIUM

oOpazom. Ha uwucrnoBoit ocu Of peanusyercs MPOCTEHIIHNII MOTOK COOBITHIA
MHTeHCUBHOCTH A. CrnydaiiHelii mnpounecc X (¢f) NpPUHUMAET MOMEPEMEHHO
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cily4yaliHble 3HaYeHUs a U —a. [Ipu HaCTymIIeHHH COOBITUS TPOCTEHIIIETO MOTOKA
X(¢) ckauykoM MEHSIET CBO€ 3HAaY€HHE C @ Ha —a wiu HaoOopoT. OnHa u3

peanm3anuil mpoiecca mokasaHa Ha puc. 4.1.4, rae ToukaMu Ha OCH OTMEYECHBI
COOBITHS TTPOCTEUIIIETO MOTOKA.

X(1) o
a_
| 1 | | 1 1 1
1 1 1 | | 1 1
| 1 1 1 1 1 1
ot 44— ¥
] 1 1 1 1 1 |
| | | | | | |
-1+ _— _—
Puc. 4.1.4

TpeOyercs HaWTH  MaTeMaTHYECKOE  OXHUJAHUE, JHUCHEPCUI0 U
KOBapHaIlMOHHYIO (YHKIIMIO 3TOTO CIIy4alHOTO IMpoIlecca.

Pewenue. Tak kak MOMEHTbl U3MEHEHMS 3HAKA HUKAK HE CBA3aHBI CO
3Ha4YeHUsIMU Tiporiecca X (f), HET OCHOBAHMM CUUTATh, YTO Kakoe MO0 u3

3HaueHul (a unu —a) 6osiee BEpOSITHO, ueM Jipyroe. CieioBaTesbHo,
m(t)=—a-0,5+a-0,5=0.
PaccMoTpum 3HaUYeHUS TIpoIiecca B MIPOU3BOIbLHBIE MOMEHTHI BpEMEHU £ U
t. Tak kak m _(¢)=0, 1O

K (t,t,)=M[X () X(t,)]=M[X ()X (2,)]

[Tpoussenenune X (#,)X(z,) = —g’, eclU B UHTEpBaNe (t,,¢,) TmpoucXoaUT
HEYETHOE 4MCI0 COOBITHH (Torpa 3HaueHus mpouecca X(#) u X(4,) Oymyr
pa3HbBIX 3HaKkoB). Eciam ke B uHTepBase (f,f,) IPOUCXOAUT YETHOE YHUCIO
cobbITHi, TO X (¢)X(t,)=a’.

BeposTHOCTE moOsABIEHMA 3a BpeMa T &—f (f <f,) 4ETHOrO 4Yucia
COOBITUI MPOCTEUIIIEr0 MOTOKA paBHA

o0 o] 7\‘
P =P[X(t)X(t,)= =
qeT [ (1) (2) kZ: 2]{)' kZ:( k)'
e
=echit e "=——— (1+e7)/2

Torna
P .. =P X(t)X€t,) —-a’l=1-(1+e™)/2 =(1-e)/2.

HCUCT

CraenoBaTeabHO,
K (t.t,)=k(t) a*(+e™)/2—a*(1-e&"")/2 =a’e™
AHanoru4Ho, npu f, <t,, T.e. upu 1T t, —£<0,
K. (t,t,)=k.(7)= a‘e 7Y,
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[Tonmy4yennsle BelpaxkeHUs i k (T) MOXHO OOBEIVHUTD B OJIHY 3aIIUCH:
K (t,t,) =k (t)=a’e"",

I'paduk stoit pyHkiuu nzodpaxen Ha puc. 4.1.5.
ke {7}
‘ X

Puc. 4.1.5

Jlucnepcus mponecca papHa D[ X (1)]=k_(0)=a’.
Omeem. m_(t)=0, D[X()|=a’, K (t,t,)=a’e”"". [Ipomecc cramyonapeH
B IIMPOKOM CMBICIIE.

3agaua 4.11. Ha uwmcnoBoii ocu Of peanusyercsl MPOCTEUIIHNA IMOTOK
coObITuii  WMHTeHCUBHOCTH A. CrnywaifHelii npouecc X (f) mHpuUHUMAET

MonepeMeHHo ciy4yaiinble 3HaueHuss 4 u —A. [lpu HacTymieHun CcoOBITUS
MpOCTENIIero moToka X (f) CKaykoM MeEHseT CBoe 3HaueHue ¢ 4 Ha —A Win

HaoOopoT (3HaueHusi 4 U —A He3zaBucumbl). CiydaliHas BenuunHa A HMEET
pactipenenenue: P(A=1)=p, P(A4=2) l=p ¢

OnHa w3 peanuzalnii 3TOro Mpolecca npuBeiaecHa Ha puc. 4.1.6, rae
TOYKAMH Ha OCH OTMEYEHBI COOBITHS TPOCTEHIIIETO TTOTOKA.

Haiinure marematmueckoe oxunanue m (t), nucnepcuro D[ X(7)] n

KoppessnnoHHyo QyHkuuoo K (¢,t,) 3T0oro ciydaiiHoro mpouecca. (Cwm.
npumep 4.11, p=0,b, rne b — HOMED BapuaHTa.)

X
A ft)

Puc. 4.1.6
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Ipumep 4.12. Cnyuaiineiii npouecc X (f) YCTpPOEH CIEAYIOIIUM
oOpazom. Ha ocu BpemMeHu peanusyeTcs TMNPOCTEUIIUNA TMOTOK COOBITHIA
WHTEHCUBHOCTU A. IIpyM mosiBIeHHMH COOBITHS 3TOr0 MOTOKa mporecc X (¢)
CKAuKOM BO3pacTaeT Ha eIUHUIYy. MeXly CKkaukaMu OH yObIBaeT JTUHEUHO MOJ
yriiom MuHyc 45°. OHa U3 peanusannil mpouecca npueaeHa Ha puc. 4.1.7, roe
TOYKAMH Ha OCH OTMEYEHbl MOMEHTHI TMOSIBJIEHUS COOBITUH MpOCTEMIero

IHOTOKAa.
4

Puc. 4.1.7

TpeOyercs HaliTm MaTemMaTHYecKoe OXuIaHue m (f), JHUCIEPCHIO
D[ X (?)] n xoppensauuonHyto pyHKumo K (#,,7,) 3TOro Cilly4aiiHOro rpouecca u

€ro HOPMUPOBAHHYIO KOPPEJSIITUOHHYIO (DYHKIIHIO.
Pewenue. Kaxnpiii ckauok npouecca paseH eaquauie. [loatomy 3HaueHue
MpOoIIECCa B MOMEHT BPEMEHHU ¢ MOKHO 3aIUCaTh B BUJIEC

X(@)=N()—t,

rae N(t) — 4ucio CKauKoB 3a Bpems L.

CnyuvaitHas BenuunHa N(f) MMeeT MyaCCOHOBCKHUU 3aKOH pacIpe/esIeHHUs,
puIeM

MIN()]=DIN&)] A, MIN*(@)] (L6)* =t
[Tostomy M[X(¢)]=M[N()]—-t Ait=t (A—1),
DIX(O]=PEN(@) -] DIN(@)] At

Tax kak M (X Y)= M[(X — M (X))(Y = M(Y))] = M(XY)— M(X)M(Y),

TO IIpH ¢, <1,

K. (4,5) = M[X (1) X(1,)] MEX()X(8)]-M[X()IM[X(1,)]=
= MIX()X 0] - (= DiOu=1t,  MIX (1) X40)] - (O~ D2,
Ho M[X(#)X(#,)]=M[(N(#)—1)(N(,)—1,)]=
=M[N()N(t,) - t,N(t,) - ,N(t) +41,] =
=M[N@)N(,)] -t M[N(t,)]-t,M[N()]+ 1,
=M[N(@)N@,)] -t At - At + 15 MN(t)N(1,)] = 2A1t, + 111,
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B cBor ouepenp
M[N(t1)N(tz)] :M[N(t1)(N(t1) + N(tz o tl))]: M[Nz(tl)] +M[N(t1)N(t2 o tl)]'
Tax xak cimyuaiinele BenuuuHbl N(#) U N(f, —¢) HE3aBUCHUMBI, a JUIs
pacnpenenenus Ilyaccoma M (X*)=A>+A, ecnm TapamMeTp pacrlpeieieHHs
paBeH A, To M[N(t)N(t,)]=(Mt) +rt, + MA@ —1,) At + Nt
B urtore nmeem
K (t,t,) =\t + Xt = 20tt, +tt, —(A=1)’tt, At
AmnanoruuHo, npu ¢, <t, noiydaeM K (¢,,t,)=At,. Iloatomy
K (t,t,)=Amin(Z,¢t,).
HopMupoBanHast koppensiuoHHast GyHKITUS:
Amin(¢,t,)  min(t,t,)

r(t,t,) = \/}\‘7%\/}\‘—1‘2 = \/E .
Ecmu 1, <t,, T0 r(t,t,) =~/ /t,, ecmn xe 1,<t,, 10 r(t,,t,)=+lt,/t, .
Bennunner X (#) u X(¢,) KOppeIupOBaHbI IOJIOKUTEIBHO.
Omeem. M[X(t)]=(A—-Dt, D (¢t)=xrt, K (¢,t,) =Amin(¢,t,).

3amaua 4.12.1. Cnyyaitaeiii mnpomecc X (f) yObIBaeT CKaykamMu B

ClIy4yallHble MOMEHTBHI BPEMEHH, 00pa3yrolIMe Ha YKMCIOBOM OCH MPOCTEUIINIA
MOTOK COOBITUH WHTEHCUBHOCTH A. I[lpu mosiBIeHUM COOBITHUSI TPOCTEUIIETO
MOTOKa TPOIlECC CKaukoM yObiBaeT Ha BenumumHy k/10A. Mexnay ckaukamu
X(t) nuHEWHO BO3pacTaeT ¢ yriaoBeIM Kodddunuentom k/10. Omna wus

peanm3anuii mpolecca nokaszasa Ha puc. 4.1.8.

N

Puc. 4.1.8

Haiinure marematmueckoe oxunanue m (t), nucnepcuro D[ X(7)] n
KOppessuuoHHy0 (¢GyHkmuo K (#,f,) 3TOro CIy4alHOTO IIpolecca M €ro

HOPMHUPOBAHHYIO KOppeasinuoHHyto QyHkuuo. (Cm. npumep 4.12, k — HOMED
BapUaHTA. )

3agaua 4.12.2. Ha 4wncioBoil ocu peanu3yeTcs MNPOCTEUIINH MOTOK
COOBITUI WMHTEHCUBHOCTH A. B MOMEHT mOSIBIEHUSI COOBITHUS MPOCTEUIIETO
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MOTOKA CIy4aHbIl mponecc X (f) CTaHOBUTCS PaBHBIM HYJIO U JIO MOSIBJICHUS

CJIETYIONIETO COOBITHS TIOTOKAa PAacTeT JUHEHHO C YTJIOBBIM KO3(duimeHTOM
k /10. 3aTteM Bce moBTOpsieTcs cHadaia. OmHa w3 peanm3anui nporecca X ()

npuBeaeHa Ha puc. 4.1.9.

X

e

Puc. 4.1.9

Haiinure marematmdeckoe oxwunanue m (¢), nucnepcuro D[ X(7)] n
KOppessuuoHHy0 ¢GyHknuio K (#,f,) 3TOro CIy4alHOroO IIpolecca M €ro

HOPMHUPOBAHHYIO KOppesiuuoHHyto ¢yHkuuo. (Cm. npumep 4.12, k — HOMED
BapUaHTA. )

Ipumep 4.13. Cnyuaitasiii nponecc X (f) M3MEHSIET CBOE COCTOSIHUE B

MOMEHTBI BPEMEHH, KOTOPbIe 00pa3yrOT MPOCTEHUINNIA MTOTOK WHTEHCUBHOCTH A.
B kaxpaoii Touke ckauka mporecc X (f) Bo3pacTaeT Ha EAMHUILY, a 3aTeM

yOBIBa€T MO JKCIOHEHTE C ToKa3zaTedaeM —l 10 TOYKH CIEAYIOIIETr0 CKauKa.
Onna u3 peanuzanuii Takoro mpoiiecca npusegeHa Ha puc. 4.1.10. Tpebyercs
HaWTH MaTEeMAaTHUYECKOE OXUJAHUE, JUCIEPCUI0 U KOBAPUALIMOHHYIO (PYHKIIUIO
3TOr0 CIIy4YalHOI'0 IIpoLecca.

4 -y

!\i

T T

- ¥

Puc. 4.1.10

3ameuyanre. ONHUCaHHBIM NPOLIECC MOMKET CIYKUTh HNPOCTEHIIEH
MAaTEMAaTH4YECKOW MOJENBI0 BO3JAECHCTBUS MOTOKA 3JEKTPOHOB Ha aHon. lloTtok
AJIEKTPOHOB OT KaTo/la K aHoIy OJU30K K MPOCTeHIIeMy MOTOKY HEKOTOpOI
MHTEHCUBHOCTH A. IIpu momajgaHuu 3JIEKTpOHA HA aHOJ| HANpSHKEHHE HA HEM
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X (¢) BO3pacTaeT Ha HEKOTOPYIO €IUHUIlY, a 3aTe€M YOBIBAaET MO HKCIIOHEHTE,
MOKa3aTelb KOTOPOUM 3aBUCUT OT XapAKTEPUCTHUK SJIEKTPOHHOU CXEMBI.

Pewenue. Pe3ynbrar BO3IEUCTBUSA I-T0 CKA4YKa, POUCUIEAIIETO B MOMEHT
Bpemenu 1;, umeet Bua: X,(¢)=0 npu <7 u X,(t)=exp{(t—T7,)} npu t=T,
Wi

X; () =n(-T)exp{—(t-T)j},
rae N()=0 npu t<0 u n(¢)=1 npu ¢ >0.

Tak Kak MMOTOK CKA4KOB IMPOCTEHIIHMH, TO 3a BpeMs ¢ MNPOU3OUAET
CIy4allHOE YHMCJIO CKadykoB /N, pacopeneneHHblx 1o 3akoHy Ilyaccona c
napametpom Af. Iloatomy X(¢) sBmsercs cymmou ciaydaiitHoro uucia N

ClIlydaliHBIX ciaaraeMbix X, (¢):

X()=22X,(6) 2n(t-T)exp{~(t-T)}. (4.1.3)

Bocnonszyemest cnenyromum daktom: [Ipocreiimuii moTok coObITHI Ha
(0,¢) MOXHO HpeICTaBUTh KaK COBOKYIMHOCTh CIIyYaHOI'O YKClia TOYEK, KaxKaas

13 KOTOPBIX paBHOMEpHO pacmpenenceHa Ha (0,/) HE3aBHCHMO OT JPYTUX TOYCK.
[TorTomy (4.1.3) MOXHO TIepenucath B BUIE

X(t):iexp{—(t—ei)}, t>0, g <t, (4.1.4)

rae Bce 0; paHoMepHO pacnpeaenensl Ha (0,7), a N He 3aBucut ot 0;. 13 (4.1.4)
CJIEIyeT, UTO
M[X(1)]= M[N]M[exp{—(t-9,)].

(3mech MBI BOCIOJB30BAIMNCh TEM, YTO MAaTEMAaTHUYECKOE OXKHIAHHC
CYMMBI CITy4allHOTO YHCJIa OJWHAKOBO PACHpPENeTICHHBIX CIy4alHBIX BEITUIUH
PaBHO MPOHU3BEACHUIO MATEMaTHYECKOrO OXXKHMJIAHMS YHCIIa 3THX BEIWYUH Ha
MaTeMaTHICCKOe OKHIaHUE OJTHOU U3 HUX.)

Tak kak yucio cimaraeMsix N pacupeneseHo 1o 3akony Ilyaccona, To
M(N)=8B(N) At (4.1.5)
Kaxxnas u3 BennunH paBHoMepHO pacnpeneneHa B (0,7). [loatomy

Mexp{—(t—0,)}] %jeé_’dx (1—=")/t.

B utore
M[X()]=Mfl—e ")/t Al-e).
Kpowme Toro,
1-—
2

M(expi—(7—0)})*] %Jeg”)dx 7 | (4.1.6)
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PaccmoTpum nBa MOMEHTa BpeMeHM f W f, (f,<t?,). 3HaueHue X (¢,)
paBHO 3HaueHMIO X (7)), YMHOXEHHOMY Ha exp{—(f{,—1)}, IUIIOC BKJIaJ
V(t, —t,) OT cKauKOB IIpoLecca Ha HHTepBaie (7,,t,):

X(t,)=X(t)exp{Ht, - )} +V (L, - 1))

Bennmunner X(¢)) u V(¢,—t) He3aBUCHMBI, TaK KaK OHHM CBSI3aHBI CO
CKa4yKaMHU Ipoliecca B HellepeceKaromuxcs natepsanax spemenu (0,¢) u (¢,,2,) .
ITosTomy mpwm ¢, <¢,

K.(t,1,) = MUEE) X (1)] MIX(E)X(E)e ™ +V(t, )] =
= M[(j((tl))z e_(tz—tl)] n M[)}(l‘l)f/(l‘z . tl)] _ Dx(tl)e_(tz_tl).

AHAJIOTUYHO, IIPHU ¢, <{, MOJIy4YUM
K. (t,1,)=D, (tz)e_(tl_m-
Mostomy K _(¢,,t,) =D, (min(t,,¢,))e . OcTaeTcs BBUCTUTS:
D,()=M(N)D(e"") + D(N)IM (e "]
C yuerom (4.1.5), (4.1.6) u Toro, uto D(X) =M (X?*)—[M(X)]’ nomydaem

D) =A{D(e )+ M (e )} AB{(e )} %(1 —e?).

B utore, K (,,t,) :%(1 —exp{—2min(z,t,)})exp{—|t, -t |}.
Omeem. M[X(t)]=r(1- e™), D (t)= %(1 —e),
A .
K. (1.1,) :5(1 —exp{—2min(#,,t,)})exp{—[t, —¢ [}

3agaya 4.13. DnexkTpoHBl OT KAaroJa Ha aHOJ MOCTYNAIOT IPYIIIaMH.
MoMeHTBI MOCTYIUIEHHS TPYII 00pa3yoT MPOCTEHIINNA MOTOK MHTEHCUBHOCTH
A. OOo3HaumMm uepe3 W; — clydailHO€ YHCIO 3JEKTPOHOB B I-i TpyIIie.
Crnyualinple BeIM4MHBI WW; HE3aBUCHMBI U UMEIOT OJMHAKOBOE PACIIPEECIICHHE.
(ITomo6Hast cutTyalusi BOSHUKAET MpU pabOTEe JIMHEWMHOrO NETeKTOpa, KOorja Ha
€ro BXOJ B CIIy4ailHble MOMEHTHI BPEMEHH MOJAIOTCS CIIydailHble HMITYJIbCHI
BenuuuHbl  W;). Ckadok HampshkeHUsS OT NpUXOoJa OuYepeHON mnapThu
ANIEKTPOHOB CYMMHPYETCS C OCTATOYHBIM HAIPSDKEHUEM Ha aHOJE, KOTOpOe
MEXAY MOCTYIUICHUSIMU UMITYJIbCOB YOBIBAET IO 3KCIOHEHIIMAIBHOMY 3aKOHY C
nokazareieM o. Ilycte X (f) — nHampspkeHue Ha aHoje B MOMEHT £ OnHa u3

peanu3anmii CIy4aiHoro npouecca npuseaeHa Ha puc. 4.1.11.
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Ty
Puc. 4.1.11

HaiiiuTe MaTeMaTH4eCKOE OXHUIAHHE, AUCIIEPCUIO U KOPPEIAMOHHYIO
¢byukuuto cinydaitHoro mporecca X (¢). (Cm. mpumep 4.13. Benuuunsr W,
MMeEIT OuHOoMHuanbHoe pacupenenenue: P (k)=Cfp*(1-p)"™*, k=1,2,3,...,n.
3HauEeHNs 71 U p BO3BMUTE U3 UCXOAHBIX JAHHBIX K 3ama4e 2.59.)

CranmonapHasi B mHUPOKOM cMbicie GyHkuus X (¢), mpeactaBuMasl BO
BCEl 00J1aCTH ONpe/IeTICHUS B BUIS
X(@)=m_+ Z(Uk cosm,t+V, sinw,t), (4.1.7)
k=1
rae Uy u Vi, — UEeHTpUPOBAaHHBIE CIy4YaWHbIE BEIIMYUHBI, YJIOBJIETBOPSIOIINE
yernousm  M[UU J=M[VV]=D,, M[UU,|=M[V}V,]=0 mpu i#]j,
M[UV 1=0 npu Beex i W j, Ha3bIBACTCS CAVUAUHOU PYHKYUECU C OUCKDEMHbIM

CHEeKMpOM.
Takas ciyuaiinas QyHKIUS UMEET aBTOKOPPEISIIIUOHHYIO (YHKIIHIO

n
k.(t)=Y D, cosm,t. (4.1.8)

k=1
PaBenctBo (4.1.7) Ha3bIBAIOT CHEKTPAJIBHBIM PA3I0KEHHEM CIy4ailHOTO
npoiiecca, a paBeHCTBO (4.1.8) cekTpallbHBIM Pa3l0KEHUEM KOPPEeISIIUuOHHON
¢byukuun. IlpencraBnenune (4.1.8) mokaspiBaeT, 4YTO JUCIEpCUs Mpolecca
SABJISIETCS CYMMOW JUCIEpCHUN OTHAENbHBIX TApPMOHMK Ha YacToTax O

(k=0,1,2,...,n):

Q;@@:Zq.
k=1

['oBopsaT, uyTO cranuMoHapHas ciy4aiiHas QyHkus X (f) sBuIseTcs

CYYauHOU yHKYUelu ¢ HenpepvbleHbiM CHEeKmpOM, €CIH CYLIECTBYET TaKas
NEeUCTBUTEIbHAS HEOTpHULATeNbHas (yHKuMs S (), OHpenercHHas IPH BCEX

® € (—00;00), YTO
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k. (t) :TSx(m)coscor do,, (4.1.9)

S (w) :%ka(t)coscor dr. (4.1.10)
0

@ynkuuoo S (®) Ha3bIBAIOT CHEKTPAIBHON IUIOTHOCTBIO, a (HOPMYJIBI

(4.1.9) u (4.1.10) nazeiBaroT popmynamu Bunepa—Xununna. 13 stux dpopmyn
U CBOICTB KOPPEISILUOHHON (DYHKIUH CIIeAyeT, 9To S (®) — (yHKIUS YeTHas,

T.e. S (0¥ S (o). Ilosromy S () wu300paxkaroT OOBIYHO TOJNBKO IS

HeoTpuIaTeNnbHbIX . CnyvaitHeie  (yHKIMU, o0najarolmie KOHEYHOU
JUCTIEpCUE, UMEIOT CTIEKTPaIbHbIE IIOTHOCTH, KOTOPBIE CTPEMSTCS K HYJIO Ha
OCeCKOHEUHOCTH OBICTpee, ueM 1/ .

B cuny deTHOCTH KOPPENAIMOHHON (PYHKIIUM CTAIlMOHAPHOTO MpoIecca U
ero crekTpaibHou MmiuoTHocTH (popmynsl (4.1.9) u (4.1.10) moxHO 3amucaTh B
BUJIE:

k(1) :% T ¢S (0)do, (4.1.11)

S (w) % j ek (1) dr. (4.1.12)

®opmynsl (4.1.11) u (4.1.12) o3HauaroT, YTO KOppESAIMOHHAS (PYHKIUS U
CHEKTpajbHas IUIOTHOCTh CBS3aHBl B3aUMHO OOpaTHBIMU MpeoOpa3zoBaHUSIMU
®ypoe. Boipakenusi Buna (4.1.11) HazbBarorT ummeeparom @ypwve. VHTErpan
@ypbe sBisgeTcss 0000UIEHHEM pasfiokeHuss B psaag Dypee s ciaydas
HENepuoanyYeckol (PyHKIMU Ha OECKOHEUYHOM HHTEpBaje. OTO Pa3JIOKEHUE
(yHKIIMM Ha CyMMY MpPOCTBIX TapMOHMYECKUX KOJICOAHU C HEMpPEpPbIBHBIM
CHEKTPOM.

3amMeTuM, 4YTO JAMCHEPCHUI0 CTAlMOHAPHOIO CIy4alHOro Ipolecca ¢
HETMPEPHIBHBIM CIIEKTPOM MOKHO BBIPAa3UTh B BUJE UHTETpaja OT CIEKTPaIbHOM
MJIOTHOCTH:

D, =k () ISx(co)dco %:IOSX(@) do.

IIpumep 4.14. KoppensiiuonHasi (yHKIHS CTAIIMOHAPHOTO CIYy4YalHOTO
nporecca X (¢) uMeeT BUJ

k() =exp{—|t[;(+]]).
TpeOyeTcs HalTH CEKTPaIbHYIO IMIIOTHOCTD MpOIlecca.
Pewienue. B coorBeTcTBUU ¢ hopMmyoii (4.1.12)

© 0 ©
S (0} i_{e"'wr(lﬂﬂ)e_T drzzin_[e_"“”(l—r)erdr+2in_[e_’m(l+r)e_‘dr
—0 —0 0
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BBIUII/ICJII/IM CHayaJa MepBbld UHTETPAIL

(ot u=1-r, =du —dr,
_[ (I-1)dt ol (l-io)t .
dv = dt,=v e /(1-io)
0
_ -1 e(l—w))r 0 J‘ (I-im)t drt 1 _ 1 :e(l—iw)r |0 —
1—io —im l1-io (1-iw)’ ~
1 1

- . + . 2
I-io (I-iw)
AHAJIOTUYHO

Je""”(l+t)e“dt 1_:+ — .
0 I+io (1+iw)

IToaTomy
1 1
S\(@) S| |
2n| l-io (I-iw)” l+io (1+im)
1] 2 L2 | 240
2n| 1+’ (1+0°) | nl+o’)
2
Omeem. S (o) =2+—®22.
n(l+ ")

3agaua 4.14.1. Haiigute CHOEKTpaJbHYH IUIOTHOCTH CTallMOHAPHOTO
ciyyaiiHoro nponecca X (), €Ciu ero KoppeisiuoHHas QyHKIUS UMEET BUT

k(1) o expi-alt|y(1-al)).
(Cwm. mpumep 4.14, a — HOMED BapHaHTAa.)

3anaua 4.14.2. KoppensiimonHas QyHKIMS CTAIIMOHAPHOTO CIy4ailHOTO
nporecca X (¢) uMeeT BUJ

k(1) = c’(1-|t|/a), |t|<a,
0, |t]>a.
TpeOyeTcs HalTH CIEKTPaIbHYIO IIIOTHOCTH mpotecca. (Cm. mpumep 4.14, a —

HOMEp BapHuaHTA.)
CnexkTtpanbHasi IUIOTHOCTh HPOU3600HOU OT ciaydaHoOW (yHkiuu X (¢)

CBSI3aHA CO CIIEKTPAJIBHOM IJIOTHOCTBIO 3TOU (PyHKIUH S () COOTHOLIEHHEM
S.(0) o2 (o). (4.1.13)

Ipumep 4.15. CnexrpanbHas IUIOTHOCTh Ciy4yaiHOW GyHKIMM X (1) uMeer
Bung 1/(w° +4)’. Tpebyercs HalTH AWCHIEPCHIO MPOM3BOAHON 3TOH CIIydaiHOM
(GyHKIHHL.
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Pewenue. CormacHo (4.1.13) cmexkTpaidbHas IJIOTHOCTh IPOU3BOIHOM
X'(¢) mmeer Bua o / (o° +4)°. Torma

u=0, ¢&u do,
D(X'(1)) = jS(co)dco j +4) do 44,2 0do = 1o
(0° +4)*’ 4
® 1 T’ +4-0°
=% —J =) o=
4w’ +4) (co +4) 167 (0" +4)
© 0 2 © 2
:LJ I = ®=Larctg9 io_i 20) 7 do=
169 0> +4 167 (o +4) 32 217 167 (0* +4)
=, du dco, . |
T -
= d 1 - ~
dv==" v (@44 32 16(2(0) - 2[0 ]
(" +4) 2

T O (o T T _T

— - arctg—‘_w —

32 16(4 2 ] 32 64 64
Omeem. D(X'(t)) =mn/64.

3agaua 4.15. Haiinure nucnepcuto Npou3BOAHON OT Cly4ailHOM (QyHKUINU
b

m. (CM IIpuMep

X(?), cmekrpanpHas IUIOTHOCTb KOTOpoil S (®)=

4.15, a — HOMEp BapHuaHTA.)

ITycts k () — aBTOKOppENIALMOHHASA (DYHKIUS CTAlIMOHAPHOIO CIIy4aliHOTO
nporecca X (7). Haiinem B3auMHY0 KOppeSIMOHHYIO (DyHKIUEO rporieccoB X '(¢)
u X (¢). Tak xak nponecc X (¢) crauuonaper, To m_=0 u m_ =0. IToatomy

R (1,1, = MIX'(0) X ()] MLX'(1)X(1,)F M[hm X (’”LA”‘X(”X@}

At—0 At
K (t, +At,t,)— K (t,t,)

M[X(t1 + At)X(tz)] _M[:AX(t])X(tz)]

=lim lim
At—0 At At—0 At

_ 0K (t,t,) Ok (1)
ot, ot

Ok (t) ot Ok (1) Ok (1)

T —t, 10 R, (t,t,)=—22. = (=]) =2

aK KaK T % 1 TO xx(l 2) 81: atl 81: ( ) 6’[
Amnanoruuno, R_(t,t,) = oK (tl’—z) Ok.(1) o (lcx(t) (1) M
ot, ot 0t, ot ot

Hpumep 4.16. CnekTpanbHasg IUIOTHOCTh CIYyYalHOTO CTallMOHAPHOTO
nponecca X (t) umeer Bum: S (w)=w’, ecmu |®|g[3,6], u S (0)=0 mnpu
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OCTaIbHBIX . TpeOyeTcs HAWTH aBTOKOPPEISAIMOHHYIO (YHKIMIO 3TOTO
npotecca.
Pewenue. Tax kak ¢yHkums S (o) yertHas, To no ¢opmyie (4.1.11)

noJy4yaem

[e'e]

6 .
k(D) [eS (0)de 2[wcosotdos 2w2(M|§%
3

o T
2w . 2w’ si
:l(sm%—sm&) M(I—ZCOS%).
T
2w’ si
Omeem. M(1—2COS3’C).
T

3amaua 4.16.1. CnyuaiiHplii cTanMoOHApHBIM mpomnecc X(f) uMmeeT
CIEKTPaIbHYI0 MIOTHOCTH S (®)=a’, ecmu |we[b,2b]|, u S .(0)=0 npu
OCTAIbHBIX (0. TpedyeTcs HAWTH aBTOKOPPEIANHOHHYI (DYHKIMIO HTOTO
nporiecca. (Cm. mpumep 4.16, a — HOMep BapuaHTa, b — nepBas nudpa Homepa
BapUaHTA. )

3agaua 4.16.2. CnekrtpanbHasg IUIOTHOCTh CTAllMOHAPHOIO CIYy4YailHOTO
nporecca X (¢) uMeeT BUJ
S (0) =aexp{—|o|/w,}, a>0, »,>0.
Hailinure aBTOKOppESIMOHHYIO0 (QYHKIHMIO 3TOTO MPOIECCa U €ro JUCIEPCHUIO.
(Cwm. mpumep 4.16, a — HOMED BapHaHTa.)

Hpumep 4.17. 3amaHa croekTpaidbHas IUIOTHOCTh CTallMOHAPHOTO
CIIy4alHOTO Iponecca
S (o) 2exp{—Bw’}, p>0.
TpeOyeTcs HalTH KOPPENALUOHHYIO0 (PYHKIIUIO 3TOTO Mpoliecca.
Pewienue. o popmymne (4.1.11) nomyunm:

k (1) j ¢ e PLd o,

HemocpencTBeHHO BBIMUCIATH TaKOW WHTETpall TpyaHO. [loaTomMy Bocmoms3yemMcs
cienyromuM npuemom. [IpoauddepenipyeM ode 4acTu paBeHCTBA:

T i o e
k(1) = [ ive™ e ™ do =2—j ¢ 2Be ™ wdo.
. . _ 2
[IpounTterpupyem mo dactam: u=e'”, du=ite’”'do, dv=2Be " wdo,
_ —Bw? ’ i iot_—Po’ (o . —Bo’ _iot
v=—e"". Torma  k.(7) 2—B =" T +it|e" eVdo |. IlepBoe

—0
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ot

cllaraeMoe B CKOOKE paBHO HYJIIO, Tak Kak ¢ ~ =0, a | |5 cos®T + i sinot+

— Jcos2 @t +sin’ 1 = . MIHTErpas BO BTOPOM CIIATAEMOM COBIAJIAET C k. (7).
B wurore oOHapyxniaach BO3MOXHOCTb HaWTH k (T), Kak peELIECHUE
mudepeHnanbHOro ypaBHEeHH

K. () —}Bla(r).

DTO ypaBHEHUE C pa3JeNsionmmMucs nepeMeHubiMu. Ero obmiee pemieHue:
2
k.(t) Cexpf1 /4b}.
Jnga  onpeneneHus NPOU3BOIBHOW IIOCTOSSHHOM 3aJaJuM HadallbHOE
YCIIOBUE
T

0 ) 1 0 ,
k(0)=| e do= =t/ — | e do=|-.
L(0) __[Oe o = {3aMeHa ® ={ \/61; \/E_‘[oe o 5

[ee]

2
(HamomuumM, uto unterpan Ilyaccona J edo )

—00
[Tpu Takom HawambHOM ycioBuu C =./m/f . Mckomas KoppemsmuoHHas
(GyHKIMS UMeeT BUJ:

k (1) %exp%—rz / 4b}.

3amMeTuM, 4TO U CHEKTpajbHasl MJIOTHOCTb, U KOPPEJSIIUOHHAS (PYyHKIIUS
3TOr0 MPOLIECCA OTHOCATCS K TUITY TayCCOBCKUX KPUBBIX.

Omeem. k (1) %exp%—tz / 4b}.

3agaua 4.17. CraumoHapHBIN CIy4YalHBIN NPOLIECC UMEET CIEKTPATbHYIO
IJIOTHOCTh

S (0 Wexp{—o’/B*}, W>0, B>0.
Hailinure koppensinoHHYI0 QyHKIIMIO 3TOro npoiecca. (Cm. nmpumep 4.17, W —
HOMEp BapuaHta, 3 — mnepBas 1udpa HoMepa BapuaHTa. )

4.2. Npeo6pasoBaHUe CAYyHAUHbIX NPOLLECCOB AMHOAMUYECKMMU CUCTEMAMMU

JInst ciaydalHBIX MPOLIECCOB OKa3alloCh 11€JIECO00pa3HBIM  PaCHIUPUTh
TPaKTOBKY HEKOTOPBIX MOHATHIA MaTEeMaTHYECKOTO aHAJN3a.
['oBOpAT, 4TO Cily4aiiHas mociuenoBaresnbHocTs X, X,,..., X ,... cxoourcs
K 4Uuciy b 8 cpedHeksadpamuueckom cmolcie, €CiIu
limM (X, —b)*=0.

n—0

(3TOT (haKT 3amUCHIBAIOT KpaTko X, ———>b).
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Cry4aiinbsiii mpouecc X (f) Ha3bIBAETCS CIMOXACMUYECKU HENPEPbIGHbIM B
TOYKE ¢ =1, €CIIN

lim M[X (1) - X, =0.

CayuvaitHas BenuunmHa X '(f) Ha3bIBACTCS  CPEOHEK8AOPAMUHECKOLll
npou3eoonot citydaiiHon ¢pynkuun X (¢) B Touke ¢, €[0,7], ecin
X(t,+At)—X(t,)
At

[lycTh uMeeTcsi HEKOTOpasi quHaMHuueckas cucrema. [loa quHamuueckoi
CUCTEMOM TMOHUMAETCs JI000€ pPaJUOTEeXHUYECKOE YCTPOMCTBO, mMpudop,
MpUIET, CUCTEMa aBTOMATUYECKOr0 YMNPABJICHUS, aBTOMMIOT, BIYUCIUTEIBHOE
YCTPOUCTBO U T.J.

Ha BXxoa cucTeMbl HEMPEpHIBHO TMOJAIOTCSI HEKOTOpPHIC JaHHBIC, CHCTEMaA
UX mepepadaThIBaeT U BBIJACT PE3YyJbTaT ATOM MmepepadboTku. MHoraa BXoasine
B CUCTEMY JaHHBIC HA3bIBAIOT «BO3JECUCTBHEM» WM «CUTHAJIOM», JTaHHBIC Ha
BBIXOJIE HA3bIBAIOT «pPEaKIMEe» WIM «OTKIUKOM» Ha Bo3jaencTBue. OOBIYHO
BMECTE C MOJIE3HBIM CUTHAJIOM MOCTYMAIOT U CIy4YaiiHbIe TIOMEXU, KOTOPhIE TOXKE
nepepadaThIBalOTCSl JUHAMUYECKON CHCTEMOM M BIUAIOT Ha OTKIUK. [loaToMy B
obmemM Buae cTaBUTCSA (opmanbHas 3adada O mepepadOTKe JUHAMHUYECKOM
CHCTEMON HEKOTOpOTO ciaydaiiHoro mporecca X (7). Ha Beixome Toxke

= X'(¢,)).

MoJy4yaeTcsl ciydaiiHeiii nmponecc Y (7). Cxema ONMHUCAaHHOW CUCTEMBI MPUBEACHA
Ha pucyHke 4.2.1.

X(t ITHAMITYECKAas Y(t
) | O (7)

(curnan) CIcTeMa (OTKIIIK)

Puc. 4.2.1

EctecTBeHHO BO3HHMKAaeT BOMNPOC: KakK MO XapakTepuctukam X (f), ¢

y4€TOM OCOOEHHOCTEM JIUHAMHYECKON CHCTEMBbI, HaWTH XapaKTePUCTUKU
CUTHAJIa Ha BBIXOIE?

C dopmanbHOM TOYKM 3pEHHMs], Kaxiaas NUHAMUYECKash CUCTEMa 3aJlaeT
HEKOTOPOE COOTBETCTBUE MEXKY CUTHAJIAaMH Ha BXOJI€ U OTKJIMKAMHU HA BBIXOJIE.

[IpaBuno, mo xotopomy ¢yHkiuss X(f) Ha BXoae mnpeoOpa3yeTcss B
¢byukuuto Y(¢) Ha BBIXOAE, Ha3bIiBaeTcs ornepaTopoM. CHUMBOIUYECKH 3TO
3anuckIBalOT B Buje: V(1) = A{X(¢)}.

Omneparop L Ha3bIBaeTCs JUHEUHBLIM OOHOPOOHLIM ONEPAmopoM, €Cii OH
o0JagaeT CIeayIOIUMH C8OUCNEAMU:

L LiX, () + X,(0))  EX () + L{iX,()};

2. L{CX(t)} =CL{X(t)}, rne C — mocTosIHHAs BEJIMYMHA.
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[IpuMepaMu TMHEWHBIX ONEPATOPOB MOTYT CIIYXKUTh ONIEPATOPHI
d t t
o fendt, LX) = 00X (@), LX)} = [X(0)9(0) .
0 0

rae ¢(t) — HekoTopas PyHKIuS.
OnepaTop Ha3bIBAIOT JIMHEHHBIM HEOOHOPOOHBIM, €CIIM OH COCTOUT M3
JUHEWHOW YacTu ¢ MpUOaBIEHUEM HEKOTOPOU OMPeaeICHHON (PyHKIIUU:

L{X (1)} = LEX (D)} + ().

Ecnn cnyqaiinas ¢pyHkuus X (f) ¢ MaTeMaTU4eCKUM OXUAAHUEM m, (1) U
KoppensauuoHHon GyHkuuen K, (7,,¢,) npeoOpa3yercs JUHEHHBIM OJHOPOAHBIM
ornepaTopoM L B ciay4yailHy10 QyHKIIHIO

Y(1)= LIX (1)},
TO JUIsl HAXOXKICHWS MAaTEMaTU4ECKOro OXKHUIAHUS m,(f) HYKHO NPUMEHUTH
3TOT oneparop k m, (t), T.e.
m,(t)=L{m,(?)}. (4.2.1)

A 111 HaxOoXAeHUs KoppesssuuoHHOM ¢(yHkuuu K, (f,,f,) HEoOXOAMMO
IPUMEHUTH 3TOT ONEPATOp K KoppensuuoHHou ¢pyHkuuu K, (¢,,¢,) cHadana 1o
OJIHOMY apryMEHTY, a 3aT€M [0 JPYroMy:

Ky (1,t,) = Lor? {Ky(t,0,)}. (4.2.2)

oo d
Hampumep, ecnu nuHelHbld omepaTop auddepeHunpoBaHus %
t

MPUMEHSIETCSL K clydaiiHoMy mpornieccy X (f) ¢ MaTeMaTH4YeCKUM OXKUJIaHHEM

m,(t) u KoppemsuuoHHOW QyHkumen K, (¢,t,), 10 Mg Y(¢)= %X (t)

dX (1)
MAaTEMATUYECKOE OKHUIAHUE mY(t):—t, a KOppelalroHHas (QyHKUIUS
O°K ., (t,t,)
K, (t,t,)=—2"1L22
Y( 1 2) atl atz
IIpumep 4.18. 3amana £ (t) — KoppemsUUOHHAas  (yHKIUSA
CTallMOHApHOTO  ciy4yailHoro  mpomecca  X(¢).  TpeOyercs  Haiitu
KOPPEJSIIIMOHHYIO (DYHKIIUIO TTpoIiecca
dX (1)

YO)=X@)+ .

Pewenue. Bocnonsdyemcs Qopmynoit (4.1) nansa  KoppensuHOHHOU
(YHKIMU CYMMBI CIIy4allHBIX MPOIECCOB. BhIUMcINM HEOOXOIUMBIE JIJIsi 3TOTO
BEJINYUHBI.
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Tak xak npouecc X (¢#) craMOHapeH, TO €ro MaTeMaTHYEeCKOE OKUJaHUE
Y MAaTEMATUYECKOE OKHUIAHUE €TO MPOU3BOJHON paBHbI HYJIO. [losTOMy

RXX (tlatz): M[)}I(ﬁ) X(tz)] = M[X,(tl)X(t2)] -

— M| X(t,+A)X () |[-M|X(@)X(t
=M{th(tl+At) X(tl)x(tz)} o MIX G+ ADX (6) ] - M[X(0) X (2,)]
At—0 At At—0 At
:limKX(tl+At,t2)—KX(t1,t2):aK(tl,tz).
At—0 At at
Ho Tak kak © #&—¢, TO oK(t,1,) _0k(v) ot ok(m) (=) _6:k(r).
ot ot ot ot ot

AHaJIOrn4HoO,

At
K (tuty + A= K (1)

R, (t,t,)=M[X (t,)X'(t,)] M{X(tl)gn})ng + At) —X(tz)}

M[X(t1)X(t2 + At)] — M[)g(tl)X(tz)]

= lim lim
Ar—0 At At—0 At
B 8K(tl,l) Ok(r) ot 0Jk(1) ) Ok(7)
ot, ot Ot ot ot
ot ot
Tak xak k_(t)=K (¢,t,),T0€e T tz—1, TO — Py —=-1,a 5—1 [ToaTomy
1

o ¢popmyie (4.2.1)
KX(tlatz) = kx('f) o K (tptz_) o |:de(1:) ) o :| =

atat ot,| dt 0Ot,
_ ot | dk (T d’k.(t) ot dk.(t y
) [ ()} 2 L0 L) @)
6t dt dt  0¢

B utore o ¢popmyne (4.2)
k(1) =k (1) —k(t)-
Omsem. k (t) =k (1) — k(7).

LN R

3agaua 4.18.1. 3anana Y (¢) — xoppensionHasi GyHKIHS CTAIMOHAPHOTO
ciyuaiiHoro nponecca X (¢). Haliqute koppensiiinoHHyo (GyHKIIUIO ITpoiiecca

Y(t) = X(1)+ a0,

(Cwm. mpumep 4.18, a — HOMEp BapHaHTAa.)
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3anauya 4.18.2. 3anana k (t) — KoppessioHHAs (QYHKIMS CTAllMOHAPHOIO
ciyuaiiHoro nponecca X (¢). Haliqute koppensiiiuoHHyo (GyHKIIUIO ITpoiiecca
dX (1) N d*X(1)
dt ar’
BriBenure dopmyny s koppensuMOHHONW (QyHKIMU mpouecca Y (¢), a

YO =X()+

3aT€M BBIYMCIUTE 3Ty KOPPEIAUMOHHYI0 (GyHKimio and k (tF expi—at’}.
Beraucnure mucnepcuro mpomecca Y(¢). (Cm. mpumep 4.18, a — HOMep
BapHaHTA. )

Cmayuonapuotl  TUHEUHOU  OUHAMUYECKOU  Ccucmemoll Ha3bIBACTCA
YCTPOUCTBO, KOTOPOE€ MOXKHO OMNHCaTh JUHEUHBbIM AuddepeHIuaIbHbIM
YpaBHEHUEM C MOCTOSHHBIMU KO3 PumeHTamu:

a Y t)+aY" ") +...+a ¥ 1) bX"@)+bX" V() +...+b X(t), (4.2.3)
rae a,,da,,...,a,, by,b,...,b, — nocroaHHble KO3QPUIUEHTHI, X (f) — BXOIAIIUIA
CTallMOHAPHBIN mpoiiecc (Bo3AeUCTBUE), a Y (f) — cilydaliHbIN MPOLIECC Ha BBIXOE
u3 cuctembl (OTKIHK). Eciin quHaMudeckasi cucteMa yCTOMYMBa, TO TI0 OKOHYaHUHT
MEPEXOHOT0 TIepro/ia mporiecc Y (¢) ToXKe CTalliOHApPEH.

Haiinem xapaktepuctuku Y(f) mo xapaktepuctukam X (¢). Bo3pmem

MaTeMaTHYeCKOe OKHJAaHHME OT IpaBOM W JIeBOM dacTel paBeHcTBa (4.2.3).Tak
kak X (¢) m Y(¢) crammoHapHbBIE MPOIECCHI, TO UX MAaTEMATHYECKUE OKUIAHMS

my, U m,, IOCTOAHHBI, 4 IIPOU3BOAHBIC MATCMATHYICCKHX O)KI/II[aHI/Iﬁ PaBHBI HYJIIO.

ITosTomy
b

m

a,m,=b,m, uma m, =a—m

n

d2

d
O6o3HauuM omepatop audpdepeHIIUPOBAHUS = yepes p, orneparop e

gepes p> u T.1. Toraa ypasHenue (4.2.3) MOKHO 3aIIHCaTh B BUJIE

(a,p" + alp”_1 +...+a ¥(@) (bp" +b1p’”_1 +...+b ) X(2),
WIN

y() =2 thp" 4. 4b, X(0). (4.2.4)
a,p" +ap" +..+a,

Bripaxenue

o(p) =2 P+ 4b, 4.2.5)
Op +Cl1p + +Cl

Ha3bIBAIOT nepedamoutol yHKyuel.
VYpaBuenue (4.2.3) B onepatopHoii (hOpMe KPaTKO 3aIUCHIBACTCS B BUJIE

Y(t) =2(p)X ().
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YacTOTHOM  XapaKTEPUCTUKOM JIMHEWHOM JIUHAMHYECKOW CHUCTEMBI
Ha3bIBAIOT (DYHKIMIO, KOTOpasi MOJy4YaeTcs 3aMEHOW p Ha i® B MEpelIaToyHOM
byHKIMH:
by(iw)" + b, (i0)" " +...+b,
a,(io)" +a,(i0)"" +...+a,’
JlokazaHo, 4YTO CHEKTpajbHblEe IJIOTHOCTH mpoueccoB X(f) u Y(¢)

D(io) =

(4.2.6)

CBSI3aHbl COOTHOLIEHUEM
. 2

S,(®) =5, (0)|P(im) [ (4.2.7)

OTO 03HAYaAET, YTO IS MOJTYYEHUS! CHEKTPAIbHON IJIOTHOCTU BBIXOJHOTO

CIIy4ailHOro mpouecca HEOOXOAMMO YMHOXHUTh CHEKTPAJIbHYI IIJIOTHOCTb

BXOJHOTO TIpollecca Ha KBaapaT MOAYJA YaCTOTHOM XapaKTEPUCTUKHU
ITUHAMHWYECKOU CUCTEMBI.

Hpumep 4.19. /lunamuyeckas cuctema 3a/iaHa ypaBHEHUEM
3V'(@)+ y(t) 4x'(t)+ x(¢). (4.2.8)
Ha Bxoa cucTtemMbl momaetcsi CTalluOHAPHBIN ciydaiiHbIil nporiece X () ¢
KoppensauuoHHOM  QyHkumen k(1) 3exp{-2|t|}. Tpebyercs  HaiiTn
JUCIIEPCHUIO TIpoliecca Ha BbIXOJIE B YCTAHOBUBILIEMCS PEXKUME.

Pewenue. BpruncnuM CHEKTPAIBHYIO IJIOTHOCTH CIIYYalHOTO Ipouecca
X (¢t) no dhopmyne (4.1.12)

15 . 12
S (0 — |k (t)di=—7——.
(o) n_L (@dr=—
B oneparopnoii popme ypaBHeHue (4.2.8) umeeT BU
4p+1
Y(£) = p il X ().
+
4iv+1
[ToaTomy wacToTHast xapakTepuctuka D(im) = 3 . ITo popmymne (4.2.7)
o+
12 |4io+]| 12 160’ +1

S, (@) S.(o)]®(io)]

(0’ +4) |Bio+]] mo +4) 90’ +1
IToaTomy
0 © 2
27 n (0" +4) (9’ +1)
J (160)2+1)dc0 81T do 1t do |
(o +4)(9c0 +1) Oco2+4 599w +1

0

- ﬁ[— (arctg(o0) —arctg(0)) — —(arctg(oo) - arctg(()))} ~96.4.
n [ 10 15

Omeem. D(Y)=96,4.
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3amaua 4.19.1. Ha Bxo1 1TMHAMUYECKOW JIMHEWMHOM CUCTEMBI, OMPEICTIIEMOM
ypaBHEHUEM
ay'(1)+ y(t)  Bpx'(1) + bx(2),
nojaeTcss clydalHeii mpouecc X (f) ¢ KOppesiuOHHOW  dyHKIMEH
k. (t) aexp{—&|t|}. Haiigure gucnepcuro mpouecca Ha BBIXOAE B
yctaHoBuBIIeMcs: pexxume. (Cm. npumep 4.19 u ucxoaHbie JaHHBIE,  — HOMEP

BapuWaHTa, b — mocneaHss 1udpa HoMepa BapuaHTa iroc 1.)
Hcxoonvie oannvie k 3a0aue 4.19.1.

Ne ap bo bl Ne ap bo bl Ne ap bo bl Ne ap bo bl Ne ap bo bl
1231171411135 |2]1]19]/5]1]2]25/5]4]0
212 (51181214143 [5]0]20/2]5]0]26]4 |24
313(2/0/9 3|2 |1]15(2]4(0]21]2 4127230
4 1421110142 |3]16|/5 |3 |11]22/3]42]28]2|1]5
5121412113 [5]1]1714]20)23[2|5]1]129/5]2]0
6 | 211411223 ]2]18]/4 12245 |3]0]30/2]1]3

3apmaua 4.19.2. PaGory snekrpuueckoil nenu (puc. 4.2.2) ONUCHIBAET
muddepeHmanbHOe ypaBHEHUE

on %y(t) = x'(0).

Puc. 4.2.2

Ha Bxon mnoctymaer HU3KOYACTOTHBIM Oenbii mym X (¢), uMeromui
CHEKTPaJbHYIO ILIOTHOCTE S, () [/ o,npu ‘o)‘ <w, 1 S;(w)=0 npu
| o[> o,. Haligute nucnepcuro mporecca Ha BBIXOJE B CTAMOHAPHOM PEXKHUME
pabotsl nenu. (Cm. mpumep 4.19, ®y paBHO HOMEpY BapHaHTA.)

3apaua 4.19.3. PaGoty nuHelHON NMHAMUYECKOW CHUCTEMBI OINUCHIBAET
muddepeHnmanbHoe ypaBHEHUE

Y1) +ay(t) = x'(2).
Ha Bxon mocrtymaer cinyyaiiHbiii npouecc X (¢), UMEIONIMIA CHEKTPATbHYIO
miotHocTh S, (®) =D/ (0’ +a’) npu ©®>0 u S, (0)=0 npu ®<0. Haiigure

JTUCTIEPCHIO TIPOIlecca Ha BBIXOJE B CTAIlMOHAPHOM pekume padoTel. (Cwm.
npumep 4.19, a — HoMep BapuaHTa.)
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IIpumep 4.20. Ha BX01 MMHENHOW TUHAMUYECKON CUCTEMBI, OMUCHIBAEMOM
YpaBHEHUEM

Y'()+3y' () +2y(t)= x'(¢)+ x(2), (4.2.9)
MOJIaeTCsl  CTAllMOHAPHBIM  choy4ailHbli mporiecc X () ¢ MaTeMaTHYECKUM
oXugaHueM m (f)=m W KOppelsIMUOHHOM QyHkimen k (1) Sexp{=|t|}.
TpeOyeTcst HaliTH MaTeMaTUYECKOE OXKUIAHKE U TMCIIEPCHUIO MTPOLIEcca Ha BBIXO/IE.

Pewenue. BprancnuM cHeKTpaabHYHO IUIOTHOCTH CIIYYaWHOI'O ITporecca
X (¢). Ilo dopmyne (4.1.12)

1 0 5 0 5 0 5 0
S. (o) - J ek (t)dt= ~ J e e dt = ~ J e e'dt+ ~ J e et dr =

=5( L exp(@-o)n), +—
n\l—i® 1+io

exp(—(1+iw)t) ]

5( 1 1 j 5
= — - + - = NG
m\l—-io 1+io) nl+o’)
2

d
O6o03HaunM oriepatop auddepeHITUpOBaAHUS = yepes p, a orepaTop e

gepes p°. Torna ypaBHenue (4.2.9) MOXKHO 3aIucaTh B BHJIE
(p* +3p+2)K1) (p+DX(),

50054
p+1
Yt =———X(¥).
® p2 +3p+2 @
[lepenaTounas GpyHKIMS AMHAMUYECKON CUCTEMBI UMEET BUJL
p+1
() =
2 piH+3p+2
a €€ YaCTOTHAs XapaKTePUCTHKA
im+1 io+1

Pliw) = , >
(i) +3i0+2 3io+(2—-")

CnekTpaipHas IUIOTHOCTH IIpoIecca Ha BBIXOJE CHCTEMBbI paBHA,
cornacuo (4.2.7),
5 o+l 5
2\ 4 2 - 2 2 .
Tl+®) o +50°+4 n(o +1) (w0 +4)
Jlucriepcus mpoliecca Ha BBIXOJE paBHA

S, (@) S, ()] D(ie) [

i 5% do 5% 1 1
DX)=|S (0)do== — — do=
&) _-[O () Tc'[(co2+1)(032+4) 3n_w(w2+1 co2+4j

—00

5 1 0
=—|arctew|” ——arcte—|” |=5/6.
3n( gol’, 5 gzl_w]
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Ecnu nunamuyeckas cucteMa ycToWuuBa, TO IPHU JIOCTATOYHO OOJBIINX
3Ha4YeHUSAX ¢ (IOCie MepexoaHoro mnepuoja) GyHKUU Y(f) MOXKHO CUUTATh

cramoHapHoil. Tak kak X(f) u Y(¢f) cranuoHapHbl, TO MaTeMaTUYECKHE

OXKHMJIaHMSI MX TPOU3BOJHBIX paBHbl Hymo. [loaToMy mepexox K
MaTeMaTHYECKUM OXKUJAHHUSIM B paBeHCTBE (4.2.9) maet
—2m () =m (¢) vna m (1) =—m/ 2.

Omeem. m (t)=—m/2, D(Y)=5/6.

3agaua 4.20. Ha Bxoja JIMHEMHONM JTMHAMHUYECKOM CHUCTEMBI, OIHMCHIBA€MOM

muddepeHmanbHbBIM ypaBHEHUEM
V'(#)+ay'(t) + by(t)= x'(1) + ex(),

MOCTYMAET CTAllMOHAPHBIA ClydailHelil miporiecc X (f) ¢ MareMaTHYeCKUM
OoXuJaHueM m (f)=m W KOBapuaUUOHHON (yHkumen k (¢)=Dexp{—c|t|}.
Haitnute MmatremaTudeckoe OXKHJaHHE M AUCIIEPCHUIO TIpoliecca Ha Beixoje. (Cwm.
npumep 4.20 1 uCXoIHbIE JJAHHEBIE. )

Hcxoonvie oannvie k 3a0aue 4.20.

Nela|b|c| D\ m|N|a|b|c|D|m|N|a|b|c|D|m
1 |54 |3 (2|1 |11|8 (122 |3 |1 21|5 4|3 |5]|2
2 (5164|4312 9 (14322122564 ]|3 |1
3 (10|16 3 |2 |1 }|13]10(16|2 |4 |1 23|10|16]|3 |4 |1
4 (6| 5|21 314111842 |1 24,6 |5 2|23
516 |8 |1 |3 |215|7 1234|2256 |8 |1]4]2
6 | 7|16 |24 |1)16|8 15|25 |1]26|7 |6 |2]|5]3
714 (1325|1179 (184 |5 21274 |3 |2]4]3
8 | 8|7 (3[4 |2118]9 (2011|4228 8 |7 |3]|2]6
919 |82 |2 |119(11|24]2 |3 |41(29|9 |8 |2]|2]7
10| 7 (10| 4 |3 (22010212 |4 |5 307|104 |4 |5

Ipumep 4.21. Ilycte X — cnywaiiHas BenuunHa ¢ D(X)=D <oo.
Cnyyaitnsiif mponece Y (¢) onpenensiercsi ypaBHEHUEM
Y'(t)+aY(t) bX= Y(0) O, (4.2.10)
rie a u b — mnocrosiHHble Kod(hduiuentol. TpeOyeTcs HaWTU TUCTIEPCHUIO
nporiecca Y ().
Pewenue. Pemum nuneiinoe auddepeninuansHoe ypaBHeHue (4.2.10)
Metronom bepnymiu. Byagem wuckatrs pemenne B Bune Y(¢)=u(t)v(t). Torma

ypaBHeHue (4.2.10) MOKHO Tiepenucarh:
uv+uv'+awm= bX =>v(u'+au)+u'=bX.

[Mogbepem u(¢f) Ttak, utobbl u'+au=0, T. e dul/dt=—au=
=du/w —adt=In u= —at = u(t)=exp(—at). Ilpu Takom u(t) momydaeMm
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ypaBuenue e “v' =bX. Orkyna dv=>bXe"dt win v=bX(e” /a+c). B urore
noyryyaeM oo1iee pemienue ypapuenus (4.3.2):
YO)=u(@®)v(t) = “bX(e”/a+c) bX(¥ a+ce™).
[Tpu nmawaneHbIX yenoBusx Y (0)=0 mmeem 0=0X(1/a+c)=>c=-1/a.

X
YactHoe pemienne ypaBHeHus (4.2.10) umeet Bun Y (¢) = b—(l —e ). Tloatomy
a

D(Y)=D[bX(1-e“)/a]l b*(1-e“)YD/a’.
Omesem. D(Y)=b>(1—e )’ D/ a’.

3anaua 4.21.1. Cnyyaitnslii npouecc Z(¢) onpenensieTcsi ypaBHEHUEM
Z'(ty+aZ(t) b(¥+Y), Z(0)=0,
rae a u b nocrosinuble KO3huiuenTsl, a X U ¥ — He3aBUCHUMBIE CllydaiiHbIe
BemuuuHbl ¢ D(X)=H(Y) D <oo. Haiinure mucnepcuio Z(t). (Cm. mpumep
4.21, a — nepBas uudpa Bapuanta, b — HOMEp BapHUaHTA.)

3anaua 4.21.2. Cnyyaitnslii npouecc Z(¢) onpenensieTcs: ypaBHEHUEM
Z'(t)+aZ(t)=bX sint,
rae a u b mnocrosHHble KO3(pduieHTs, a X — caydailHas BeJMYMHA C
D(X)=D <oo. Halinure nucnepcuto Z(t). (Cm. npumep 4.21, a — nepBad
uudpa Bapuanta, b — HOMEp BapuaHTa.)

Ipumep 4.22. Ha RC — 1ienp, cxema KOTopoi n3odpakeHa Ha puc. 4.2.3,
noJaeTcsl clydaitHoe HampspbkeHue X (f) ¢ MaTreMaTHYeCKUM OXKUJIaHHEM

m_(t) =m ¥ KoBapuauuoHHou pynkuuen K (7,t,) =exp{—|t, —t,|}.

R

—
L —

x(1) - ¥(1)

Puc. 4.2.3

TpeOyercss HalTH MaTEMaTUYECKOE OXUJAHUE U JUCHEPCHIO C
HanpsbkeHust Y (¢) Ha BBIXOJIE.

Pewenue. JluddepenunanbHoe ypaBHEHUE, CBSA3BIBAIOIIEE CHUTHAN Ha

BbIXOJIe Y (f) ¢ curHasioM X () Ha BXOJl€ UMEET BUJI
dY (1) 1
—+ B E(¢ X(¢), toe —=>0. 4.2.11
X P¥(r) PBX(1), rme B RC ( )
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Pemenue 3TOro ypaBHEHUS MOXHO TIOJYy4YUTh, HAIpPUMEpP, METOJIOM
Bapualuu IIPOU3BOJILHON ITOCTOSTHHOM. OmHOpPOOHOMY  YPaBHEHHIO
dY (1)

dX
[losTOMy pelieHre COOTBETCTBYIOUIETO OJHOPOJHOTO YpPaBHEHUSI HMMEET BUJ
Y (t) = Cexp{—P¢}. Bmecto nmpousBoiabHON NOCTOsiHHOW C moxdepeM Takyro

+BY(#)=0 coOTBETCTBYeT XapakTepuCTUUeCKOe ypaBHeHHE k~+B=0.

byakmuto  C(t), uroosr Y(t)=C(t)exp{—Pt} cramo pemeHueM ypaBHCHHUS
(4.2.11). Torpa npu noactaHoBke 3Toro Y(¢) B ypaBHeHue (4.2.11) nonyuyaem

C'(t)exp{-Pt} —PC()exp{-Prj +BC()exp{-Pt PX(0).

OTtkyna cinenyet, 4To
C'(t)=Bexp{Bt} X (t) u C(t)= Bjeﬁ“X(s)ds.
[ToaTomy pemienue ypaBHenus (4.2.11) umeer BI/II[O
Y(t)=Bexp {—Bt}jeBSX(s)ds. (4.2.12)
3anuck (4.2.12) o3navaert, uto Y(¢) O;IBJI;IeTc;I pe3yJIbTaTOM JCHUCTBUS Ha
X (t) nuneitnoro omepatopa: L(X (1)) =P exp {—Bt}jeB X (s) ds.
B cootBerctBuum ¢ (4.2.1) O

m (1) = Bexp{-Pr} | e mds mexp{—Ptiexp{Bt} —1] m[l =exp{—Pt}].

0

ITo popmyne (4.2.2) npu ¢, <¢,

K (1) = B exp{-B(t, +1,)} [ " ds,

)
eBszesz—sldsz —
0

f )
=B exp{—P(t, +1,)} [ ds, [ € ds, =
0 0

Bz -4 _ 7B ty _ Bty
Bz_lz(e e )(e? —e?).

Bsz_ 1 exXp {_B(t1 + tz)}(e(ﬁ_l)tl - 1)(3(B+1)t2 - 1)

AHaJIOTU4HO IIPH £, 2 ¢, :

2
K, (1,t)= BZB_I(e"l —e (e —ePn).

[Toaromy nucnepcus

2

DY (1) =K, (t,1) = BBZ (e e —e ™).
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Omeem. m (t) =m[l —exp{-Bt}], D(Y)= BZB—zl(e" —e ) —e ™).

3anaua 4.22. Ha RC — uensp, cxema KOTOpou n3obpakeHa Ha puc. 4.2.4,
MoJaeTcsl clydaitHoe HampsbkeHue X (f) ¢ MaTeMaTHYeCKUM OXKUJIaHHEM

m_(t)=m n xoBapuanMoHHON (yHkumen K (7,t,)=7tt,. CUrHal Ha BBIXOIE

ONnpCACIIACTCA YPABHCHHUEM

%+BY(0 =X'(¢), rue P RLC:’>O'

C

|
1
x(1) R (1)

Puc. 4.2.4

Hailinure maTeMatnueckoe 0XUAaHUE U AUCIIEPCUIO HampskeHus Y (1) Ha
BbixoJie. (Cm. mpumep 4.22, Yy — HOMEp BapuaHTaA.)

4.3. NMpouecchl (rubeAn u poxxAeHUs)

[lycTh HEKOTOpPBIH OOBEKT MOXKET B KaXIblii MOMEHT BPEMEHU MOKET
HaXOIOUTBbCSA B ONHOM M3 cocrosHuu: E,E,,E.,...,E ,..., MHOXECTBO KOTOPBIX

KOHEYHO wmin c4yeTHO. (CYEeTHBIM Ha3bIBAIOT MHOMKECTBO, BCE DIEMEHTBI
KOTOPOrO MOIYT OBITb 3aHYMEpPOBAaHBI C IOMOIIBIO HAaTypalbHbIX uucen.) B
CllydallHble MOMEHTBI BpPEMEHU BO3MOXKHBI I€PEXOAbl U3 COCTOSHUS B
coctosiHue. OCOOEHHOCTh ATHX MEPEXOJOB COCTOUT B TOM, YTO 32 OECKOHEYHO
Majblii IPOMEXYTOK BPEMEHHM BO3MOXKHBI I€PEXOJbl TOIBKO B COCEHHUE
COCTOSIHHUSL.

dopmalibHO 3TO O3HAYaeT cieaytomniee. Eciv B MOMEHT BpeMeHU ¢ OOBEKT
HAXOAMTCS B COCTOSIHUU E,, TO 3a MaJlblii IPOMEKYTOK BpPEMEHU /i OOBEKT U3
COCTOsIHUSA E, MOMKET NEPEUTH B COCTOSIHUE E ., ¢ BEPOATHOCTBIO A /i +o0(h), a

BEPOSATHOCTh Ilepexoja B COCTOssHME FE , paBHa Vv h+o(h). HamomHuMm, 4ro
o(h) o3Hadaer BeIUYMHY OECKOHEYHO Malyl0 Oojiee BBICOKOIO TMOpSAKa

MaJIOCTH TI0 CpaBHEHUIO ¢ A. BeposiTHOCTh mepexona u3 E, B Ipyrue COCTOSHHUS
3a OECKOHEYHO Mallblii MPOMEXKYTOK BpeMeHU A mpeHeOpexkumo mana (o(h)).

Otcroa cienyet, 4TO BEpOATHOCTD 3a BpeMs /1 COXpaHUTh COCTOsIHUE F, paBHA
1-X h—v h+o(h). (4.3.1)
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[lycts mocTosinubie A, u v,, n=0,1,2,3,..., HE 3aBUCAT OT BPEMEHHU { U OT

criocoba mpuxoja o0beKTa B COCTOSIHHE E,. DTH MPEANOJIOKECHHUS MO3BOJISIOT
HapI/ICOBaTI) CJIEIYIOIIYIO CXEMY BO3MOKHBIX MEPEXO0/I0B (CM. puc. 4.3.1).

.f.r ?'u;k 2 ?LIL 1 I ?'uj,_+]

M
—I'-
... ..m
‘*‘11

Vf.. +1 VA +2

Puc. 4.3.1

[Iporiecc u3MeHEHUs COCTOSIHUM OOBEKTa MO TMPUBEACHHON cXeMe
Ha3bIBAETCS NPOYECCOM SUbenU U POAHCOCHUS.

OTH  nOpouecchl MOTYT CIYXUTh MaTe€MaTHUYeCKOM MOJENbI0 U1
NOMYJISIMUU  KMBBIX OpraHu3smMoB. B 3ToM ciaywyae mnojx cocrosHueMm E,
NOHUMAETCSl HAJIMYUE B TOMYJIALMU 71 OCOOEH, mepexos u3 £, B cocrosinue £,
O3HAYaeT POXACHUE HOBOTO 4WiIEHa MOMYJSLUH, a nepexon u3 E, B COCTOSHHE
E | cOOTBETCTBYET rHOeNIN OHOTO U3 €€ YICHOB.

B TtepMuHax mpoueccoB TrMOeaM U Ppa3MHOKEHUS MOXKHO OOCYXIaTh
MHOTHE TEXHHYECKHe 3agaud. Hampumep, s MareMaTH4ecKod MOJENH
TPAHCHOPTHOTO MPEANPUATUS MOJ COCTOSIHUEM MOXXHO IIOHUMAaThb YHUCIIO
aBTOMOOWJIEH, KOTOpbIE MPHUIOAHBI IS 3KCIUTyaTauuu. Torga BBIXOA M3 CTOS
aBTOMOOWJISI O3HAYaeT MEPEXOJ B COCTOSIHUE C HOMEPOM Ha €AUHHILY MEHbIIIE
(T.e. «rubenby»), a BOCCTAHOBICHHUE MAIIMHBI TOCIIE€ PEMOHTa — IMEPEXO]l B
COCTOSIHUE C HOMEPOM Ha €JIUHUILY OOJIbIIE («POKICHUEY ).

O6o3Haunm uepe3 P, (f) BEpOATHOCTb TOrO, YTO B MOMEHT BPEMEHU

OOBEKT HAXOAWTCS B COCTOSHMHM FE; W BBIBEACM YpaBHCHHS IS JTHUX
BepositHocTed. CHauana BbIBelleM ypaBHeHue mnpu k =1,23,.... [lns 3Toro

paccmMoTpuM OTpe3ok Bpemenu [0,/+/4] W ydreM BO3MOXKHBIE W3MEHEHUS

COCTOSIHUSI OOBEKTa 3a Majblii MPOMEXKYTOK BpeMeHH /A. OOBEKT B MOMEHT
BpEMEHU ¢+ /h OyIeT HaxOAUTHCS B COCTOSIHMM Ej, BEPOATHOCTb YEro paBHA
P,(t+h), ecnn B MOMEHT ¢ OH HaxXOJQWICSA B COCTOSIHUM £, |, BEPOSATHOCTD YETO

paBHa P_ (¢), 1 3a BpeMs /s IPOU3OLIEN NIEPEXO] B COCTOSIHUE £, BEPOATHOCTD
4yero paBHa A, J/i+o(h), wim B MOMEHT ¢ OH HaxOAWICA B COCTOSHUU FE,
BEPOATHOCTB 4YEro paBHa P, (¢), 1 3a BpeMsl s IepexoA0B He ObLIO, BEPOSATHOCTh
yero paBHa 1—A,h+v,h+o(h), WK B MOMEHT { OH HaXOIWICS B COCTOSHUU
E, . , BeposaTHOCTb 4ero paBHa P,  (f), u 3a BpeMs /i IpOU30LIEN IEpEXoi B
COCTOSIHUE Ej), BEPOSATHOCTB 4€ro paBHa v, i+ o(h).

CumBonM4eckas 3anuch 3Tou (ppa3bl UMEET BUJ

P(t+#) A _hP_(t)+(A-Nh—Vv )P (t)+V, hP, () +0(h).
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Ilepenecem w3 mpaBoil 4yactu B JeByl0 P, (f) U pasgenuM Kaxaoe
cjaraemMoe B paBEHCTBE Ha /i:
E(+h)—-E)
h
[Tpu & — 0 mony4aem nuddepeHnraIbHOe ypaBHCHHE
Pt)y=hr_P_&)—(A,+V)P.()+V, P. () npu k=123,.... (43.2)
VYpasuenue i k =0 moirydaercs u3 CIeIyOMUX paccyxaeHui. OObeKT
B MOMEHT BpeMEHU [ + /1 OyJeT HaXOAUThCS B COCTOSTHUH Ej, BEPOSATHOCTH YETO
paBHa P,(t+h), eciu B MOMEHT ¢ OH HaXOJIWJICS B COCTOSIHUM E, BEPOATHOCTH

=My Py (@) = (0 +VOP(D) +Vk+1Pk+1(t)+%‘

yero paBHa P,(f), 1 3a BpeMs /1 MepexonoB He ObLIO, BEPOSITHOCTh YETO paBHA
1-A,h+o0(h), v B MOMEHT ¢ OH HaXOAWJICS B COCTOSIHMM E)|, BEpOSITHOCTb
yero paBHa P,(f), u 3a BpeMs / TNpPOU3OLIEN IEPEXOo B COCTOsHHE K,
BEPOATHOCTb 4ero paBHa VA +o0(h). CuMBoIMYeckHn 3Ta (ppaza MOKET OBITh

3amucana B BUC
Pt+h) (I=Ah)B()+V,hP()+ o(h).

[lepenoc cmaraemoro P, (t) B J€ByIO 4YacTh, JAeJCHUE MPaBON U JIEBOU
JacTel paBeHCTBA Ha /h, TpeAenbHbId mepexon mpu /7 — (0 TpUBOIAT K
muddepeHmaTbHOMY YPAaBHEHHIO

B(#) =—h @) + v, B (0). (4.3.3)

VYpaBuenus (4.3.2) u (4.3.3) Ha3bIBAIOT CUCTEMOU YypasHeHul 2ubenu u
poocoenusi. B o0mieM Buje perieHue 3TON CHUCTEMbl MOIYYUTh CIOXKHO, HO B
OTZIEJIbHBIX YACTHBIX CIIy4asix 3TO BIOJHE 0003puMasi padbora.

OOBIYHO C TCUCHHUEM BPEMCHH BIIMSHUE HAYAIBHOTO COCTOSHHUS HMCCSIKAeT
U TPOIECC BXOJHUT B CTAIMOHAPHBIA PEXKHM, MPH KOTOPOM IIEPEXOAbI W3
COCTOSIHUAS B COCTOSIHHE TMPOJIOJDKAIOTCS, HO CaMU BEPOSTHOCTH COCTOSTHHMA
CTaOWJIM3UPYIOTCS ¥ TEPECTaloT 3aBHCETh OT BpeMeHH (OT HaYaJbHOTO

1—>©

cocrosiaust), T.e. P, (t)——>—P,. Ho npu stom P,(t)——==—0. B pe3ynbrare

cucteMa nuddepeHunanbubix ypaBHeHuil (4.3.2) u (4.3.3) npeBpaiaercs B
CUCTEMY OJIHOPOJIHBIX JIMHEHHBIX aNreOpandecKux ypaBHEHUI

—AB +v,P =0,

APy — (A, +Vv)P +Vv,P,=0,

AP, —(A, +Vv,)P,+Vv,P, =0,

Mooy =M + V)P + v, P, =0,

BriOpaTh €AMHCTBEHHOE pEIICHHWE CHUCTEMbl I[IO3BOJIIET  YCIIOBHE

HOpMUpPOBKU 2P, =1. Jlyig 3TOro BbIpa3uM BCE BEPOSATHOCTH, HAIIPUMED, 4E€PE3
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A
Py. U3 nepBoro ypaBuenust B, =—"P,. C y4eToM 3TOro, 3 BTOPOTO YpaBHEHUS

V1
AoA
nonyyaem P, =——LP,.
VIVZ
>\‘O 7\‘1 7\‘2
Tperse ypaBHeHue pmaer paseHcTBO P,=——=PF . IIpogomxas
V1 V2 VS
. . Aohi A
nofoOHble JeicTBUsA, Haigem, yto P, =———— = P,. Torga no ycioBuio
V\V,...V,
HOPMHUPOBKHU
A Ay A Ay A, A Ag Ay Ay A
P+—2P+——1Pp+ 21 2P +. 4+ 212 ——KLp 4+ =1
v, vV, V, V|V, V, V,V, V...V,
Ao Aoh, A A A MMy . A
0 07™1 07~17~2 07" 17~2 ="kl —1.
Pl1+—+ + +...+ +... =1
V., V)V,  V,V,V, V,V,V;...V,
-1
Ao AN A AA Agh, .. A
— 0 0™ 07"17~2 07" 1" k-1
P =|1+—+ + +o
Vi V)V,  V,V,V, V|V,...V,

B urore nosnyyaem, 4to
_ /Y S 1+& N Ao, N AoM A, L AA Ay, N
VV,...V, Vi V|V,  VV,V, VV,V;..V,

-1

P, (4.3.4)

3ameuanue. Eciou psan B 3HameHarene (4.3.4) pacxoaures, To Bce P, =0.
DTO O3HAyYaeT «B3PHIB» UYHMCICHHOCTH, T.€. 32 KOHEYHOE BpEMs MPOU30HIEM

y A
OeCKOHEYHO MHOTrO pokaeHui. Cxomumocth psga 1+—L+—"—L+ ... aBiasercs

Vl Vl V2
JAOCTaTOYHBIM  YCJIOBHEM  CYIIECTBOBAaHUS  HEHYJEBBIX  BEpPOATHOCTEH
P,,P,P,,.... Jna cxomumoctu psnpa no npusHaky Jlamambepa tpeOyercs,
YTOOBI

lim-4  fim 2t <1,

n—00 un_l n—oo Vn
T.C. Ha4YWHAad1 C HCKOTOPOro HOMEpPa #7n HNHTCHCHUBHOCTDH FI/I6GHI/I JOJIKHA
HpeBOCXOI[I/ITB HNHTCHCHUBHOCTDb pOH(HCHHﬁ.

Ipumep 4.23. Cucrema COCTOUT U3 OCHOBHOTO 0JI0Ka, OJTHOrO OJIOKa B
«ropstaem» peszepse (T.e. paboTaroero OJHOBPEMEHHO ¢ OCHOBHBIM) U OJIHOTO
0JIoOKa B «XOJOZHOM» pe3epBe (T.e. ITOT pPE3EpBHBIM OJOK HE paboTaer).
JlmuTenbHOCTh 0€30TKa3HOM paboThl padoTaroliero OJioka pachpeacsieHa Io
MOKAa3aTeJIbHOMY 3aKOHy ¢ mapaMerpoM A. Berimenmmii u3 crpos 010K
MPAKTUYECKH MTHOBEHHO 3aMEHSETCS OJIOKOM U3 XOJOJHOTO pe3epBa, a
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BBIIICAIIANA M3 CTPOsl OJOK HE3aMEeUIUTEIbHO HAYMHAIOT PEMOHTHUPOBATH.
Bpemsi pemMoHTa pacmpeneneHo Mo MOKa3aTelbHOMY 3aKOHY C MapaMeTpoM V.
Cuctema mpekpamaer cBOIO palOTy, Kak TOJBKO OCTAaeTCs BCETO OJUH
paboTocnocoOHbIN 351eMeHT. TpeOyeTcss HalTH BEPOSITHOCTh TOTO, YTO CHCTEMA
BBIIIET U3 CTPOS 10 MOMEHTA BPEMEHHU .

Pewenue. 1. CoctossHus cucTeMbl OyIeM pa3inyaTh MO YUCITY BbIIIEIIINX
u3 ctposi OsokoB. OO03HauMM uepe3 E; — COCTOSHHE, B KOTOPOM I OJIOKOB
BBIILIN U3 cTposA. Toraa rpad) COCTOSHHUI CUCTEMBI IMEET BU, N300paKCHHBIN
Ha puc. 4.3.2.

1 o¥
-hl -L...
(&), (&)
L v
Puc. 4.3.2

IIpoucxomur mnepexon E, —E,

i, =12, ecnm oOOMH U3 IBYX
paboTaromux OJOKOB BBIXOAMT M3 CTpOsl. MIHTEHCHBHOCTb TaKUX IEPEXOJOB

paBHa 2A. Ilpm OKOHYaHMM peMOHTa NPOUCXOIUT nepexoxn £, —FE ¢

i+1
MHTCHCUBHOCTBIO V. CocTosHMEe £E, SBISCTCS «IOTJIOMIAIOMIUMY — CCJIH
CHCTEMa I10I1aJIa B HETO, TO OHA 3TO COCTOSHUE HE IIOKUHET.

2. O6o3HaunM 4vepe3 P(f) BEpOSATHOCTb TOTO, YTO B MOMEHT BPEMEHH !

cucreMa OyneT HaxoauTbcs B cocrosHuM £E;. Hac wuntepecyer P (f) —
BEPOSITHOCTh TOTO, YTO B MOMEHT BPEMEHM / CHCTEMa YK€ BBIILIA U3 CTPOS.
Brixon U3 cTpOsi MOKHO CUMTATh «POKIACHUEM) HEMOJAJKU, a €€ YCTpaHEHUE —
«rubenptoy. CucrteMa ypaBHeHUM rubenu u pazmuHoxenus (4.3.2) u (4.3.3) B
HaIlleM clTydae UMEET BUI:
Bj(t)=-2MBy (1) + nR(1);
Pl(t)=21B,(t) - (2 + m)R(0); (4.3.5)
P,(t)=2)B1).
JIro00e u3 ypaBHEHHM CUCTEMBI MOKHO 3aMEHUTh YCJIOBUEM HOPMUPOBKU
P(0)+B(1) + B(1) =1.
[lycTh cuctema HauMHAeT CBOIO pabOTy U3 COCTOsiHUA K|, T.e. UMeeT
HAYaJIbHBIE YCIIOBHS:

F(0)=1, A®) P£®) 0.
3. Ilepetinem B cucteme (4.3.5) k mpeoOpazoBanusim Jlammaca:
SB(s)—1=-21B(s) + VR (s).
SB(s)=21P,(s) ~ (2 + V)B(s),
SP,(s)=21P(s)
WM
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(2% +5)B(s) — nP(s) =1,
2MR(s)—(s+2°X+n)P(s) =0, (4.3.6)
2MB(s)—sP(s)=0.

Pemienne cuctemsl (4.3.6), Hanpumep, no popmynam Kpamepa naer:

2h+s -V 0
A 20 —(s+2A+Vv)=0]| s[s”+4hs+4L% +ns],
0 2\ —s
2A+s -V 1
AF | 20 —(s+2h+Vv)E 0] 407
0 2\ 0
P (s)= A W (4.3.7)

A s[s?+4hs+4NE +vs]
Ocraerca HaiiTu oOpaTHOe npeoOpasoBanue or F,(s). Hanpumep, mpu

A=1wu v=1 Beipaxenue (4.3.7) npuHAMAET BU]
YO P 4, 8, C _
S[s”+5s+4] s(s+4)(s+1) s s+4 s+1
_A(s+A)(s+1)+Bs(s+1)+Cs(s +4)
- s(s+4)(s+1) '

(3mech MBI TOJIB3yEMCS METOJOM HEOMPEIeNEHHbIX KOA(DPUIIMEHTOB NSt
pa3oXeHus Ha TMpocTeie JpoOu). Mmes nBe paBHBIE IpoOM C pPaBHBIMHU
3HaMEHATEeAMH, TPUPABHUBAEM YHCIHUTENIH dTUX APOOEH

4=A(s+4)(s+1)+ Bs(s+1)+ Cs(s +4).
[IpupaBHUBas B MpaBoOW U JIEBOM YaCTAX paBEHCTBA KO3(PQUIMEHTHI MPU

paBHBIX cTeneHs X s, monyuuM A=1, B=1/3, C=-4/3. B urore nmeem

P(s) =t
s 3(s+4) 3(s+1)

O6pamenue nmpeodbpazoBanus Jlamnaca 1aeT ICKOMYIO BEpPOSITHOCTb

1 4
P()=1+—e""——¢".
(1) 3 3

-t

1 4
Omeem. P,(t)=1 +§e4” —Ee .

3amauya 4.23. Cuctema COCTOUT M3 OJTHOrO PabOTaIONIEr0 YCTPOICTBA U
OJIHOTO YCTpPOICTBA B «XOJOAHOM» pe3epBe. JIUTENbHOCTh O€30TKa3HOM
paboThl pabOTAIOIIEr0 YCTPOMUCTBA pacipeiesieHa 1Mo NoKa3aTeIbHOMY 3aKOHY C
napaMmeTpoM A. Belmeaniee U3 cTposi YCTPOMCTBO MPAKTHUECKH MIHOBEHHO
3aMEHSETCS] YCTPOMCTBOM M3 XOJIOJHOTO pe3epBa M  HE3aMEIUTEIbHO
HAayMHAETCsl PEMOHT. Brlmieniue w3 CcTposi yCTpPOWCTBA PEMOHTUPYIOTCS B
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NOpsAJIKE MX BbIXOJAA W3 CTposs. Bpems peMoHTa pacnpeneneHo 1o
MIOKa3aTeJIbHOMY 3aKOHY ¢ mapameTrpoM v. Cuctema mpekpalaer cBOK padoTy,
KaK TOJBKO HE OCTAaHETCs paboTOCINOCOOHBIX ycTpoilcTB. TpeOyercs HalWTh
BEPOSITHOCTh TOTO, YTO CUCTEMA BBIMAET U3 CTposA 10 BpeMmeHH f. (CM. mpumep
4.23, v=0,N, roe N — HOMEp BapuaHTa, A =2V.)

Ilpumep 4.24. Ha KOHTaKTHOM MHOTOKaHAJIbHOM TeleoHe QupMbI
pabortaer ueThipe omnepaTtopa. Kaxnpiii cBOOOJHBINM ONEpaTop HE3aBHCHMO OT
IPYTUX HAa UHTEpBaJEe BpEMEHU [f,f+ Af] MOXET C BEpOATHOCTBIO AAf + o(At)

HayaTh OTBeYaTh Ha 3BOHOK. Ormeparop, OTBEYAIONIMNA HA 3BOHOK, C
BEpPOSITHOCTHIO VA? + 0(At) Ha UHTEpBalie BpEMEHH [?,f + Af] MOXKET 3aBEpIIUTh

OTBET U OCBOOOIUTHCA. TpedyeTcss HalTh MpeesbHbIE BEPOSTHOCTA TOTO, UTO
OyIyT 3aHSTHI kK ONIEpaTOPOB.

Pewenue. CocTosiHUSL KOHTaKTHOTO TesiepoHa OyAeM pa3inuyath M0 YUCITy
3aHATHIX onepatopoB. IlycTs £, — 03Ha4aeT, 4yTo 3aHsAThl k U3 HUX. Torna rpad
COCTOSIHMI UMeET BUJ, U300pakeHHBIN Ha puc. 4.3. 3

4;',, 3 A ’7' 2h,
\..J
Puc 4.3.3

CocraBuMm ypaBHeHuUs i BepoaTHOCcTe F, (). ConmocTaBUM 3HAUEHUS
3THUX BEPOATHOCTEN B MOMEHTHI BpEMEHHU f U  + At :

P, (t + At) = B (¢t)(1 - 4Lt +o(At)) + vAt +o(At).

[lepenoc cnaraemoro F,(f) B JE€BYIO 4acTb, JEJICHHE IPABOM M JIEBOM
yacTeld paBeHCTBa Ha Af, mpenenbHbll mnepexon npu Af—(0 NOpuUBOIAT K
muddepeHmaaTbHOMY YPAaBHEHHIO

Py(6)=—42,B,(t)+ VR(?).

Ha xonTakTHOM TenedoHe B MOMEHT BpeMeHHU f+ At OyleT 3aHAT OJUH
oIepaTop, BEpOSITHOCTb 4ero pasHa P, (f + At), eclli B MOMEHT ¢ BCE OIIEepaTopbl
ObUIM CBOOOIHBI, BEPOSATHOCTb 4ero paBHa P (f), u 3a Bpems Af OJUH U3
OMEepaTOPOB BKIIOYWICS B pabOTy, BEPOSITHOCTh uero paBHa 4AAf + o(At), unu B
MOMEHT ¢ ObUI 3aHST TOJIBKO OJUH ONEPATOp, BEPOSATHOCTh 4ero paBHa P (f), u

3a  Bpemss Af mepexoJoB He  ObUIO, BEpPOSTHOCTh YEro  paBHa
1-3\AAt+ vAt +0(At), wnun B MOMEHT ¢ OBUIM 3aHATHl JIBa OIlepaTopa,

BEpPOATHOCTh 4ero pasHa P,(f), u 3a BpemMs Af OOUH U3 ONEPATOPOB
ocBoboamics 2VAtL + o(At).

CumBonMyeckas 3amnuch 3Tou (Ppa3bl UMEET BUJL
P (t+A8 ANALP(t) + (1 -3NA? — vAL) P (1) + 2vALP,(t) + o(At).
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Ilepenecem w3 mpaBoil 4yactu B JeByl0 P, (f) U pasgenuM Kaxaoe
cllaraéMoe B PaBEHCTBE Ha Af:
B(t+ A1)~ B(1)
At
IIpu At — 0 nmonyyaem nquddepeHiranbHoe ypaBHEHHE
P(t)=4AP)(t) — BL+ V)P, () +2VP,(2).
AHAaJIOTUYHO BBIBOJIATCS] YPABHEHUS
Pj(t)=3\P,(t) — (2h+2V) P, (1) +3VP,(2),
P/(t)=2AP,(t) — (A +3V)P,(t) +4vP,(2),
Pi(1)= 1P, (1)~ 4vP,(0).
C TedeHHEM BpPEMEHHM BEPOSTHOCTH COCTOSIHUM CTaOWIM3UPYIOTCA U
MEePECTalOT 3aBUCETh OT BPEMEHU (0T HAYAJILHOT'O COCTOSIHUS), T.€.
P (1)—=>P,.

— I\P,(1) = (3N + V) P,(£) + 2VP, (1) + "(AAt H

Ho mpu stom P/(1)——"—>0. B pesyabtare cucrema audpepeHmaibHbIx

YpaBHEHUM MPEBpPAIIACTCS B CUCTEMY OJHOPOJHBIX JUHEUHBIX are0OpandecKux
YpaBHEHUU

—4\F, + VR =0,

ANP, — (3L + V)P, +2VP, =0,

3AP, — (2N +2V)P, +3vP,= 0,

2AP, —(A+3v)P, +4vP, =0,

AP, —4vP, =0.

BriOpaTh €AMHCTBEHHOE pEIICHUWE CHUCTEMbl I[IO3BOJIIET  YCIIOBHE

HOpPMHUpPOBKU 2P, =1./I71s 3TOro BBIpa3UM BCE BEPOSTHOCTH, HAIIPUMED, 4Epe3
Py. 13 nepsoro ypaBHeHus B, = 4\/—7LPO C y4eToM 3TOro, u3 BTOPOTO YpPABHEHUS

6A

noinyyaem P, =—-H,
\%

3
Tperbe ypaBHEHHE HAeT paBEHCTBO P, :7130- [Iponomxkas momoOHbIE

4
INEUCTBUSA, HAUNEM, 4TO0 P, = —4PO. Torga 1mo ycioBUIO HOPMUPOBKHU
\%

4N % 42} At

h+—R+—FR+—P+—FFP =1
\% \% \% \%
O6o3naunm A /v uepes p. Toraga
1 1

P = = .
0 1+4p+6;)2+4p3+p4 (1+p)4
Otkyna
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2 3 4

4p 6p 4p p

R=r—— P=——, D=7, Py=—"—=.
(1+p) (1+p) (1+p) (1+p)

4 2 3 4
Omeem. P, :—p4, P, =L4, P, :L“ P, :p—4.
(1+p) (1+p) (1+p) (1+p)

3anaua 4.24. K nuHuu 351eKTporepeiad noAKII0UYEHBI 7 SIIEKTPOMOTOPOB,
KOTOpble paldOoTal0T HE3aBUCHUMO JPyr OT Japyra. BeposTHOCTH TOro, 4To
HEepaboTaloMKA 3JIEKTPOMOTOP B TEUEHHE Majoro BpemeHu Af Oyner
MOAKIIOUEH K ceTh, paBHa aAf+o0(Af). BeposSTHOCTb  OTKIIOUYCHUS

paboTarolero SIEKTPOMOTOpa B TEUYEHHWE Majoro BpeMeHu Af paBHa
BA? +o0(At). Haiimute cTamioHapHBIE BEPOSTHOCTH YHCIA DJIEKTPOMOTOPOB,
paboTarnuX B JAHHBI MOMEHT.

(Cm. mpumep 4.24, B HEYETHBIX BapHaHTaX N =15, B YeTHbIX n=0,
o =0,k, Tne k — nepBas uudpa HoMepa BapuaHTa, [3 — B JiBa pa3a OoJIbllIe o.)

IIpumep 4.25. Cucrema MaccoBOro OOCITY>KHBaHUSI COCTOMT W3 JIBYX
o0CITyKUBAIOIINX YCTpOUCTB. B cucreMy mocTymaer HOpOCTEUIINA MOTOK
TpeOoBaHUI Ha OOCITYy>KHBaHUE WHTEHCUBHOCTH A. BpeMeHna oOciykuBaHUs
TpeOOBaHUI HE3aBUCUMBI U HMMEIOT MOKAa3aTEJIbHBIM 3aKOH paclpelieNieHUs C
napaMeTpom v (Vv — UHTEHCUBHOCTH oOciykuBaHusi). TpeGoBaHue, 3acTaBliee
BCE YCTpOMCTBA 3aHSTHIMH, MOXKET BCTaThb B OYEPE]b WU MOKUHYTh CUCTEMY.
BeposTtHocTh  mpUCOENMHEHUST K  OYepeAd  MPONOPLMOHANIBHA  YHCIY
00CITyKMBAIOIINX YCTPOUCTB U 0OpAaTHO MPOMOPIIMOHATIFHA YUCTY TpeOOBaHUH B
CHCTEME ILIIOC OAMH. DTO O3HAYAET, YTO MHTEHCUBHOCTh nepexona £, —E .

paBHa 2A/(m+3). TpeOyercss HaWTH CTaIllMOHAPHBIC BEPOSITHOCTH YHCIA
TpeOOBaHUI B CUCTEME.

Pewenue. O6o3Haunum 4yepes £, — COCTOSHHE CHCTEMBI, KOTJa B HEM
HaxoaTcs k TpeOopanuii. ECiM B cucreme Haxomurtcs 2+ m TpeboBaHui (1Ba
TpeOOBaHUSI OOCIY>KUBAIOTCA W M OXUJAIOT B OYEPEaH), TO BEPOSTHOCTH
MPUCOCTUHEHUS K OUepeIn TI0 YCIOBUIO 3aaun paBHa 2(2+m+1) 2 Km+3).

OTO O3Ha4aeT, YTO MHTEHCUBHOCTH nepexona E, — E ., paBHa 2\ /(m+3).

24+m

I'pad cocTostHuit cuctemsl n300paxeH Ha puc. 4.3.4.

A,k 2M3 204 205 206
[ED] [Elj [Elj [Eﬁj [E_l] E:". ‘e e
vV v v v v v
Puc. 4.3.4

CocTaBuM CUCTEMY ypaBHEHUN THOEIN U PA3MHOKEHHUS
Py(t)= 1B (1) +VB(1),
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P()=AP,(t)—(L+V)P(t)+2VP,(2),
Pj(t)=AP(t)— (2L /3+2V)P,(t)+ 2VP,(2),
Pl(t)=2)/3P,(t)— (2N /4+2V)P, () + 2vP,(2),
Pj(t)=2A/4P,(t) — (2N /5+2V)P,(t) + 2VP,(2),
P(t)=20/5P,(t)— (21 /6+2V)P,(t) +2VP(2),
Jnsa craumonaproro pexuma (P, (1) ———P,, P/(t)—-——0) nomyuaem
CUCTEMY OJHOPOJIHBIX JTUHEHHBIX allreOpandecKuX ypaBHEHUN
—\P, + VP =0,
AP, —(A+ V)P +2vE 0,
AP, —(2)/342V)P, +2vPs= 0,
2M/3P,—(2M/442Vv)P,+2vP= O,
2N/ 4P, —(2M/5+2v)P, +2vP= 0,
2M/5P,—(2A/64+2Vv)P;+2vP, =0,

DTy CHUCTEMY €CTECTBEHHO JIONOJHHUTh YCIOBUEM HOPMHUPOBKHU

P+A+P,+...=1. N3 mnepBoro ypaBHeHHd IOIy4aeM, 4ro £ = &PO
A%

2
[loxcraBisAsg 3TOT pe3ylabTaT BO BTOPOE YPABHEHHUE, HAXOIUM P, :2'—\)2130 "3

TPETHEr0 YPaBHEHMs, C YYETOM IMOJYYEHHBIX 1 P u P, BBIpaKE€HHI, NUMEEM

7\‘3
P, :F P,. Ilpomomxass [OedCTBOBaTh NOJOOHBIM  0OOpa3soM, MOIY4YHM
v
7\‘k
P, = P P,. O6o03HaunM A/v gepe3 p. Bocronb3yemcst yc1oBHEM HOPMUPOBKH:
v
2 3 k
Pp. P 2 _
P, +pF, + 2!PO+ 3!PO+...+ k!PO+... 1,
2 3 k
OTKyZa B)(l+p+p—+p—+...+p—+...]:1 wmn Pe’ =1. B urore
2! 3l k!
p’ p*
P =e”, P=pe”, P, =2—!e_p, ey Pr=P, =Ee_p, cee

rac p ﬁ\./V,T.e. CTAaOMOHAPHOC PACHpPCACICHUC OKa3aJloCh PACHpCACICHUCM

ITyaccona. Hcnosb3ysh HaWIECHHBIE CTAlHOHAPHBIE BEPOSITHOCTA MOXKHO
BBIYHCITUTH Pa3HBIE XapaKTEPUCTHKU cucTeMbl. Hammpumep, npu A=1u v=1/2
BBIYUCIIUM CPEJIHEE YHUCJIO 3aHSATHIX OOCTYKMBAIOIIUX YCTPOUCTB. [lockombKy

p=2 u P =e’, P=2e’, To MareMaTHYeCKOe OXHJAHWE YHCIA 3aHATHIX
puOOpPOB PaBHO
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0-e’+1-2e?+2(1—e? —2eH 2-4e” ~1,46.
BeposTHOCTE TOro, 4to TpeOOBaHME NOCTYHNUT Ha OOCIyKMBaHUE O€3
oXunanus B odepenu, paHa P, +P 3¢’ ~0,41. BeposATHOCTb HaIM4us

oucpcan B CUCTCMC paBHaA
1-P—P—-P, =1-5¢7~0,31.
k

Omeem. P, =%e‘r, k=123,....

3amaua 4.25. Cucrema MaccoBOro OOCIY>XKHBaHUSI COCTOUT W3 K
oOcnyxuBarImux ycrpoiicts. (Hanpumep, npayeynas-aBToMar, rjae NOCETUTENH
caMu CTUpArOT Oelibe B OJJTHOM U3 n MaluH.) B cucteMy nocrynaeTr npocTenImii
NOTOK TpeOOBaHMII Ha OOCIy)KMBaHWE HWHTEHCUBHOCTH A. Bpemena
oOciyKMBaHHUsI TpeOOBAaHUU HE3aBUCUMBbI M HUMEIOT II0KA3aTENbHBIA 3aKOH
pacrpeieneHus ¢ mapameTpoM vV (V — UHTEHCUBHOCTb OOCTYKUBaHUS).

TpeOoBanue, 3actaBliee BCE YCTPOMCTBA 3aHATBIMH, MOXET BCTaTh B
ouepe/b WIHM NOKUHYTh cucteMy. Eciii B cuctemMe HaXOAUTCs 1+ m TpeOOBaHUI
(n — oOcmyXuBalOTcI M m — OXHUJAIOT B OYEpPEaH), TO BEPOSTHOCTh
NPUCOECIUHEHUsI K O4Yepeau MPOINOPLHOHAJIbHA YHCIY OOCITYKHBAIOIIUX
YCTPOMCTB M OOpAaTHO NPOMOPLHMOHATIBHA YUCITY TPEOOBaHUI B CHCTEME ILIHOC
OJIMH, T.¢. paBHa n/(n+m+1). DTo 03Ha4YaeT, YTO MHTEHCHBHOCTH IEpEX0]ia

E. —>E

n+m+l

paBHa An/(n+m+1). Haiinure:

1) cranuoHapHble BEpPOSTHOCTU 4YHKCIAa TPeOOBAHMM HAXONAIIUXCA B
CUCTEME;

2) cpeHee YMCII0 3aHATHIX YCTPOUCTB 00CITY KUBaHUS;

3) BEpOATHOCTh TOTO, UYTO TpeOOBAHUE MOCTYNUT Ha OOCTyXHBaHUE 0e€3
OKHJIaHUS B OUEPE]IN;

4) BepOSITHOCTh TOTO, YTO B ouepeAu OyJeT HAXOAUThCA HE MeHee k
TpeOOBaHUM.

OTBeT Ha MepBbI MYHKT HAWIUTE B 00IIEM BUE (1Sl MPOU3BOJIbHBIX A U
V), OTBET Ha MOCJEAYIOIINE MyHKTHI AalTe JIsl KOHKPETHBIX A U V, YKa3aHHBIX B
UCXOMHBIX NaHHBIX. (CM. mpumep 4.25 v UCXOAHBIC TaHHbIE. )

Hcxoonvie oannvie k 3a0aue 4.235.

Ne | n A \% k | No | n A \% k | No | n A \% k
1 3 1 1 2 111 | 4 3 134 3 |21 6 2 [12] 2
2 4 2 11213 12| 5 3 1232 122 3 2 |3/4] 3
3 5 4 1 2 |13 | 3 1 |4/5) 3 |23 4 |25 1 2
4 3 1 |12 3 |14 | 4 4 1 2 124 | 6 3 (23] 2
5 4 3 1 2 |15 | 5 3 ]08| 3 (25| 3 1 104 3
6 5 4 |12 3 |16 | 3 1 |13 4 126 | 4 [35]| 1 3
7 3 1 (23| 4 |17 | 4 4 11,513 127 6 4 1 2
8 4 3 14/5) 3 |18 | 6 5 1 2 |28 | 3 1 /10,5 4
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5/4 | 2

9 |5 |3 1212|193 2|1 [2]2 ) 4
6

4
10 | 3 | 1 [3/4 )2 120 4 |5 |15 2 |30 4 |3/4| 2

IIpumep 4.26. CucteMa MaccoBOro OOCIY>KHBaHUSI COCTOUT U3 OJIHOTO
oOciykuBaromiero npubopa W OAHOrO mnpudbopa B XOJOJAHOM pPE3EPBE.
HNHTEHCUBHOCTH BBIXOIa U3 CTPOs paboTarorero mpudopa paBHa A. [Ipu Bexoze
U3 CTpos paboTaroiiero mpubopa €ro MPaKTUYECKHW MTHOBEHHO 3aMEHSIOT
PE3EepPBHBIM, a BBIMICAMIANA W3 CTPOS TPHOOP HAYMHAIOT PEMOHTHPOBATH.
Breimenmue w3 crposs mpuOOpHl PEMOHTHUPYIOTCS C WHTEHCUBHOCTHIO V B
nopsiake ouepenu. [locie oTkasa yCTpoMCTBa pEMOHT MPOJOJIKAETCA C MPEKHEN
MHTEHCUBHOCTHIO. [Ipy HaM4mu B cuctemMe rogHoro K padbore mpudopa cucrema
BO300HOBIISIET CBOIO padoTYy.

TpeOyercst HaTH MO0 BPEMEHU TPOCTOS CUCTEMBI HM3-3a BBIXOAA W3
cTpost mpubopoB. HalitTu Hapa®OTKy Ha OTKa3, T.e. CpeAHEEe BpeMsi palbOThI
CHUCTEMBI MKy TPEOBIBAHUSIMHU B OTKA3HBIX COCTOSTHUSX.

Pewienue. CoctostHusi cuctembl OyaeM pa3iuyarh MO YHCIY BBIIICANIAX
13 cTpos mpubopoB. OO03HAUYUM uepe3 E; COCTOSHHE CHUCTEMBI, B KOTOPOM I
AJIEMEHTOB CHCTEMBI HAaXOJATCSA B HepabodeM cocTossHuu. Torma cocrosiHue E,
MO>XHO Ha3BaTh OTKa3HBIM COCTOSTHHUEM, MOCKOJIBKY 00a 3JIeMEHTa BBIIUIA U3
ctpos. I'pad coctostHuii cucTeMbl H300pakeH Ha puc. 4.3.5.

-, o
3 3
Puc. 4.3.5

Ecnu cuutath BBIXOA W3 CTposl mMpubOoOpa pPOXKICHUEM HEMOJIAJKH, a
3aBEpIICHUE PEMOHTAa €€ THuOenblo, TO CHUCTeMa YpPaBHEHUM THOEIH W
pasmHoxenus o ¢popmynam (4.3.2), (4.3.3) nns Haiiero ciryyas IPUHUMAET BUJT

Py(t)=-MBy (1) + VR(?),
P(t) =AB,(6) ~ (+V)B (1) + VA, (1), (4.3.8)

!
P(t)= B (1)~ VP,(1).

OTO cucteMa JUHEHHBIX OJHOPOJHBIX NU(PdEepEeHIINaNTbHBIX YPaBHEHUN C
MOCTOSIHHBIMU k03 durmentamu. Jlroboe ypaBHEHHE CHUCTEMBI MOXKHO
3aMEHUTDH YCIOBUEM HOPMHUPOBKHU:

P(0)+B(1)+ B(1) =1.

C yuerom Toro, uto P,(t)—=2—>P wu mpu stoMm P(t)—=2—0, s

CTAllMOHAPHBIX BEPOSITHOCTEM COCTOSHUU TIOJIy4aeM CHUCTEMY OJIHOPOJHBIX

JUHEUHBIX aIre0pandecKuX ypaBHEHUN
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—AF, +VE =0,
AP —(A+V)R+VvE 0,
AP, —VP, =0.
DOrta cuctemMa wuMeeT OeCKOHeYHO MHOro pemeHuid. s  BwIOOpa

NPUEMIIEMOIO JUId HAc pEUIEHHs OJHO M3 YPaBHEHUHM, HaIlpUMEp, BTOPOE
3aMEHUM YCJIOBHEM HOpMUPOBKU F) + B + P, =1

v
W3 mepsoro ypaBHeHuss mMeeM £ :XP“ a M3 TPEThEro ypaBHEHUS

P = &Pl Torna 1o yciioBUr0 HOpMUPOBKU %Pl + P + &131 =1, oTkyna
% %

Av B p

Vv l+p+p?

1

rae p=A/v. Toroa
2 2 2
\% 1 A p
B== 2= 22 b== 2= 2
Vi+AV+HAT 1+p+p Vi+AVHLAT 1+p+p
CranuoHapHY0 BEpOSITHOCTh P, MOKHO MTOHUMATh KakK JOJF0 BPEMEHH, B
TEUCHHE KOTOPOM CHUCTeMa HaxOJWTCA B Hepabouem cocTosiHuHM (00a mpubdopa
BBIIILJIA U3 CTPOS).
JIiss  BeIUMCICHUST HapaOOTKM Ha OTKa3 chejaeM CocTosHue FE)

NOIVIOUIAIOIIKM, T.e. HMCKIouuM nepexon £, — E,. Torma rpad cocrosHuit

OyJleT UMEeTh BUJ, N300pakKeHHBIN Ha puc. 4.3.6.

.‘—
v

Puc. 4.3.6

OtoMy rpady COCTOSIHUM COOTBETCTBYET CUCTEMa YPAaBHEHUI
Py(t)=-MB (1) + VA1),
B(t) = ME (1) = (M + V)R (), (4.3.9)
Bi(1) =B (0).
3amaguMm  HavanpHoe  coctosHue. Ilycrs, Hampumep, £(0)=1,
P(0)=PF(0)=0. O6o3naunm uepe3 P(s) mpeodOpa3oBanue Jlamnaca ot P(¢) u
3anumieM cucrtemy (4.3.9) B mpeobOpazoBanusx Jlamnaca:
sFy(s) —1=VER(s) = AR (s),
sP(s)=AE(s)—(A+n)B(s),
sP,(s) = AR (s)
WA
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(A +5)B(s)~VE(s) =1,
—AB(s)+(s+A+VER(s) O, (4.3.10)
AP (s)—sP(s)=0.

Haiinem P,(s), Hanpumep, 1o npasuwiry Kpamepa. Berancnum onpenenurenns

cuctemsl (4.3.10):
S+A -V 0

A=A  s+A+v=0]| —s(s*+25A+A>+vs)

0 A —s
S+A -V 1
u AF | =A s+A+v=0[ —A° [osToMy P(s)=A, /A=
0 A 0
=\ s(s> +25h + A%+ vs).

O06o3Haunm yepe3 F(t)=1- P (f) — BepoATHOCTb OE30TKa3HOI pabOTHI
CHCTEMEI 10 MOMEHTa #, a depe3 () Jé YF(t) ¢ Je“"[l—Pz(t)] dt — ee
0 0
npeoOpaszoanue Jlamnaca. Torga

- 1 % S+20+V
3(s) 1/s—P(s) ——=— > = > :
s S(sT+25A+A"+5v) S T+25A+AT + sV

3ameTtuM, uTo I(0) J[IE P,(t)]dt =M(T), rne T — BpeMs TOCTHKEHUS
0

OTKa3HOT'O COCTOSIHUS, T.€. BpeMsi 0€30TKa3HOI pabOThl CUCTEMBI.
[locnennuii BBIBOA OCHOBaH Ha CIEAYIOIIHUX cooOpaxkeHusax. ITycte X —
HEOTpHUIaTEeIbHAs ChydyaiiHas BenuuuHa ¢ (QyHKIOUEH pacnpeneneHust F(x).

I/IHTerI/Ip}IH 10 94aCTsAM, BBIYHCIINM
F =1-£(x), du -Ex)dx —f(x)dx,
i1 PO {u (). du ~E(x)ds —/() x}

7 dv=dx, v=x

=x{1-F(x)]|; + Tx F(x) dx =M (X).

2A+ 2
B namem cayuae M (T)=3(0)= 72 v v [lepBoe cnaraemoe

—+—.
2
A LA
paBHO HapaOOTKe Ha OTKa3 3a CYET XOJIOJAHOTO pPEe3epBUPOBAHUS, BTOPOE
cJlaraeMoe BO3HHUKJIO 332 CYCT PEMOHTA.

Omeem. M(T) =z+l2.
AoA
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3agauya 4.26. CuctemMa MHOTONO3UIIMOHHON PaguoI0Kallu COCTOUT U3 1
paboTaronux pajgruoOKAIMOHHBIX CTAHIIMK U m CTAaHIMU B XOJIOJTHOM pe3epBe
(1711 HEYETHBIX BAPUAHTOB) WJIM TOpPSIYEM pe3epBe (I YETHHIX BApPUAHTOB)
MHTEeHCHBHOCTh BBIXOJIa W3 CTPOSI KaXXI0M paboTarolied CTaHIUM paBHA A.
Kaxnas Bwllienmas U3 CTpOsS CTaHIUS PEMOHTHUPYETCS C MHTEHCUBHOCTBHIO V
(a1 HE4eTHBIX BapuaHTOB). J[Ji1 4YETHBIX BapHAHTOB BBINICAIINE W3 CTPOS
CTaHIIUU PEMOHTUPYIOTCS C UHTEHCUBHOCTBIO V B MOPSJIKE UX BBIXOJA U3 CTPOSL.

CuctemMa OTKa3bIBa€T, €CIU OCTAETCA TOJBKO Kk pabOTOCIIOCOOHBIX
cranuuii. Ilocme oTkaza cuCTeMbl PEMOHT TMPOJAOKAETCA C MPEKHEH
WHTEHCUBHOCTHIO. [Ipn Hammumu B cucteme k +1 romHpix K paboTe cTaHIUi
cucTeMa BO300OHOBIISIET CBOIO padoTy.

1. ITocTpouTts Tpad COCTOSHUN CUCTEMBI.

2.  CocraButh cucremy aud@epeHIUaNbHBIX  YpaBHEHUN A
BEPOSITHOCTEN COCTOSIHUMA CUCTEMBI B MOMEHT BPEMEHU {.

3. Halitu cTanimoHapHbIE BEPOSTHOCTU COCTOSIHUM cucTeMbl. HaliTu nosro
BPEMEHU MPOCTOSI CHCTEMbl. BBIUUCIUTH 3TH XapaKTEPUCTHKHU Tipu 1/ A =a 4.,
1/v=>b u.

4. HaliTu cpeaHIO0 HapabOTKy Ha OTKa3. BeIUMCIUTE ee Mpu yKa3aHHBIX A
1 v. CpaBHUTH CO CpeHEN HapaOOTKON IPU OTCYTCTBUU PEMOHTA.

(Cm. mpumep 4.26 1 UCXOAHBIEC TAHHBIE. )

Hcxoonvle oannvie k 3a0aue 4.26.

Neln|\m| k| a b|Ne|n|m|k| a b|Ne|\n|m|k| a |b
1 (221100 (211|423 | 8 |4(21 /2|2 |1]| 8 |2
2 13121218 |[4}12(1(2|0]100 (4222 2|1]100 |2
3 /31|18 |2(13|{5|1|3/100|5}23|3|1|1]100]2
4 12/1]0(100|4}|14|6 |1 |4 | 50 [1]24|3 |1 |1] 8 |2
5114|1250 |1[15|5 2|4 ] 8 2125412200 |4
6 |31 ]1100|2(16|/4 |2 |3 | 8 (41264 |1 |2 50 |1
7121701200417/ 6 1|4 ] 50 (1272 |1]0]|100 | 4
82|21 8 |2[18|5 2|4 ] 8 |2128/2|1]0/|200 |4
9 |3|/2(2100(4(19|1 2 |0]100 41293 |22 | 8 |4

10/ 2|1 [0]100 4020|513 ]100|5)30(3|2|2 100 |4

PaccmoTpum cuctemy MaccoBOro OOCIIYy>KUBaHHS, B KOTOPYIO MOCTYIMAET
MPOCTEHIINIT MOTOK TpeOOBaHUNW HMHTEHCUBHOCTH A. Bpems o0OciyxuBaHus
pacripezielieH0 TMoKa3aTelbHO ¢ mnapameTrpoMm V. Kaxnoe TpeboBaHue mpu
MOCTYIUICHUH B CUCTEMY HauyMHAET OOCHTY>XMBAThCA HEMEJJIEHHO, €CIU €CTh
X0Tsl ObI oguH cBOOOMHBIN TprubOop. Ecnu TpeGoBanue 3actaetr Bce n MpuOOPOB
o0cCITy’KMBaHUSI 3aHATHIMU, TO OHO TOJIy4aeT OTKa3 u Tepsercs. Takyro cucrtemy
Ha3bIBAIOT CHUCTEMOM ¢ moTepsiMH. [IpuMepom TakoW CHCTEMBI MOXKET CIYKUThb
TenedOHHBIN y3er.
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3ameuanmne. Ilycth Bpemsi o0OCIyXUBaHHMSI HMMEET IOKa3aTEIbHOE
pactipenenenue ¢ (Qynkuuei pacmpeneneHuss F(x)=1-exp{-vx} u mycTsb
oOciy’kKMBaHUE YK€ NPOJOJLKAIOCh Bpems x. M3  XapakTepucTUYECKOro
CBOMCTBA TOKA3aTEJILHOTO pAacIpeeieHusl CJeIyeT, YTO OCTaBIIAsICAd YacThb
BpEMEHHM OOCIyKUBaHHUSI HMEET TO K€ camoe pacnpenenenue. lloatomy
BEPOSTHOCThH TOTO, YTO OOCITYKUBaHUE 3aBEPIIUTCS 3a MOclenyomee Bpems Ax
paBHa

F(A%)—F(0) 1—exp{—VvAx}—[l—exp{0}] 1—exp{—VvAx}
=1-(1-vAx+(VAX)* /2—=.))  vAx +o(Ax).

Ilog cocrosiHuem Ej; MOXHO ToJiaraTb TO COCTOSIHUE CHUCTEMBI, MpHU
KOTOpOM B Hel Haxoautcs (oOcmyxkuBaercs) k TpeboBanuil. Torma cucrema
MOMET HaXOIUThCA TOJIBKO B cocTosHusax FE,E,E,,....,E . BepoiTHOCTh

nepexosia u3 cocrosHus Ey B cocrosHue E, , mpu k <n paBHa AAX+o(Ax).

Ecnu B cucteme Haxoautcst k TpeOOBaHU, TO MHTEHCUBHOCTHh OOCITY>KMBAHHMS
paBHa kv M BEpOATHOCTb Iepexona u3 E; B E, | 3a manoe Bpems Ax paBHa

kvAx +o(Ax). Mpl umMeeM A0 C TPOIECCOM THOENIM M Pa3MHOXKEHUS, IS
KOTOporo A= A npu k<n u A, =0 npu k=2n, v, =kv opu 1<k<nuv, =0
npu k >n. Ecim BBectn oOo3HaueHue p A /v, 1o dopmyna (4.3.4) maer
BEPOSITHOCTH COCTOSTHUHN cucTeMbl ipu 0 <k <n:

1
;P
P = ] '1 T (4.3.11)
s 2 = 3 - on
1+p+2!p +3!p +.. .n!p

®opmyis (4.3.11) HazpBaOT hopMyliaMu DpiiaHra, KOTOPBIM X BIIEpBbIE
BeiBeN B 1917 r. B mocnepyromeMm OkKas3anoch, 4TO JJISI CUCTEM C MOTEPSIMU
Gdopmynvt Dpranea coxpausaiom ce0w CMPYKmypy Hpu abom pacnpeoeseHuu
ONIUMENILHOCIU  OOCIYHCUBAHUS, UL Obl CpeOHee 8pemMs O0O0CTYHCUBAHUSL
pasHsinocs 1/ v.

[Ipu k=n dopmyna (4.3.11) gaeT BEpOATHOCTH TOTO, YTO BCE MPHOOPHI
3aHATHI OOCIY>KMBaHUEM U, CIEJOBATENbHO, MOCTYIUBIIEE B TaKOM MOMEHT
TpeboBaHUE MOTYYUT 0TKa3. [l03TOMy BEpOSITHOCTh MOTEpU TPEOOBAHUS paBHA

P = ' — (4.3.12)

IIpumep 4.27. B cucteMy MaccoBOro OOCIIyXUBaHHS, COCTOSIIYIO W3
YEThIPEX KaHAJOB OOCITY>XKMBAHHUS, MOCTYHAET MPOCTEUIINNA MOTOK TpeOOoBaHUI
UHTeHCUBHOCTH A =1. Bpemena oOcmyxuBaHus TpeOOBaHUII HE3aBUCHMBI U
Ka)KJI0€ UMEET paclpesiesieHrne ¢ (QyHKIMEH MIIOTHOCTU BEPOATHOCTH
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xexp(—x) npu x =0,

f(X)={

TpeboBanue, 3acTaBiiiee Bce KaHaIbl OOCITY>KUBAHUS 3aHATHIMU, TEPSAETCSL.
HeoOxonuMo HaWTH BEpOSTHOCTh NOTEpU TPEOOBAHUS U CpPEIHEE YHUCIIO
3aHATHIX 00CITYKUBAHUEM KaHAJIOB.

Pewenue. 1lycte V' — BpeMms oOcnyxuBaHus TpeOoBaHMs. Borumcianm
cpeaHee BpeMsi 00CTyKUBaHUS

0 mopu x<O.

M) =_[X-xe_x=dx & s du =2xdes dv e dx,v —e )=

0

=—xe " |} +2Jxe‘xdx =2 Jxe‘xdx =
0 0

={x u, du dx, d= e’'dx,y —e'}=2{=xe"

.+ Te‘xdx} =2.
0

B dopmynax DOpmanra p A/v. 3amenss 1/v va M (V)=2, nonydaem
p AME)=2. Ilo dopmyine (4.3.11) umeem:

P, = =3/21; P =P, —  6/21

+ +
20 31 4l 21 31 4l
P,=4/21 u P,=2/21. BepoATHOCTb 3aCTaTh BCE KaHAJIbl 3aHATBIMU PaBHA
P,=2/21. D10 1 ecTh BEpPOATHOCTb IOTEPHU TPEOOBAHUSL.

CpenHee 4HCIIO 3aHATHIX KAHAJIOB PaBHO
0-6/21+1-6/21+2-6/21+3-4/21+4-2£21 38/21=18]1.

Omeem. 2/21; 38/21=1,8]1.

3apmaua 4.27. B cuctemy MaccoBOro OOCITY>KMBaHUS, COCTOAILYIO U3 K
KaHaJIOB  OOCIY>KMBaHUS, TIOCTyMaeT MPOCTeHIMii MOTOK TpeOoBaHU
MHTEHCUBHOCTH A. BpemeHa oOcnyxuBaHus TpeOOBaHUI HE3aBUCUMBI U KaX0€
MMEET pacIpeieIIeHNe

0 mpu x<1,

F(x)=<J(x-1)/b npum 1<x<b+1,
1 mpu b+1<x.

TpeboBanue, 3acTaBiiee Bce KaHaIbl OOCTY>KUBaHUS 3aHATHIMU, TEPSAETCS.
Halinure BeposTHOCTH TOTEpH TpeOOBAHUS W CpPEJHEE YHUCIO 3aHSTHIX

oOcmyxuBanuem kaHanoB. (Cm. mpumep 4.27, b — HOMEp BapuaHTta, B
HEUYETHBIX BapHaHTaX n =35, B YETHBIX BapuaHtax n=6, AL — cymma uudp
BapUaHTA. )

315



Ilpumep 4.28. Ha MHOrokaHanbHbIH KOHTAaKTHBIM TenehoH QUPMBI
MOCTYMAaeT MPOCTEUINI MOTOK 3BOHKOB MHTEHCHUBHOCTH MSATh 3BOHKOB B 4ac.
Bpewms pazroBopa ¢ KaxxJIpIM KIIMEHTOM B cpeaHeM 3aHuMaeT 10 MuHyT. 3BOHKH,
3aCTaBIIME BCE KaHAJbl 3aHATHIMU, TepAOTCS. CKOJIBKO JTOJKHO OBITh KaHAIOB
JUISl TOTO, 9TOOBI Tepsisioch He 6osee 10% 3BOHKORB?

Pewienue. ®opMynbl DpiiaHra COXpaHSIOT CBOIO CTPYKTYPY IpHU JTHOO0M
pacrpeieieHud BpPEMEHU OOCHyKMBAHUSI W 3aBHUCAT TOJBKO OT CPEIHEro
3HAUEHUS JJIUTEIBHOCTH OOCTykuBaHWs. B Hamem ciygae A =5, cpemnee
Bpemsi oOcmykuBaHusi paBHo 1/6 4. Iloatomy p=5/6. SBHO pemuTh
HEPABEHCTBO

1,
f'p
n!

] I <0,1,
l+p+ - +...+—p"

2! n!
Jake TIPU W3BECTHOM 3HAYEHUU P, €ABa JIU BO3MOXKHO. [103TOMYy ecTecTBEHHO
HalTU n OpocThIM nepedopom ero 3Hauenuil. Haunem ¢ n=2. Ilo popmyne

(4.3.12) ipu n=2

L)
P, = 2100 25/157~0,16>0,1.

5 1(5
l+—+—|
6 2116
1o Toit sxe popmyne pu n =3
I(ST
!
= 316 ~0,05.

P ~
3 2 3 2
5 1(5 1(5
I+—+— | +| =
6 2116 3106
Briunciienuss mokazand, 4TO NpU JIBYX KaHaJIaX TepsieTrcs Okoio 16%
3BOHKOB, a y>K€ IIPU TPEX KaHajax MOTEPU COCTABAT OKOJIO 5% 3BOHKOB.
Omeem. J10CTaTOYHO TPEX KaHAJIOB.

3agaua 4.28. B otaen 3aka3oB TOProBoro I€HTpPa TMOCTYMAET Ha
MHOTOKaHAJbHBIM Tee(OH MPOCTEHUIINM TMOTOK 3asgBOK HWHTCHCHBHOCTH A
3asBOK B 4yac. Bpemena oOcnyXrBaHUsI 3asBOK HE3aBUCHUMBI U UMEIOT (PYHKIIUIO
pacnpeneneHus
0 mpu x<1/b,

F(x)=<Inbx mnpu l/b<x<e/b,
1 mpu e/b<x.

316



3asiBKa, 3acTaBlllas BCE KaHAJbl 3aHITBIMH, TepsieTcs. CKOJBKO HYXHO
MMETh KaHAJIOB, YTOOBI JIOJIsI IPUHSTHIX 3asBOK cocTanisiia He MmeHee 90%? (Cwm.
npumep 4.28 1 UCXOo/IHbIE JJAHHBIE.)

Hcxoounvle oannvie k 3a0aue 4.28.

N | A | b | N | A| b |[Ne| A | Db [N | X | b |Ne| A | Db |Ne| X | D
1 (3|76 |8 |8 116|916 5 |10]21|4 12|26 4 |10
2 148719 7127|8176 |8 225 |11127|5]12
31519839138 |7 |18|,7 ]9 23|67 28|38
4 16|10, 9 4|7 |14 3 |10(19| 8 | 9 |24 |3 [12]29]| 6 |11
5171711058154 ]9 20| 3 |11]|25|4|11(30|3 |9

4.4. MeToA cpas SpAaHra

CnyuvaitHass BennunHa X MMEET paclpejesieHue OpilaHra mopsiaka k ¢
napameTpoM A >0, ecnu ee GYHKIHS MTIOTHOCTH BEPOSITHOCTH UMEET BUJ

fk(x) — }\'k k-1 _—hx
(k-1)!
Ha puc. 4.4.1 npuBenensl rpaduxku pacnpeaesieHuss OpilaHra mIpu
3HAYCHUH IapamMerpa A =1 ¥ pa3HbIX 3HAUCHUSX K.

59)
1

, x=>0.

L J

X

Puc. 4.4.1

[Tpu k =1 momy4aercs niomuocms NOKA3AMeNbHO20 PaACnpedeleHUsl.

Meton a3 DOpnanra npumeHsieTcs TOrAa, KOTJa Hapsaay C
MOKA3aTeIbHBIMU PACTIPEICICHUSIMU B CTOXAaCTUYECKON CHCTEME BCTPEUAIOTCS
pacnpeneseHus JpJiaHra.

MaremaTu4eckoe ONMUCAHUE TaKOW CHUCTEMBI BO3MOXKHO C MOMOIIbBIO
MapkoBcKoro mporecca. 9Ta BO3MOKHOCTh OCHOBAaHA Ha TOM, YTO CIy4alHYIO
BEJIMYMHY, UMEIOILIYI0 paclpeesieHre JpiiaHra mopsiika k ¢ mapaMmeTpom A,
MOXHO TIPEJCTaBUTh B BHUJAE CYMMBI Kk HE3aBHUCHUMBIX IOKa3aTEIbHO
pacmpeneNeHHBIX CIydalHbIX BEJIWYMH C mapameTrpoM A. Hampuwmep,
JUTUTENILHOCTh OOCTY>KMBaHUS, UMEIOIIYIO paclpe/eieHne Jpiianra nopsiaka k,
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MOXHO CYHMTaTh COCTOSINEH M3 k HE3aBUCUMBIX «(a3», Kaxaas U3 KOTOPBIX
HMMEET OJTHO U TO K€ MOKAa3aTeJIbHOE pacIpe/ieieHue.

Oka3zbIBaeTcsi, 4YTO MHOTHE (YHKUHUM paCHpeleleHuss JTOMyCKaloT
XOPOIIIYI0 aNMpOKCUMAIMI0 € MOMOIIbIO JIMHEHHON KOMOWHANUU (GYHKIHMA
pacnpeneseHust JpJiaHra.

Hpumep 4.29 (cucmema Snecema ¢ nomepsamu). Cucrema 00CITyKUBAHUS
COCTOUT W3 OAHOro mpuOopa. M3 n HE3aBUCHMBIX HCTOUYHHUKOB MOCTYIMAIOT
TpeboBanus. Bpemsi o0cinyxuBaHus 11000ro TpeOOBaHUSI UMEET paclpe/iesiCHHe
Opaanra 3-ro nopsjaka ¢ napamerpom p. M3 kaxxJIoro HCTOYHUKA MOCTYIAET HA
o0cTy’>KMBaHUE MPOCTEHUIINII TMOTOK 3aABOK, MHTEHCUBHOCTU A. HWHTepBaibl
MEXy IpuxoJaMu TpeOOBaHUM U3 TaHHOTO MCTOYHHMKA Ha30BeM nay3amu. Eciau
TpeboBaHUE 3acTaeT MpuOOp CBOOOJHBIM, TO HAYMHAET Cpa3y OOCITY>KHUBATHCS.
[loka mnpoucxoAuT 3TO OOCTYKMBaHUE, W3 JIAHHOTO MCTOYHMKA HOBBIX
TpeboBaHuii He mnoctynaer. [locine 3aBepiieHus OOCTYXMBAaHUS HAUYMHAETCS
OTCUET HOBOM May3bl HA JAaHHOM MCTOYHUKE. TpedyeTcsl HAlTH 00 BPEMEHH,
B T€UEHHE KOTOPOUl mpubop OyaeT 3aHsT.

Pewienue. BeinenuMm cocTosius cuctemsl: Ey — npubdop cBoboaeH; E; —
npuOop 3aHAT i-i dazoit oociyxuBanus. ['pad coctosHmil cucTeMbl H300paKeH
Ha puc. 4.4.2.

[l
v |
(E (B> (B
Puc. 4.4.2

11 BEpOSITHOCTEW COCTOSIHUM CHUCTEMBI B MOMEHT BPEMEHH ! MOXHO

COCTaBHTH CHUCTEMY YPABHEHHIA:
Bj(t)=-n MRy (1) + nA (1),
Pl(t) = nhB,(1) ~ uR (1),
Pi(t) = uB(6)~ uPy(1),
Pi(6) = pP,(1) ~ WPy (1).
Torma nns cranMOHapHBIX BEPOATHOCTEH ( P (1) ——-— ) moiayyaem cucremy
—nAF, + P, =0,
nhE —uh =0,
wh —pp, =0,
nEe, —pp =0,
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U3 KOTOpon F, = %Py B =P =PF,. U3 ycnous HOPMUPOBKU I (i + 3] =1L
n

An
[losromy P, =F =P, :L, P = S BepostHOCTE TOrO, 4TO CHCTEMA
W+ 3nA u+3ni
3aHATa paBHa P + P, + P, = ﬂ :
u+3ni
Omeem. i
wn+3ni

3agaua 4.29.1. B oHOKaHaJIbHYIO CHUCTEMY MAacCOBOTO OOCITyKUBaHUS
MOCTYMAeT MPOCTEHIINI MOTOK TpeOOBaHUM Ha OOCITY>KMBAHHUE WHTEHCUBHOCTH
A. BpeMena oOciyKUBaHHSI HE3aBUCHUMBI M UMEIOT paclpejelieHHe DpiaHra
nopsnka k ¢ mapameTpoM L (B YETHBIX BapuaHTaX k =2, B HEUETHBIX k =3).
TpeboBanue, 3actaBiiee 00CIyKUBAIOIIKUN MpUOOP 3aHATHIM, TepsieTcs. KakoBa
BEPOSITHOCTh MOTepu TpeboBanua? Pemmte 3amauy B 00IIeM BHjae, a 3aTeM
BBIYUCIIUTE HCKOMYIO BEpPOSITHOCTh MpU A paBHOM cymme uudp Baiero
BapHaHTa, a |1 BO3bMUTE paBHBIM A / 2. (Cm. mpumep 4.29.)

3amaua 4.29.2. HHrepBasnbl MexaAy nOpuxojgamMu TpeOOBaHUM B
OJIHOKAHAJIbHYI0 CHCTEMY MAaCCOBOI'O OOCIYKMBAHMSI UMEIOT paclpeiesieHue
Opnanra k-ro mopsiaka ¢ napaMmeTpoM A («BXOASIIMI MOTOK OpiaHra k-ro
nopsiaka»). BpemeHa oOcnyXMBaHUS HE3aBUCUMBI UM HMEIOT IOKa3aTeIbHOE
pacnpeneneHue ¢ napameTpoM L. TpeOoBaHue, 3acTaBliliee OOCITYKHBAIOLIUN
npubop 3aHAThIM, TepsieTcs. KakoBa BeposTHOCTh otepu TpeboBaHusi? Pemure
3a/ady B OOIIEM BHJE, a 3aT€M BBIYHUCIUTE HCKOMYIO BEPOSITHOCTH MpPHU A
paBHOM cymme nudp Bamrero BapmanTta, a (L Bo3pMuTe paBHBIM A /2. (Cwm.
npumep 4.29.)

3apaua 4.29.3. Jlns BapuantoB 1-16: Ha oOcmyxkuBatouuit mpubop
MOCTYMAaeT TMOTOK TpeOOBaHUM, HHTEPBAJIbI MEXKIY MOMEHTaAMHU MpHUXOJaa
KOTOPBIX HE3aBUCHUMBbI M UMEIOT pachpeiesiecHue OpiiaHra mnopsiaka k ¢
napaMmeTpoM A. Bpemena oOciykKMBaHMsI HE3aBUCUMBI U UMEIOT pacipe/ieliCHHE
Opnanra mnopsiaka m C mapameTpoM L. TpeOoBanue, 3acTaBiiee Mnpudop
3aHSATHIM, MOJy4aeT OTKa3 U TepsieTcs (B cuMmBosvke KeHnnanna umeercs B BUIY
cucreMa MaccoBoro oociyxwusanus E, |E |1/0). Haiinute nomo BpeMeHu

MIPOCTOSI CUCTEMBI U JIOJI0 MOTEPSHHBIX TPEOOBAHUIA.

Jns BapuantoB 17-30. CuctemMa oOCHTYyXMBaHUSI COCTOMT U3 OJIHOTO
npubopa. M3 n HE3aBUCUMBIX HCTOYHHMKOB MOCTYMarOT TpeOoBaHus. Bpewms
oOciy:kKuBaHUsI JIIOOOTO TpeOOBaHUS HMEET paclpe/iefieHne OpliaHra m-ro
nopsiika ¢ mapamerpom L. M3 kaxa0ro MCTOYHUKA MOCTYNAeT Ha 00CITyKUBAHUE
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MPOCTEUIITNI TIOTOK 3asBOK, MHTCHCUBHOCTH A. VHTEpBaNBl MEXIY MPUXOTAMHU
TpeOOBaHUI W3 MAHHOTO HUCTOYHMKA Ha30BeM Tmay3amu. Eciu TpeboBaHue
3actaer npuOOp CBOOOAHBIM, TO HA4YMHAET cpa3y oOciyxuBaThecs. Iloka
MIPOUCXOIUT 3TO OOCITYyKUBAaHUE, U3 TAHHOTO UCTOYHUKA HOBBIX TPeOOBaHUU HE
noctymnaeT. llocine 3aBepuieHust OOCTYXMBAaHUS HAYMHAETCS OTCYET HOBOU
nay3sl Ha JAaHHOM HWCTOYHHWKE. TpeOyeTcss HalTh JOII0 BPEMEHU, B TCUCHUE
KoTopoit npudop Oyzaet 3ausT. (CM. npumep 4.29 U UCXOAHBIC TaHHbIE. )
Hcxoonvle oannvie k 3a0aue 4.29.3.

N | bk |m|Ne| k| |m|Ne| k|m | N|k|m|N|k|m|N|k|m
11 (3,6 3|2 (11|52 16| 5 |3 213 |3]|26|6 |2
212121716 12|34 ]|17|2|21]22|3|427|61|3
3 /14|82 |4 )13/ 4|3 182 |3 123,5|21[38|6 | 4
4 12 (13]1]9 (421441192 |4 (24|53 ]29|7 ]2
51157102 |5 15|3 |5[20]3 |2 (25,5 |430|7 |3

4.5. MaQpPKOBCKHE NPOLLECChbl C AUCKPETHbIM MHOXECTBOM COCTOAHUMU. Llenun
Mapkosa

Cnyuaiinvim npoyeccom {X(t)},., Ha3bIBACTCA CEMEHCTBO CIy4YalHbIX
BenMurH X (¢), 3aBUCAIIUMX OT TapameTpa f, KOTOpPhIH IpobOeraeT HEKOTopoe

MHOXECTBO 3HaueHHi 7. IIpeamosaraercs, 4To BCE ATH CIydalHbIE BEJIWYUHBI
OMpe/ieNIieHbl Ha OJIHOM M TOM K€ BEpOSITHOCTHOM mpocTpaHctBe {Q, A, P} u

MPUHUMAIOT JCHCTBUTENIbHBIE 3Ha4YeHUs. MHOXECTBO 3HauYeHuM Oynuem
Ha3bIBaTh MPOCTPAHCTBOM COCTOSIHUM, a MO MapaMeTpoM ¢ OyJaeM MOHUMAaTh
BpeMs. Tak uto BenuunHa X (f) yKa3blBaeT COCTOSIHHE CUCTEMbl B MOMEHT

BpeMeHH f. MHOXeCTBO 3HaUeHUH ¢ MOKeT ObITh AuckpeTHbiM T ={0,1,2,3,...},
unu HenpepeBHBIM T =[0,00). WuHorma Bmecto X(¢f) OyaeM HCHONIB30BaTh
oOo3HaueHwue X,.

Omnpepesenne. CiyyailHbId OpoLiecC X; HA3BIBAETCSA MAPKOBCKUM, €CIU
mig  moboro MoMmeHTa BpemeHu f, €1 =0,00) pa3BurHe mpouecca B

NOCIEAYIONIE MOMEHTBI BPpEMEHM (IIPU ¢ > f,) 3aBUCUT TOJIBKO OT COCTOSIHUS

rpouecca B MOMEHT BPEMEHU fy U HE 3aBUCHUT OT TOTO, KOIJla U KakK IMPOLECcC
MIPUILEI B 3TO COCTOSTHUE.

[lycth HekoTOphIM (U3MYECKHI OOBEKT B KaXJAbli MOMEHT BpPEMEHHU
MOYKET HaXOJUThCS B OJHOM M3 CBOUX BO3MOXKHBIX COCTOSIHUM, YUCIO KOTOPBIX
KOHEYHO WJIM CYEeTHOE. B 3TOoM cilyyae uHOrAa TrOBOPAT O JHCKPETHOM
MHOXeCTBe cocTOsiHUUA. CoOCTOSIHUSI MOTYyT OBITh KA4eCTBEHHBIMU U
ONUCHIBATBCA  CJIOBaMHM, WM KOJWYECTBEHHBIMM UM  XapaKTEPU30BATHCS
HEKOTOpPbIMM uynciiamu. [IpencTaBieHne 0 MHOXKECTBE COCTOSIHUNA U O CTPYKTYpPE
IIEPEXOJI0OB M3 COCTOSHMS B COCTOSIHME JAeT CXeMma, KOTOpas Ha3bIBAECTCS
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epaghom cocmosanuu. bynem crtpernkamMu 0003HAYaTh BO3MOKHBIEC MEPEXOJIbI, a
yepe3 E; — BO3MOXKHBIE COCTOSTHUS.

B—E &
\ v
Puc. 4.5.1

Hanpumep, B rpade cocrosiamii (puc. 4.5.1) Ey o3Ha4yaer, 4To YCTPOIMCTBO
HOBOE M HE BKIIIOYEHO B paboTy, £| — ycTpoiicTBO pabortaet, £, — yCTpOHCTBO
HEWCIIpaBHO, FE3; — TMPOUCXOAWT TIOMCK TIPUYMH HEUCHpPAaBHOCTH, F; —
MPOU3BOJIUTCS PEMOHT, Es — yCTPOMWCTBO MPU3HAHO HE MOJICKAIUM PEMOHTY
U yTHUIM3UPOBaHO. Eciiu peMOHT ynancs, TO MPOUCXOAUT MEPEXO] B COCTOSHUE
E,.

B3aumHoe pacrosiokeHre COCTOSIHUM B rpade Mo3BOJISET UX Kiaccudu-
IIUPOBATH CIETYIOIIUM 00pa3oM:

1. CocTosiHME HA3BIBACTCS UCMOYHUKOM, €CIIM OOBEKT MOXKET BBIUTH HX
HEro, HO TOMacTh BHOBb B HETO HE MOXKET (B MPUBEICHHOM IPUMEPE COCTOSHHUE
Ey).

2. CocrositHue HazbIBaeTcsa noziowjaroujum (WA KOHIIEBBIM), €CJIM B HETO
MO>KHO BOWTH, HO M3 HETO BBIMTH HEJB3S (B IPUBEACHHOM IIPUMEPE COCTOSTHUE E5).

3. CocrosiHue E; Ha3bIBACTCS COCEOHUM K COCTOSHUIO Ej, €CIM BO3MOKEH
HEIOCPEICTBEHHBIN MEPEXO] U3 COCTOAHMA F; B cocTosiHue £;. B npuseneHHOM
npumepe FE3 cocelHee COCTOSHUE MO OTHOLICHUIO K FE,, HO £, He cocemHee
COCTOSIHHE IO OTHOIICHUIO K F3.

4. ITogMHOKECTBO COCTOSIHUI Ha3bIBACTCA Ip2oouteckum (U CBS3HBIM),
€CJIM U3 KaXXJO0TO COCTOSIHUSI 3TOT0 MOJAMHOKECTBA MOXHO MOMAacTh B JII00OOE
JPYroe COCTOSIHUE 3TOTO MOJIMHOKECTBA.

@ "\

| B
e o :
\ /

Puc. 4.5.2

Hampumep, B rpade (cM. puc. 4.5.2)aBa 3proguvyeckux MOJIMHOXKECTBA
cocrosinuii: {E£,,E,,E.} n {E,,E.}.
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CnyvaifHplif mporecc U3MEHEHHSI COCTOSIHUM O00BbEeKTa MOXKHO MOHUMATh
KaK MpoIiecc OIy»KIaHus 0 MHOXKECTBY COCTOSIHUM rpada.

C ToukM 3peHMs OmNMcaHus OOBEKTa TMEePBOCTENCHHBIA HHTEpeC
IPEICTABIISAIOT BEPOSITHOCTH COCTOSIHUM 3TOro 00bekTa. O003HaunM uepe3 P (1) —

BEPOSTHOCTH TOTO, YTO B MOMEHT BpEMEHU ¢ 00BEKT HAXOJAUTCS B COCTOSTHUU F;.
OueBUIHO, YTO ZPi(t) =1.
i

Yacto uHTEpec MNpeACTaBiIseT JHUIIb YCTAHOBUBLIMICS PEXHM pPAaOOTHI
(WM CTAllMOHAPHBIA PEXHUM), B KOTOPBIM OOBEKT BXOAMUT IMOCIE JOCTATOYHO
J0Jroro BpeMeHu pabothl. [Ipu cTanmoHapHOM peXHMe IpoLece Mepexoja us3
COCTOSIHUS B COCTOSIHUE NPOJOJDKAETCS, HO BEPOSATHOCTH COCTOSIHMI He
n3MeHAITCA. O003HaUUM 3TH BEPOATHOCTH depe3 P;. Tak uto P = }i_I)EB(t).

Benuuuny P; MOXHO MOHMMAaTh KaK CPEIHIOI0 JIOJII0 BPEMEHHU, B TEUCHUE
KOTOPOU OOBEKT HaXOAUTCA B COCTOSHMUHU E;. B o0meM ciryuae P(f) 3aBHCAT OT

BCEH MPEIBICTOPUH MEPEXOIOB U3 COCTOSHHS B COCTOSIHUE 10 MOMEHTA BPEMEHU
. DTO 4pe3BBIYANHO YCIOXKHSAECT MAaTEMATUYECKYI0 MOJIEb TAKOro mpoiecca. B
MaTeMaTH4YeCKOM IUJlaHe Haubojee TMPOCThl MapKOBCKUE IPOIIECCHI, HE
00J1aJal0IINE KIAMSTHIO» O MPOUIIOM.

Eme pa3 mnoBropuMm, 4YTO CHy4YalHBIM MPOLECC C JUCKPETHBIM
MHO>KECTBOM COCTOSIHUM Ha3bIBACTCSI MAPKOBCKUM, €CIIA JUJISl TH000r0 MOMEHTA
BPEMEHHU #) BEPOATHOCTb KAXKIOIO U3 €ro COCTOSHUM B Oynymiem (mpu ¢ > 1)

3aBHUCHUT TOJBKO OT €r0 COCTOSIHHS B HACTOSIIHUM MOMEHT M HE 3aBHCHUT OT TOTO,
KOTJIa ¥ KaK MPOLIECC IIPHUILIETT B OTO COCTOSHUE.

Eciu nepexonsl U3 COCTOSHUS B COCTOSIHUE MOTYT IIPOUCXOJAUTH TOJIBKO B
ONpPECACIICHHBIC MOMCHTBI BPEMEHM {,f,,1,,..., TO IIPOLECCC HA3BIBAKOT Yenvio

Maproea. MOMEHTBI TIEpEX0/I0B U3 COCTOSIHUSI B COCTOSIHME HA3bIBAIOT IIaraMu
npoiiecca. HarsiaHpiM npuUMepOM MapKOBCKOW IEMU MOTYT CIYXUThb JAETCKHE
UTPBbI, B KOTOPHIX MPOJBUKEHHE (UIIKH 3aBUCUT OT BBIMNAJACHUS TON WJIM UHOU
IpaHU UTPAJLHOTO KyOHKa.

BaxxupiMi XapakTepUCTUKAMHU MApKOBCKOW LEMH SBISIOTCS YCIOBHBIC
BEPOSTHOCTH IIEPEX0Ja CHUCTEMBl Ha k-M HIare B COCTOsHHME FEj, ecad Ha
npeasiaymeM (k—1)-m mare ona Obuta B coctosiHuu E;. O003HauuM 3TH

BEPOATHOCTH 4epe3 F;(k) u Ha30BeM HX MNEPEXOAHBIMH BEPOATHOCTIMM.

BeposatHocts P,(k) MOXHO IOHUMAaTbh, KAaK BEPOSTHOCTb COXPAHHUTH CBOE

cocrosguue E; Ha k-M miare.
[lepexoiHble BEpOSATHOCTU YyAOOHO 3alUCHIBATH B BUJIE MPSIMOYTOJIBHOM
Ta0IuIbI (KBaIpaTHON MaTpUIlbI):

322



A(k) F,(k) ... R, (k)

P.(k) P,(k) ... P (k
||Pij||: 21:() 22:() iy Zn:()

P,(k) P(k) ... P,(k)

DTy MaTpuily Ha3bIBAIOT MATPHUIEH TEPEXOMHBIX BEPOSTHOCTEH WITH
IPOCTO nepexooHou mampuyeu. Tak Kak Ha KaKJOM IIIare CUCTeMa HaXOIUTHCS
B OJHOM W3 CBOWIX BO3MOXKHBIX COCTOSIHHMA, TO ISl JIOOOW CTPOKH MATPHIIBI
CyMMa ee »JJEeMEHTOB paBHa eauHuIe. MaTpuipl, oOoO0JaNalolue STUM
CBOMCTBOM, Ha3bIBAIOT CHOXACMUYECKUMU.

JIIss  OAHO3HAYHOTO B BEPOSITHOCTHOM CMBICJIE OIMHUCAHUS TIpolecca
MEPEXO/I0B U3 COCTOSHUS B COCTOSTHUE HYXHO, TTOMHUMO TEPEXOIHBIX MATPHII,
yKa3aThb HAadaJbHOE pacHpeleleHue cocTosiHuil, T.e. BepostHocTH F(0), P, (0),

P,(0),...,P (0). O6p1uHO mpoliecC HAYNHAETCS U3 ONPEIEIIEHHOIO COCTOSIHUS E;.
Torma F,=1,a P,=0 npu j#i.

[lens MapkoBa Ha3bIBa€TC 0OHOPOOHOU, €CIIN MEPEXOIHBIE BEPOSTHOCTU
HE MEHAITCS OT mara K mary, T.e. F,(k)=F;, 1 Mbl UMEEM OIHY U Ty K€

MaTpuny nepexonaa || Pl] H Ha KaXXJO0M IIare.

3amMeTuM, 4YTO Kaxjaomy rpady COCTOSHHI [Js OJHOPOJAHOM LEmH
COOTBETCTBYET ONPEACICHHAs NEPEXOHAS MATPHULA.

Piy

Pis| |Pg Py ‘P4/
Ep & 5,

Puc. 4.5.3

I'pady cocrosinmii (puc. 4.5.3) COOTBETCTBYET MEpEeXOAHAS MaTpHUILIA

R, B, 0 0 P
0 B, By 0 0
1P| 0 0 B, B, 0|
0 P, Py, P, P,
R, 0 0 0 P
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rne P,=1-P,-P P,=1-pP,, Py=1-P, P,=1-P,—-P;-P,
P, =1-P, (3TO BEpPOATHOCTU COXPAaHUTb CBOE COCTOSHHE HA OYEPEIHOM

59 59
mare).

ITycTh 3a1aHO pacnpeneneHne COCTOSHUN B Ha4aIbHbI MOMEHT BPEMEHU:
P (0),P,(0),P,(0),...,P,(0). Ilo ¢opmyne MNOIHOH BEPOSITHOCTH IOIydaeM

pacrpeaeaeHue COCTOSTHUM IOCcyIe TIePBOIo Iara:
P.(1)=P(0)P, (1) + P,(0)P,, () +...+ P,(0)P,,(1) = Y. B(O)B,(1), j=12,...,n.
i=1

Hcnonw3yst moiaydyeHHbIE BEPOSTHOCTH, MOXHO MO (opMysie MOTHOMN
BEPOSITHOCTH BBIYUCIIUTH BEPOSATHOCTH COCTOSIHAM HA BTOPOM IIare:

P.(2)=PB()P,,(2)+P,()P,,(2) +...+ P,()P,(2) = Zn:B(l)Bj(Z), j=12,...,n.

[IpogoibkeHne H3TUX PpaCCYyXACHUW NPUBOJUT K PEKYPPEHTHOMY
COOTHOLIEHUIO

n
P (k)=> P(k—=1)P/(k), j=12,...,n. (4.5.1)
i=1
[Ipu ompeneneHHbIX yCIOBUAX Liemd MapkoBa BXOZAT B CTAallMOHAPHBIN
PEXKUM, IPU KOTOPOM TEPEXOAbI U3 COCTOSHUS B COCTOSTHUE MPOAOJIKAKOTCS, HO
BEPOSITHOCTH TEPEXOJAOB HE M3MEHSIOTCA W HE 3aBUCAT OT HOMEpa mara. JTH
BEPOSITHOCTU HA3bIBAIOT (PUHATbHBIMU WIH npedenbHuiMu. bynem o003HayaTh
(UHANIbHBIE BEPOATHOCTU YEPE3
P = lim P(k).

k — ©
Yenosus cywecmeosanus punanvuvix eeposimuocmeit:
1) MHOXECTBO BCEX COCTOSIHUM JOJIKHO OBITH 3PTOINICCKUM;
2) uenb JOOJDKHA OBITH OJHOPOJHOM (BO BCSKOM CiIyyae MEpEeXOAHBIC
BEPOSITHOCTH JOJKHBI YIOBICTBOPATH yCnoBuio: P, (k) ————P,).

3) 10JDKHO OBITH XOpoIlee epeMEIIMBaHNE COCTOSHUM (HE JOHKHO OBITh
MePUOINYECKUX ITUKIIOB).
Hanpumep, m1s nenu ¢ rpadom COCTOSHHI

Pl 1= 1
Sy —————— (T
—
217
ycioBue 3) He BBIMIOJIHIETCS, TaK KaK MPU Havalle U3 COCTOSIHUA £ HA HEUYETHOM
mare 1emnb Oy/1eT HaXOJUTHCA B COCTOSHUM E,, a Ha YeTHOM — B COCTOSIHUU E|.

Ecmu mist omHOpOAHOM 1enn puHANBHOE pacipeielieHUe CYIECTBYET, TO
P = klim P(k), P;(k)=P;(k-1),

1 paBeHcTBa (4.5.1) UMEIOT B

324



N}

B =2 FB. j=12uem

Muorzaa B 3TOM 3alMCH BBIAETAIOT cllaraeMble B IpaBoy yactu ¢ Pj;. Torna

n
>, BB +PF,=F,
i=1(i# )
nim

n
> PP +P(P,-1)=0, j=12,...n (4.5.2)

i=1(i# )
st ompenenenusi (UHAIBHBIX BEPOSITHOCTEM HYXKHO PEIIUTH CUCTEMY
JUHEWHBIX OJTHOPOJHBIX ypaBHeHUM (4.5.2). Takas cuctema Bcerja COBMECTHa,
(umeer TpuBHanbHOe pemenue P =0 mnpu Bcex ). Ecim ke ecThb

HETpPUBHAJIbHBIE pElIeHHs, TO UX OeckoHeyHOo MHoro. Jlng BeiOopa
HEOOXOIMMOI0  €AMHCTBEHHOIO pEIIeHHUs CclenyeT J00aBUTh  YCJIOBHE
HOPMHUPOBKHU
B+P+P+...+P =1.
OTO paBEHCTBO MOYKHO TOOABUTH BMECTO OJIHOTO M3 YPABHEHUMN CHCTEMBI
(4.5.2). HUrak, mus HAXO0XIEHUS (PUHATBHBIX BEPOSITHOCTEM COCTOSHUIM
MAapKOBCKOM LIENTN HYKHO PEIIUTh CUCTEMY YPaBHEHHU

PP +P(P -1) 0,=j LZ%...nm;
,._%:‘j) s (4.5.3)
F+P+P+...+P =1.

Hpumep 4.30. I'pad cocTosHMit MapKOBCKOH IIeMM M300pa)KeH Ha pPHC.
4.5.4. llpm HawanbHOM pacnpenenenun F(0)=1, P (0)=PF(0)=0 mnaiitu
HaUMEHEe BEPOSITHOE COCTOSIHME Ha TpeTheM mare. Halitu QuHanbHbIC
BEPOSITHOCTU COCTOSIHUH IIETIH.

0,5
b *(E)
| 0,7
0,1 E 2
Puc. 4.5.4

Pewenue. Ilepexonnas MaTpuiia 3Toi 1IeNHU UMEET BUJL
R, B, P} (05 05 0

Pij: P, P, P;|=/02 01 0,7/
PPy ) L0100 09
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Haiinem BepOATHOCTH COCTOSIHMU LIETIM HA MEPBOM Iare. Bocrons3yemcs
dbopmyioit (4.5.1), HO yuTeM, YTO EPEXOAHBIE BEPOATHOCTA HAM KaXKJIOM IlIare
OJIMHAKOBBI (IIETb OIHOPOHAs) U odTOMY F, (k)= F;:

B()=PR(0)R, +B(0)P, + PAO)P, 1-0,5+0-0,2+0-0& 0,5;
P(1)=R(0)B, + P(0)P, + PX0)P, 1:0,5+0-0,14+0-0=0,5;
P(1)=PR(0)P, + B(0)P, + P(®P, 1.0+0-0,7+0-0,9=0.

Ha BTOpOoM mare nmeem BEPOSATHOCTU COCTOSTHUM:
P2)=FEM)R,+PL(DP,+EBLA, 0,5-0,5+0,5-0,2+0-0,1=0,35;
P2)=FMD)AR,+BHE,+EB(BL, 0,5-0,5+0,5-0,1+0-0 &3;
P2)=F1)B,+ PP, +L(1~;, 0,5-0+0,5-0,7+0-0,9=0,35.

JI7ist TpeThero miara nojiy4yaeM BepOSITHOCTH:
P3)=P2)R,+PL2)P,+F(3>A, 0,35-0,5+0,3-0,2+0,35-0,1=0,27,
P2)=F(M)AR,+B1)P, + P£1)P, 0,35-0,5+0,3-0,1+0,35-0=0,205;
P2)=FRM)AR,+BHE,+ BB, 0,35-0+0,3-0,7+0,35-0,9=0,525.

Mo:kHO, TOBTOPSISI BBIBOJ ypaBHeHui (4.5.1), Aist onpeneneHus
(bUHAIIBHBIX BEPOSITHOCTEH 3amucaTh CUCTEMY PABEHCTB
P, =PP ,+PP, +PP,, j=12,3. Honpoue cocraBurh cucremy (4.5.3):

—0,5P, +0,2P, +0,1P, =0,

0,5P, —0,9P, =0,

P+P,+P =1
Pemas cuctemy, Hanpumep, no npasuity Kpamepa, nonyuum P, =9/49=1/5,
P,=5/49=1/10, P,=35/49=5/7=0,7. DT pe3yJbTaTbl O3HAYAIOT, YTO

npumepHo 20% BpemeHH Lenb nposeAeT B cocrosHuu Ej, 10% BpemMenun —
coctostnum E,, 70% BpeMeHU — B COCTOSIHUM Ej5.

Omeem. E, — HanMeHee BEepOsSITHOE COCTOSTHUE HAa TPEThEM ITIare;
P =9/49, P,=5/49, P, =35/49.

3apmaua 4.30.1. Ilo 3amanHOMy rpady COCTOSHHMII MapKOBCKOM LEMH
HamucaTh  TMEPEeXOJHYI0  MaTpuily  BepositHocTeil.  Ilpu  HavanbHOM
pacupenenenun P (0) =1, P,(0)=PF(0)=P(0)=0 mnaiitu Haubozee
BEPOSITHOE COCTOSIHME Ha TpeTheM Imnare. HailTu npenenvHbie ((puHATBHBIE)
BEPOSTHOCTH coCTOssHUM 1enu. B BapuanTax 1, 7, 13, 19, 25 ucnonb3oBath rpad
Ne 1; B Bapuanrax 2, 8, 14, 20, 26 — rpad Ne 2; B BapmanTax 3, 9, 15, 21, 27 —
rpad Ne 3; B BapuanTtax 4, 10, 16, 22, 28 — rpad Ne 4; B BapuanTax 5, 11, 17, 23,
29 — rpad Ne 5; B BapuanTax 6, 12, 18, 24, 30 — rpad Ne 6. (Cm. mpumep 4.30
Y UCXOJHBIE JJAHHBIE. )

Hcxoouvie oannvie k 3a0ave 4.30.1.

Ne | ay | ar | as | as | as | ag | a7 [ Ne | ay | a | a3 | as | as | ag | a7
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0,4

0,5

0,3

0,616 |05

0,3

0,4

0,3

0,6

0,6

0,9

0,4

0,5

0,4

0,4]17 10,3

0,2

0,8

0,7

0,7

0,6

0,2

0,4

0,5

0,8

0,4]18 | 0,5

0,9

0,4

0,6

0,4

0,3

0,4

0,5

0,6

0,5

0,819 0,8

0,1

0,6

0,2

0,6

0,4

0,3

0,6

0,7

0,7

0,2]20]04

0,3

0,4

0,5

0,7

0,5

0,4

0,3

0,5

0,6

0,4]21 0,1

0,9

0,5

0,4

0,7

0,8

0,2

0,5

0,3

0,5

0,5]22 0,2

0,2

0,4

0,8

0,5

0,7

0,8

0,5

0,7

0,3

0,5123]0,3

0,2

0,9

0,5

0,8

0,7

0,1

0,4

0,6

0,8

0,3]24 04

0,8

0,5

0,5

0,3

0,4

0,4

0,5

0,8

0,6

0,9]25 10,7

0,2

0,7

0,3

0,6

0,4

0,5

(S S
H°\DOO\IC‘\UI-BMNH

0,7

0,6

0,8

0,2]26 04

0,4

0,5

0,3

0,8

0,3

0,6

[y
N

0,4

0,4

0,5

0,71 27 10,1

0,9

0,3

0,5

0,8

0,7

0,2

[y
(98]

0,3

0,6

0,5

0,5]28 0,3

0,1

0,3

0,6

0,6

0,8

0,9

[y
=

0,3

0,8

0,5

0,3129 10,4

0,2

0,9

0,5

0,7

0,7

0,2

[y
n

0,5

0,8

0,7

0,1]301]0,6

0,9

0,4

0,7

0,6

0,2

0,3

rpad Ne 5

rpad Ne 6
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3agaua 4.30.2. IlpoucxomuT mpouecc CclydalHOro OJyKOaHUs 110
uenounciieHHon pemerke E ={0,1,2,3,4}. OO0o3nauum uepe3 E; npeObIiBaHME

YacTUIIBI B TOYKE C KoopawHATOM k. HawanpHOe coOCTOsSHME dYacTHIBl £,
k=0,1,2,3,4. Kaxayio eaIuHUIly BpPEMEHU YaCTHUIA C BEPOSITHOCTHIO p
CIBHUTACTCS BMIPABO, C BEPOSTHOCTHIO ¢ — BIIEBO, WJIM OCTAETCS HA MECTE C
BEPOATHOCTHIO | — p —¢q.

Haiinute BepOSITHOCTH COCTOSSHUM YacTHUIBI Ha TpeTheM Iare. Haiaure
CTalMOHapHbIe ((PUHATBHBIE) BEPOSITHOCTH COCTOSHUM ydacTuilbl. (CMm. mpumep
4.30 u UCXOJHBIC JaHHBIE, kK — OCTAaTOK OT JACJICHHS HOMEpa BapWaHTa Ha 5.
Hampumep, mst 17 BapuanTa k =2, tak kak 17=3-5+2.)

Hcxoonvie oannvie k 3a0aue 4.30.2.
N | p | g [N | p | g |[N|p|qg|N|p|qg|N|p | gq
0,204} 7 (0,110,713 /03(0,1}19]0,5]0,2]2510,2]0,1
0305 8 [0,2/03)14|0,1]0,5]20 /0,603 26 |0,1]|0,3
0403} 9 (0,1|/04)15|1/3|1/4}21]03]04]271]0,5]0,1
0,2/05}10 (040516 |{0,103}22/0,7]0,1| 28 |1/4]1/3
06(02]111]02|0,7]17 ({04]0,2)23/05[{04]29 |1/3]|1/5
03/06}12(0,1/02)18 |02|0,6}|24|0,7/0,2]30|0,5]0,3

QN A (W |-

IIpumep 4.31. B ropoae N kaxablid )KUTENb UME OJHY U3 podeccuit A4,
B unmu C. Jletn B cleaylolleM TMOKOJEHUH COXPAHsUIM NpO(eccuto OTILOB C
BEPOSATHOCTSIMU COOTBEeTCTBEHHO 0,6, 0,2 m 0,4 m ¢ paBHBIMU BEPOATHOCTAMU
BbIOMpanu J00yi0 U3 JBYX Apyrux npodeccuit. Eciu B JaHHBIE MOMEHT
npodeccuto 4 umeer 20% xuteneid ropoaa, mpodeccuro B — 30%, a
npodeccuro C — 50% xurenei, To

1) xakoBO pacnpezeneHue 1no npodeccusiM OyIeT B CASAYIOUIEM TOKOJICHUY;

2) kakuM OyJleT pacrpeeneHue no npodeccusam 4epe3 MHOTO MOKOJIEHUM
(bunanbHOE pacnpeaeneHue)?
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Pewenue. Cmeny nokosieHU# OyJleM cuMTaTh I1aroM MapKOBCKOM 1iemu.
HNmeem HauanbHOEe pacnpeneneHue (Ha Hyinesom mare): P,(0)=0,2,
P;(0)=0,3, P.(0)=0,5. Ilepexoqnast MaTpuua UMeET BUL:

A B C
A 0,6 0,2 0,2
B 0,4 0,2 0,4
C 0,3 0,3 0,4

B cootBerctBUM ¢ dopmynamu (4.5.1) mnonydaem pacnpenesieHue

BEPOSITHOCTEN Ha MEPBOM I1are (B MePBOM IMOKOJICHHUH):
P,1)=0,2-0,6+0,3-0,4+0,5-0,3=0,39;
P,1)=0,2-0,2+0,3-0,2+0,5-0,3 =0,25;
P.(1)=0,2-0,2+0,3-0,4+0,5-0,4=0,36.

st BbhluMcieHUS (UHAIBHBIX BEPOATHOCTEW COCTABISIEM CHCTEMY
ypaBHeHui (4.5.2)

P=P -0,6+P,-0,4+F.-0,3;
P,=P,-0,2+F;-0,2+F.-0,3;
P.=P -0,2+PF,-0,4+F.-0,4.

Ora cucTeMa YpaBHEHMM IIpM YCIIOBUM HOpPMHpOBKU P, + P+ P.=1

HMCCT PCIICHNC
P,=18/39, P,=9/39, P.=12/39.
Omeem. P, =18/39, P,=9/39, P.=12/39.

3agaua 4.31.1. Kaxnaplii KuTellb HEKOTOPOTO TOpoJa MPUHAMICKUT K
OJIHOW W3 COUMANIbHBIX Ipymn (Ooratble, CpeIHHUIN KJIacc, >KUBYIIHUE 3a YepTOM
oennoctu). [lo wcTeueHuu roja MpeACTaBUTENb - TPYNIBI COXpPAHSET CBOM
COIIMATBHBIM CTAaTyC C BEPOSITHOCTHIO P;, WM C PaBHBIMU BEPOSTHOCTIMHU
MEepPeXoIUT B OJHY M3 ABYX Apyrux rpymm. Ilycte B gaHHbIE MOoMeHT a%
xKUTesen ooratel, b% OTHOCATCS K CpeIHEMY KJ1accy, ¢% JKUBYT B HUILETE.

B npenmnomoxeHnu, 4TO ONHCAHHAs COLHMANbHAs JUHAMHUKA OCTAETCS
HEU3MEHHOW Ha TNPOTSHKEHUHM MHOTHX —JIeT, Ompeaenure  (QuHaIbHBIN
COIMaNIbHBIN cocTaB xxuTenent ropona. (Cm. mpumep 4.31 1 ucxoHbIC JaHHBIE.)

Hcxoonvie oannvie k 3a0aue 4.31.1.
No a b c P 1 P 2 P 3 No a b c P 1 P 2 P 3
5 165135 1]09/05]109)16 | 5 |65 |35]09]0,6]0,9

10 | 6530 08106 109] 17 | 10 | 65 | 30 |0,95]0,7 | 0,8

10 | 60 | 30 10,7]0,8109] 18 | 10 | 60 | 30 | 0,910,509

15 /55,30 ]09]06109]19 15|55 ]30]08]0,6 0,9

10 | 70 | 20 ]0,95]0,710,8} 20 | 10 | 70 | 20 | 0,7 | 0,8 | 0,9

517072509 ]05109]21| 5 [70]25]09]0,6]0,9

N QNN BRI |-

15165200806 109]22 15|65 ] 20 1]095[0,7]0,8
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8 8§ /70 /22 0,7,08(09]23 ] 8 |70,22]09]05]09
9 5 /6513109060924 | 5 |65]35]08]0,6]0,9
10 | 10 | 65 | 30 |/0,95/0,7 0,8 )25 |10 | 65 |30 0,7]08109
1 | 1060 30 ,09(05]09)26 |10 60 30090609
12 | 15|55 /30 /0806 ]09)27 | 15|55 |30 |095]0,7 0,8
13107020 ,0,7/08]09)28 10|70 200905109
14| 5 170 25,09(06]09)29 | 5 |70 25 |08]0,6 09
15 | 15 ] 65|20 /095/0,7]08)30 ] 156520 0,7]0810,9

3anaua 4.31.2. [lepen HauvamoM Tenene0aToB 3pUTEIN pa3AeisInch Ha
TPU PAaBHBIE MO YUCICHHOCTH IPyNNbl: £; — CTOPOHHHUKU KaHaupata A; E, —
HEONPEACIUBIINECS; £3 — CTOPOHHUKM KaHAauaara B.
Oka3zanoce, 4To Mocie OOCYX IAEHUS KaKJOro BOMPOCA 3PUTENU MEHSIIU
CBOE MPEANOUYTEHUE B COOTBETCTBUU C MaTPULIEH NEPEX0/1a

E; Ey E;
E; Py P P3
Ey Py Py Py
E; P3 Ps P33

Halinute pacnpeneneHue NpeANOUTEHHUM 3puTened mociae 0O0CYKICHUS
Tpex BompocoB. Halinure pacnpeneneHue NOpPEeANOUYTEHUNA 3pUTENIEH TMocie
o0CyXeHUs TIOCTaTOYHO Oouiblnol cepuu BompocoB. (Cum. nmpumepst 4.30, 4.31
Y UCXOAHBIE NaHHbIE. HemocTaronme 31eMEeHThI IEPEXOHON MAaTPHULIbl HAWIUTE
U3 YCIIOBUS, YTO TIEPEXOAHASI MATPHUIIA SIBISETCS CTOXaCTUYECKOM. )
Hcxoonvle oannvie k 3a0aue 4.31.2.

Ne | Py | Pip | Poy [ Pop | P31 [ Py | Noe | Py | Pip | Py | Pp | Py | Py
1 {09(01(01]08] 0 (0,216 {090,101 /08| 0 |02
2 1081020108010, 17 0,81]0,21005|08]| 0 (0,015
3 10901100508 0 {005/, 18 {090,101 08] 0 |O0,1
4 |0810,15/0,108 0 (0119 {08]0201]08] 0 |0,2
5 1091005{0108| 0 021} 201]09]0,11005[09]| 0 |0,05
6 109(01(01/(08] 0 (0,05 21 |0,810,15/0,1]08]| 0 |O0,1
7 1081021(005/09| 0 |01} 221]091(005/01]08] 0 |0,2
8§ [ 09/01(0,1/08| 0 [02}2309(01,0,1]08] 0 |0,2
9 10810,15{0,1(08] 0 [02]24|08(02]¢0,11]0,8]1]0,1]10,1
10 { 0,9 10,05/ 0,1 /0,80, (0,1} 25|09 |0,11]005[09| 0 |O0,1
1 [ 0,8 |0,15/0,05/09| O (0,1} 26 |08 (0,15{0,1 08| 0 | 0,2
12 109|0,10,1/081| O [(0,05] 27 |09 (0,05|0,11]08]| 0 |O0,2
13 /080,201 /108| 0 (0,1]28 [09|0,11]60,1]08| 0 |0,05
14 {090,101 01/08| 0 [(02]29 |08[02]0,11]09| 0 |O0,1
15 1 0,8 10,15{0,1 109| O (0,05] 30 |09 |0,11(005]08| 0 | 0,2
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Ilpumep 4.32. VYCTpOHCTBO COCTOMT U3 JIBYX OJIOKOB (Hampumep,
JBUTATENb U X0/10Bas 4acTh). IlycTh 4 03HauaeT 0e30TKa3HYI0 padOTy MEPBOTO
Oioka, B — 0e30Tka3zHylo paboty BTOoporo Osioka. [lo ucTedeHUM Kaxmou
€IUHUIIBI BPEMEHHU TMPOBEPSAETCS COCTOSIHUE OTUX OJOKOB, M B cllydae
HEUCTIPABHOCTH MPOU3BOJUTCS MX PEMOHT. BeposiTHOCTh O€30TKa3HOM padOThI
0JIOKOB B TE€UEHHUE €AMHUIIBI BpeMeHU paBHbI cooTBeTcTBeHHO 0,9 u 0,8. Ecnu
HEUCTIPABHOCTh OJIOKa OOHApy>KeHa, TO BEPOSITHOCTh OTPEMOHTHPOBATH OJIOK B
TEYCHUE €IWHUIIBI BpeMeHu paBHa cooTBeTcTBeHHO 0,3 u 0,4. Haiitu

TpeiebHBIe BEPOATHOCTH JUTA COCTOSHMIT ycTpoiictBa: E, = AB; E, = AB;
E,=AB; E, = AB.

3ameuanue. B chopmynupoBaHHOM NpuUMepe MO YMOTYAHUIO TPEATIONAraeTcs,
YTO pacHpesesieHue BpeMEeHH 0€30TKa3HOM padOThl M paclpeeieHHe BpEMEH!
PEMOHTa KaXJoro OJIoOKa HE HUMEIOT «IaMATH» O MNpouuioM. EINMHCTBEHHBIM
pacnpesieIEHUEM TaKOTo COpTa SBJSETCS MOKa3aTelabHOE pacipeaenenue. Eciu,
HarpuMep, BpeMsi pEMOHTA PACIPEAEIICHO MO MOKAa3aTeIbHOMY 3aKOHY U PEMOHT
y>Ke MPOJI0JKAETCS HEKOTOPOE BPEMsi, TO OCTABIIASICS YaCTh BPEMEHU PEMOHTA
MMEET TO K€ CaMO€ paclpeeieHUe, YTO U B HaYaje pEMOHTA.

Pewienue. TIockoNIbKY COCTOSIHUS OJIOKOB HAOIIOAAIOTCS B KOHIE KaXKI0H
€IUHUIIBI BPEMEHU, TO MOMEHTHI HAOIIOJEHUS MOXKHO CUMUTATh IlIaraMu
OJIHOPOJHOW  MAapKOBCKOM Iemu. YUWUThIBasi HE3aBUCUMOCTb BPEMEHHU
0e30TKa3HOM pabOThl M BPEMEHH PEMOHTA Y3JIO0B, OMNPENEIUM MEPEXOIHBIC
BEPOATHOCTHU:

4B AB AB AB
AB 0,9-0,8 { 0,9-0,2 | 0,1-0,8 | 0,2:0,1
AB 0,9-0,4 | 0,9-0,6 | 0,1-04 | 0,1-0,6
AB 0,3-0,8 { 0,3-0,2 | 0,7-0,8 | 0,7-0,2
AB 0,3-0,4 | 0,3-0,6 | 0,7:0,4 | 0,7-0,6
B utore nepexonnas MaTpuia UMEET BU
0,72 0,18 0,8 0,02
P il 0,36 0,54 0,04 0,06
i I= 0,24 0,06 0,56 0,14 |
0,12 0,18 0,28 0,42
CocTtaBuM cucTeMy ypaBHEHUH ISl onpeaesieHns: GUHAIbHBIX BEPOSITHOCTEH:
B =0,72F8 +0,36P~, +0,24F, +0,12P,,
P, =0,188 +0,54P, +0,06F, +0,18P,,
P, =0,08F +0,04~, +0,56F +0,28P,,
P, =0,02F +0,06P, +0,14F, +0,42F,.
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DTO cucTeMa JIMHEHHBIX OJJHOPOHBIX YPaBHEHHI, OHA UMeeT O€CKOHEYHO
MHOTO pelieHui. [l mojiydeHus: €IMHCTBEHHOI'O0 HYXKHOIO HaM pelIeHUs
BMECTO  JIOOOr0 W3  ypaBHEHUW  3alMIleM  YCIOBHE  HOPMHUPOBKH
P+P +P +P =1. Pemas cucremy, Hanpumep, no ¢opmynam Kpamepa

nonyuum P, = P(AB)=48/102, P,= P(4B)=19/102, P,=P(4AB)=20/102,
P, =P(AB)=15/102.
Omeem. P(E,)=48/102, P(E,)=19/102, P(E,)=20/102,
P(E,)=15/102.

3agaua 4.32. ABTOMaTHYECKas CTAaHUHUS JIJI1 MOHUTOPHUHTA OKPYXarOUIEn
Cpelbl COCTOMT W3 JABYX OJOKOB, KaXIbId U3 KOTOPBIX KOHTPOJIUPYET CBOIO
rpyniy napametrpoB. Kaxayro enuHuily BpeMeHU (Hampumep, pa3 B Mecsi]) Ha
CTaHILUIO TPUE3KAET MaCTep MJisi MPOBEPKU HUCIPABHOCTU OJIOKOB CTaHIIMH.
Ecau Onox HeucmpaBeH, TO Mactep JHUOO pPEMOHTUpPYeT OJIOK Ha MecTe
(IpaKTUYECKH MTHOBEHHO), MO0 3a0upaer 010K [Jii pEMOHTa B MaCTEPCKOH, U
BO3BpAIllaeT HAa MECTO MPH CIECAYIOIIEM MOCEIICHUN CTAHIINH.

Ilyctb A; o3HauaeT Oe30TKa3Hyl paboTy i-ro Onoka. BeposTHOCTH
0e30TKka3HOM paboThl i-ro OJIOKa MeXAy NpoBepkamu paHa P;. BeposTHOCTbH
TOT0, YTO HEUCTIPABHOCTh OJIOKAa HE3HAUYUTENIbHAsl U YCTpaHMMa Ha MECTE paBHa
pi-

Halimute npenenpHble 3HAYEHUS BEPOATHOCTEM COOBITHM: FE, = A4 A,;
E,=AA,; E,=AA,; E,=AA,. Haiiiure BepOATHOCTH 3THX COCTOSHHMIl Ha
TpeThbeM IIare, eciu B Hadaje o0a 610ka Obutk uctpaBHbl. (CMm. pumep 4.32 u
HMCXOHbIE JJAHHBIE. )

Ykazanue. [Ipy  BBIYMCIIEHMM  TNEPEXOAHBIX  BEPOSITHOCTEU
BHUMATEJIBHO YUYUTBIBAlTE Bce BO3MOxHOCTU. Hampumep, mepexom E, — E,
COCTOMTCSI, €CIIH:

1) oba 610Ka COXpaHAT CBOK PabOTOCIOCOOHOCTH (BEPOSTHOCTH YETO
paBHa B P,);

2) mepBbI OJIOK BBIMAET U3 CTPOss U OyA€T OTPEMOHTHUPOBAH HAa MECTE
(BepositHOCTH yero paBHa (1—AF)p,), a BTOpoil OJOK COXPAaHUT CBOIO
paboTOCTIOCOOHOCTH (C BEPOSITHOCTHIO Ps),

3) mepBbIid OJIOK COXPAaHUT CBOIO PabOTOCHOCOOHOCTH (C BEPOSTHOCTHIO
P)), a BTOpOil OJIOK BBIAJET U3 CTPOST U OyJET OTPEMOHTHUPOBAH HAa MECTE
(BeposiTHOCTB uero pasHa (1- P)p,),

4) o6a Omoka BBIUIYT U3 CTPOsA U OYyAYT OTPEMOHTHUPOBAHBI HA MECTE
(BepositHOCTB uero pasHa (1-B)(1-P)p,p, ).

[TosTOoMy BeposTHOCTB Iepexona £, — E, paBHa
py=BB +(=R)p BAR(1— B)p, + (1= R)1 - L) p p,.
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Hcxoounvie oannvie k 3a0aue 4.32.

No P1 Pz P1 %) No P1 Pz P1 P2 No P1 Pz P1 %)
1 108/09/04/05)11,08]09/03[06)2109)080,3|0,4
2 109/0,8/05/0,6] 12 |10,85/09]0,6]04]22]0,8]0,9]0,6]0,3
3 1081095/06/03]13/0908]0,6]0,3]23]0,85[0,90,3]0,5
4 108/09/]05/04]1408/09]/03]0,5]24]09]0,8]0,6]0,5
5 10,85109]10,6]0,5]15]0,8]0,910,6/0,5]25]0,8]0904]0,6
6 109/08/03]06]16 10,9 1(0,85/04]0,6]261]08]09]0,3]|0,7
7 108/109/04]06]17 (0,8 10,95/0,3]0,7]27 10,9 0,85/0,4 0,6
8§ 1081]09/05/0,7]180,8]09]04]0,6] 28 |0,810,95/0,5]0,7
9 1091]0,85/05]06]19 10,9 1(0,85/0,5]0,7]29 10,809 0,6]|0,7
10 1 0,8 10,95/04 10,720 | 0,8 |0,95/0,6 0,7 30 |0,85] 0,9 | 0,3]0,6

Ipumep 4.33. B 30He o0cmyXuBaHUS OpUTaibl PEMOHTHUKOB HAXOUTCS
Tpu mnpubopa, pabOTaOMIMX B aBTOMATHUYECKOM pexuMme. B KOHIlE Kaxaoro
Mecsilla PEMOHTHUKH TPOBOIAT MPOPUIAKTUUECKUNH OCMOTpP HpUOOpPOB H, B
ciiyyae oOHapy>KeHHSI HEUCIPABHBIX, 3a0MPalOT UX Il PEMOHTA UJIM 3aMEHbI Ha
HOBbIe. OTPEMOHTUPOBAHHBIN (MJIM HOBBIM) MPUOOP BO3BPAILIAIOT HA MECTO TIPHU
ouepeHOM MPO(UIAKTHIECKOM OCMOTpE, T.e. uepe3 Mecsll. BeposTHOCTb
BBIXOJIa W3 CTpPOsS B TEUYCHHE MecdAma padoTaromiero mnpubopa paHa 1/3.
TpeOyeTcs HaWTU CTallMOHAPHOE pAacHpe/elICHHEe BEPOATHOCTEW YHCIIa
MCIIPaBHBIX NPUOOPOB B HaUaje KaKI0T0 MecsIa.

Pewenue. PaccMoTpuM MapKOBCKYIO II€Ib, COCTOSIHHUS KOTOPOM Oyziem
pasznuuath Mo 4ucily padorocnocoOHsix npudopos. Ilycts E; — o3Havaer, 4to
paboToCIOoCcOOHBI [ TTpUOOpPHI. Becero mmeercss 4eThIpe BO3MOKHBIX COCTOSHHS:
Eo, E\, B>, E;.

CocTaBuM MEPEXOIHYI0 MATPUILy ATOW 1ienu. Eciiv Ha JaHHOM IIare 1enb
HaxOJIUTCSI B COCTOSIHUU FEjy, TO Ha OYEpeAHOM Iare OyayT JOCTaBIEHBI TPHU
paboTOCTOCOOHBIX MPHOOpa U LIETb C BEPOSITHOCTHIO 1 MEepelaeT B COCTOSIHUE
E3. HoatoMy py, = py = P, =0, @ py; =1.

Ecnu Ha manHOM mmare uens MMeeTcsl TOJNBKO OAMH PaboTOCIOCOOHBIM
npubop, TO cieayrolleM Mare OyJeT MOCTaBJICHO JBa HOBBIX HpuOopa H
BEPOATHOCTH Iepexona E, — E, paBHa BEPOATHOCTH TOr0, YTO MMEIOIIUICS B

HQIMYUM TOpHUOOp COXPAHHUT CBOKO pabOTOCIOCOOHOCTh, T.€. p;; =2/3.
BepostHOCTh )€ mepexoma FE, — E, paBHa BEpPOSITHOCTU BBIXOJA U3 CTPOS
umeronierocs npuoopa, r.e. p, =1/3,a p, =p,, =0.

[Ipu HanmMuuK Ha JAHHOM IIare JBYX rOJAHBIX MPUOOPOB B COOTBETCTBUU C
dbopmynoit bepHymin, UMeeM Mepexo/IHbIe BEPOSITHOCTH:

Py =PE, > E) H(0) €(1/31812/3) 4/9;
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pn=P(E,>E) B0 CE&/3)'(2/3) 4/9
py=P(E, > E) B2 (18) 1/%
Py =P(E, > E;)=0.

Hakoner, npu Tpex rogHbIX MpUOOpax Ha JAHHOM IIare
pw=P(E,>E) B(0) C'@&/3)'2/3) 8/27;
pyn,=P(E,—>E) P(1) C@&3)2/3)° 12~7;
py=P(E,—E) PQ2) C@/37°@2/3) 6/27,
Py =P(E; > Ej)=(1/ 3)3-

3anuiinemM nepexogHyo MaTpuILy:

0 0 0 1

0 0 1/3 2/3

0 1/9 4/9 4/9
1/27 6/27 12/27 8/27

OTON mepexoAHOM MaTpulle COOTBETCTBYET cUCTeMa ypaBHeHuiul (4.5.2)
IUIL BBIYMCIIEHHS CTAlMOHAPHBIX BEPOSITHOCTEH:
u,=u,-1/27;
u,=u,-1/9+u,-6/27,
uy=u,-1/34+u,-4/9+u,-12/27,
uy=u,-1+u -2/34+u,-4/9+u,-8/27.
Pemast aTy cuctemy ypaBHEHMI, ¢ y4E€TOM yCIOBHS HOPMUPOBKHU
u, +u, +u, +u, =1, nomyyaem
u,=1/64, u, 9/64, u, 2%/64, u, 2%/ 64.
Omeem. P(E))=1/64, P(E,)=9/64, P(E,)=27/64, P(E,)=27/64.

3apmaua 4.33. B nekoropoii ¢upMe umeeTcs n OJHOTHUIIHBIX YCTPOWCTB
(HampuMep, KCEPOKCOB, MPUHTEPOB U T.M.). YCTPOMCTBA HKCILUTYaTUPYIOTCS C
Meperpy3Koil U MO3ITOMY YacTO BBIXOASAT U3 CTposi. B KoHIle kaxaol Heaenu
¢upMa nojaet 3agBKy Ha MMOCTABKY HOBBIX YCTPOWCTB JJIsi 3aMEHBI BBILIEIINX
u3 cTposi. Bpems ucnoyiHeHus 3asBKU — OJ[HA Hejels. BepoaTHOCTh BhIXO/Aa U3
CTpPOsSI B TEUCHHE HEACNH IS KaXJI0ro paboTarollero yCTpONCTBa paBHa p.
Hailinure cTanimoHapHoe pacrpe/ielieHue Yucia IPUroHbIX K padoTe yCTPOMCTB
B Hauane Henenu. (Cm. npumep 4.33 ¥ UICXOHBIE JaHHBIE.)

Hcxoonvie oannvie k 3a0aue 4.33.

Ne|n|p|[Ne|n|p|N|n|p|N|n|p|N|n|p|N|nj|p
1 |3 |1/4)6 |5 |12)11] 4 |1/5)16| 3 |1/7]21| 5 |2/5]26| 4 |1/9
2 4 (1/3)7 |3 |1/5)12| 5 |1/6)17| 4 [1/8)22| 3 |2/7|127| 5 |3/7
3|5 |1/5 8|4 |1/4)13 |3 |2/5/18| 5 [1/7]23| 4 |2/5]28| 3 |3/8
4 |3 112,99 |5 |1/4)14 |4 |1/6)119| 3 [1/8]24 | 5 |2/7]29 | 4 |2/7
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514 |12/10]3 |1/6)15| 5 |1/5]20] 4 |1/7/25|3 |3/7]30| 5 |0,1

4.6. MapkoBcKHe NpoLecchbl C HENPEPbIBHbIM BPEMEHEM U AUCKPETHBIM
MHOXECTBOM COCTOSIHUM

[TycTh mepexobl mpolecca U3 COCTOSIHUS B COCTOSTHUE MPOUCXOAT O]
BO3JICHCTBHEM KaKHX-TO TTOTOKOB COOBITHI (IMIOTOK OTKa30B, BOCCTAHOBIICHUH U
T.1.). bynem cumnrats, 4TO mepexon mpolecca U3 cocTosHuUs E; B cocTosiHue E;
MPOUCXOTUT  TOJ  BO3JACHCTBHEM  ITyaCCOHOBCKOTO  TIOTOKAa  COOBITHIA
MHTEHCUBHOCTU A, (Z), T.€. KaK TOJBKO MEPBOE COOBITUE MOTOKA MPOU3OLILIO,

TOTYac mpousowren u mepexox E, — E,. B dTux ycrnoBusx BEpOSTHOCTH

nepexoja U3 CoCTossHuA E; B COCTOAHME £ 3a MajIblii IPOMEKYTOK BpEeMEHU Af
paBHa A (1)Af. Ecianm Bce MOTOKM COOBITHH, TNEPEBOISAIIMX MHPOLECC U3

COCTOSIHUS B COCTOSIHME, ITyacCOHOBCKHE, TO IIPOLIECC MEpPEeXoJ0B OyaeT
MapKOBCKHUM.
CyMMapHbId TIOTOK COOBITHM, BBIBOJSIIUX MPOLECC M3 COCTOSIHUS Ej,

n

TOXXE OYJEeT IyaCCOHOBCKMM C WHTEHCUBHOCTBIO Z?»ij(t), i#j. Torna
j=1

BEPOSATHOCTh MOKHUHYTh COCTOSIHUE E; 32 MaJIbIil MPOMEKYTOK BpeMeH:u Af paBHa

P, :Zkij(t)At, i#J,
j=l

a BEPOSITHOCTh COXPAHHUTHh COCTOSIHWE E; 3a MasIbIii TIPOMEXYTOK BpeMeHU At
pasHa 1—P,.
BeiBenneM ypaBHEHHs IUIsl BEPOATHOCTEN cocTosiHUM mponecca P.(tf). B

MOMEHT f+ At mporiecc OyAeT HaXOIUThCS B COCTOSIHUU E; (BEPOSATHOCTH YEro
paBHa P,(t + At)), eciii B MOMEHT ¢ OH HAXOJWJICS B COCTOSIHUM E; (BEPOATHOCTH

yero paBHa P(f)) U B TEYEHHU BpeMEHUM Af OCTaBajiCs B 3TOM COCTOSHUU

(BEpOSITHOCTH 4Ero paBHA 1—27»,.]. (t)At, i#j), uaum Tpolecc B MOMEHT
Jj=1
BPEMEHH { HAXOJWIICA B JIOOOM JPYroM COCTOSIHHH (C BEpOSTHOCTBIO P (1)) 1
3a Bpems Af mepemien B cocTosHue E; (BEpOATHOCTh 4vero pasHa A, (f)Af,
i # j ). CuMBoIMYeCKast 3aMUCh 3TOU JUIMHHOM (pa3bl UMEET BUJT
P(t+At) P O[1-D A, O)A]+ > P (), ()AL
j=1 j=1
Ecnu neperpynnupoBaTh ciaraemsele, pa3ieianuTh paBeHCTBO Ha Af, TO IpU
At — 0 mony4uM cucTeMy ypaBHEHUN
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P,.’(t):Zn:Pj(t)Xﬁ(t)—B(t)ankij(t), %= 1,2,3,...,n (4.6.1)

Jt0 cucrema ypaBHeHud KommoropoBa A.H. Jlnsg pemieHus cuCTEMBI
HY’KHO 33J1aTh HAYAJIbHBIE YCJIOBHS, 4 BMECTO OJHOTO U3 YPaBHEHUU MOXKHO
WCIOJIb30BATh YCIOBUE HOPMUPOBKHU

S P (0)=1.

IIpumep 4.34. Ha puc. 4.6.1 nan rpad coctosHUil HEKOTOPOro OOBEKTA.
NHTEHCUBHOCTH TEPEXOJOB M3 COCTOSIHUSI B COCTOSIHME yKa3aHbl Ha ITOM K€
pUCYHKE. 3anucaTh CUCTEMY YPAaBHEHUH JJIsl BEPOATHOCTEN COCTOSHHUI 00BEKTa.
[Ipu MOCTOSIHHBIX A, W, V U T HAWTHU npenenbHble (PUHUTHBIE) BEPOSTHOCTH €ro
COCTOSIHUM.

2(0) _
(B4, V() (£
‘m £ 4
Puc. 4.6.1

Cuctema ypaBHenuit Konmoroposa (4.6.1) B paccmMaTpuBaemMoMm ciydae
UMEET BUJT
Pi(t) = P,(0)v(t) + B(O)1(t) - B(OMD),
Py(1) = =P, (D[ v(1) + n(@) ]+ B(OM0),
Pi(t) = =Py (0)n(t) + P, (1) (2).
BmecTto omHOoro u3 ypaBHeHMH (HampuMmep, BMECTO BTOPOTO) MOXKHO
BOCIIOJIb30BAThCs yCIOBUEM HOPMUPOBKU B (7) + P, (¢) + P,(t) =1.
Ecrw A@®) A, n@® W, v@® Vv, TO CYIECTBYIOT CTallUOHApPHBIE
BEPOSITHOCTH, /ISl KOTOPBIX Bce P/(¢) =0 u cuctema ypaBHEHHUI IPUHIMAET BU
—AB + VP, + 1P, =0,
LR = (v+WPh, =0,
B+P,+P, =1
DTa cuctemMa UMEET PELICHUE
P =(vrn+um)/ (v +un+An+ pd),
P, =An/(vr+pumn+An+pd),
P, =pA/(vr+um+An+ pi).

3apnaua 4.34. Ha puc. 4.6.2 u3o0paxen rpad COCTOSIHUN U BO3MOXKHBIX
MEepexo/I0B YacTHUIl TpH ciayuyailHoM Onyxnanuu. Ha rpade ykazansl u
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MHTEHCUBHOCTH IIEPEXOAO0B I COOTBETCTBYIOIIMX Iap BeplunH. Harmpumep, As —
UHTEHCUBHOCTb NepexofoB E, — £, n E; — E, (BEpOATHOCTD JIIOOOr0 U3 3TUX

NIEPEXO0J0B 3a MaJIbI IPOMEXKYTOK BpeMeHU Af paBHa A Af + o(At)). 3anumunre

cucteMy ypaBHeHuil KomnmoropoBa (4.6.1) u HaiiauTe CTalUMOHApHBIC
BEPOSTHOCTH NOJIOkKeHUN yacTullbl. (CM. mpumep 4.34 1 UCXOHBIE JaHHBIE.)

A
Ly ga : E;

Ay £ Ay

E M E,
Puc. 4.6.2
Hcxoonvle oannvie k 3a0aue 4.34.

No 11 12 13 14 15 No 11 12 13 14 15 No 11 12 13 14 15
1|1 |1 |21 112|111 (1 }2¢21|1 |2 |1]|2]2
21 (1 (122|122 |1 |11 22|21 |1|2]1
32 (1 (2211311221231 |2/|1|2]1
4 (1 (21|11 }|14]2 |21 |1 22412 1]1]2
51211 (21 ]1415|1 |1 |22 ]|2125|2|2|1|2]1
6 | 1222|1161 1|2 |1|3]26|2|1|2/|1]|2
711122 (114171 |1 |1 |2]11}27|1 |2 |1/|1]3
8|1 |12 (22182 |2 |1 |1]1}28]2 |1 |1|1]3
9 1111 (3)19(2 2|2 |1]17]29|1 |3 |1/|1]|2

10/ 2|1 |1 |1 (1}202 1 (1221301 |1[1]1]1

Ipumep 4.35. B HEKOTOPOM MEXaHU3ME MOTYT MPOUCXOAUTH OTKAa3bI
nByX TUMOB. IlyCTh BEpOSTHOCTH OTKa3a MEPBOrO THUINA B MHTEpBaJe BPEMEHHU
(t,t+h) paBHa Ah+o0(h), a BEpOATHOCTh OTKa3a BTOPOrO THUIIA B TOM K€

UHTEpBaje paBHa A,h+o(h). B cocrosHMM OTKa3a IPOU3BOIAUTCA PEMOHT,

JUIMTEIBHOCTh ~ KOTOPOTO  HMMEET SKCIOHEHIMAIbHOE paclpeielieHue C
napaMeTpoM, 3aBUCSIIMM OT Tuma otkaza. [lycTs W, ¥ U, — 3HAYEHUsI ATUX
napaMeTpoB. TpeOyeTcss HAalTU 1010 BPEMEHU, B TEUEHHE KOTOPOU MEXaHU3M
Oyner paborarh 0€30TKa3HO.

Pewenue. O603naunm uepe3 £y — paboyee COCTOSHHE MEXaHU3Ma, Yepes
E; — cocrosaue i-ro otkaza. Torma rpad) COCTOSHUM MeXaHHU3Ma MMEET BHUJI,
n300pakeHHbIN Ha puc. 4.6.3.
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1

A Ay
—— —
Vi Va

Puc. 4.6.3

Cuctema ypaBHeHuii (4.6.1) ais 3Toro ciiydasi UMeeT BUJ
P(,)(t) == + AP () + Vv, B() +Vv,B(2),
Bi(1) =1, Py (1)~ v, B(1),
Py (8) = M, Py (1) = v, B (2).
VYcnoBus CymniecTBOBaHMS CTAallMOHAPHBIX BEPOATHOCTEM MAapKOBCKOTO
npouecca BbIMONHEHBL. lloaToMy mpu ¢ —> oo BeposarHoctn P(f) > P —
NOCTOSIHHBIE BenmuuuHbl, a P/(1)—> 0. Jng cTanmoHapHBIX BEPOSTHOCTEH

oJIrydacm CUCTEMY
—(A\, +A)Py+ VP +viB, 0,

AP, —Vv,.P =0,
AP, —Vv,P, =0.
9 >\'1
N3 BTOpPOrO M TPEThETO YpaBHEHUH HAXOIUM COOTBETCTBEHHO P =—P u
\Y%
1
A, :
P, = V—E). BMmecTo repBoro ypaBHEHHUs UCTIOIb3YEeM yCIIOBUE HOPMHPOBKHU:
2
A A A A
P,+P+P,=P,+—LP+—2£ PJ|l+1L+2=5 1.
V1 V2 V1 V2
Otkyna
-1
A \AY
— 1 2 — 172
P=|1+—+—| = .
v, V, V\V, + AV, + A,V
AN

Omeem. P(E,) =

V,V, +A v, + A,V

3agaua 4.35. B HEKOTOPOM MEXAaHU3ME MOTYT IIPOUCXOJIUTH OTKAa3bl TPEX
TumnoB. [lycTh BEpOSTHOCTH OTKa3a i-ro TUIA B WMHTEpBaje BpemeHu (f,f+ h)
paBHa Ah+o(h), i=1,2,3. B cocrosHuM OTKa3za IOPOU3BOIAUTCA PEMOHT,
JUIMTETLHOCTh ~ KOTOPOTO MMEET OSKCIOHCHIMAILHOE  PACTPEICICHUEe C
nmapamMeTpoM, 3aBUCAINIAM OT TUMa oOTkaza. [lycTe L; — 3HAaYEHUS STHUX
napameTpoB. Haiinure momi0 BpeMeHHU, B TE€YCHHE KOTOPOH MeXaHU3M OyaeT
HaxoaUThes B peMoHTe. (CM. npumep 4.35 1 UCXOHBIE JaHHBIE.)

Hcxoounvle oannvie k 3a0aue 4.35.

Ne | A [ M [ As [ | o [ [ Ne [ [ A [ A3 | | o | W3
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1 {0,1]0,1]0,2 16 | 0,1 | 0,1 | 0,2
2 10,10,2]0,1 17 | 0,2 10,1 0,1
3 102/0,1]0,2 18 0,2 10,2]|0,1
4 [0,1]0,2]0,1 19 {0,210,1]0,2
5 10,210,102 20 10,2/0,1]0,1
6 1010202 21 (0,1 10,2]0,1
7 10,1]10,2]0,2 22 10,2/0,1]0,1
8 101]0,1]0,2 23 (0,1 10,2]0,1
9 10,110,3]0,1 24 (0,1 10,2]0,1

10 1 0,2 0,1 0,1
1 10,1]0,2|0,1
12 10,2 0,1 0,1
13 10,1 0,1 0,2
14 10,2 0,2 0,1
15 10,1 10,1 0,2

25 (0,210,2]0,1
26 10,2/0,1[0,2
27 (0,1 10,2]0,1
28 (0,2 /0,1]0,1
29 10,3/0,2]0,1
30 10,1]03]0,1

bt | [ [ e (DN [ = [ DN [ DN [ DN DN | =t | = | NI [

— N[ [N [ [N = = (NI NI [ = [ | = |
N NN — WA [WN[W|—— NN

DO [ =t | DN | et | et | et [t [ N | bt [N | bt | bt [ DN | DN | Pt

NN =[N = [N === = NN

W[ W NN[W | D[D[|W[DN W[ | —

4.7. MoaeAU yNPABAEHUSA 3ANACAMMU

B stom pazgene Mbl paCCMOTPUM MPOCTEHIINE MAaTEMATHUYECKUE MOJIECIU
(YHKIIMOHUPOBAHMSI CHUCTEM, KOTOPbIE MOKHO Ha3BaTh XPaHWIUIIEM WIH
ckiagom. Ha puc. 4.7.1 uzobpakeHa o011as cxema Takoi CHCTEMBI.

HOCIyrmeHIIe HAa CKJ1and XpaHmmme Pacxon samaca co ckmama
> I >
CKJIang
Puc. 4.7.1

W nmoctymieHue nNpoAyKIuu U €€ pacXxod MOTYT ObITh CIIy4alHBIMU U BO
BPEMEHH U 10 00BEMY.

[IpocThiM TPUMEPOM MOXKET CIYKUTh BOJOXPAHUJIUIIE, YPOBEHb BOJBI B
KOTOPOM 3aBUCUT OT HPUTOKA (OMPEAeNSIEeMOro CIIy4ailHO BbINAJAIOIIUMU
OCaJIKaMH) U Pacxojia BOJIbl HA Pa3HbIC HYXKbI.

[IpencraBnsroT, HAIPUMEDP, UHTEPEC:

1) cranimonapHoe pacnpeeieHue 3anaca U yCJIOBHS €ro CyleCTBOBAHMUS;

2) onTUMalibHAs TOJIUTHKA MTOMOJIHEHUS U pacxo/ia 3amnaca;

3) pacmpezeneHue nepuoja HyJIeBOro ypoBHs U T.1.

Jlnst  onpeneneHHOCTH OyZeM TOBOPUTh O MOJIENHM BOAOXPAHMWIMIIA.
PaccMoTpuM mpocTeiinyr0 MOJENb C JUCKPETHBIM BpPEMEHEM, B KOTOPOU
YPOBEHb pacCMaTpHWBaeTCSd B MOMEHTHI ¢ =1,2,3,... (Hanmpumep, KaXIbli JICHb
YTPOM B OIPEJIEICHHBIN Yac).

1. [Ilpumox. Ilyctb X; — KOIWYECTBO BOJBI, MOCTYNHUBIIECE B
BOJIOXPAHUJIUIIE 3a €JUHUILY BpEMEHH (TOJ, CyTKH, 4ac U T.1.) oT k mo (k +1)
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MOMEHTOB. Bemnuunbl X, X,,X,,... momaraeM HE3aBUCUMBIMH U OJMHAKOBO

pacrpeeneHHbIMU.

2. Cmok. Ilyctb 00beM Bonoxpanuiuina paseH K. O0o3Hauum yepes Z,
pa3mep 3amaca B MOMEHT ¢ =n, T.€. KOJUYECTBO BOIBI IEPE MOCTYIJIEHUEM B
xpanwmuie X, Ecnm Z + X, > K, TO BONOXpaHWIMILE IEPENOIHACTCI U
n30biTok Z, + X, — K Tepserca. Iloatomy B BomoxpaHwinnie 3amac Oyner
paBeH min(K,Z + X ).

3. Ilpasuno pacxooa 600vl. B MOMEHT BpeMeHH ¢ = 1 + | U3 BOIOXpaHUIIUIIA
BBIITYCKAIOT KOJINYECTBO BOJABI, paBHOe m (m <K ), ecmu m<Z + X, . Ecin xe
Z, +X,<m, TO pacxoAylT Becb uMerommics 3amac Z + X, . Tak uro

BeIMYMHA pacxoja paBHa Y =min(m,Z + X,). W3 3Tux nomymeHUid MOKHO

n
clenaTh BBIBOJ, YTO pa3Mep 3amaca yAOBIETBOPSAECT PEKyPPECHTHOMY
COOTHOIIICHUIO:

Z ,=mmn(K,Z +X )-mn(m,Z +X,), n=1273,....
[TocnenoBatenbHOCTH {Z, } 00pa3yeT OAHOPOAHYIO Lenb Mapkosa.

YmpoctuMm 3amady erie, moJjiarasi IpUTOK TUCKPeTHBIM. [IycTh
P(X, =i) g=1 1L,X%3,....

B atom ciydae niens MapkoBa umeeT KoHeuHoe uuciio coctosiauid {1,2,3,..., K —m}.
O0603HaUMM BEPOSTHOCTH TEPEXOJ0B M3 HAYAIBLHOTO COCTOSHHUS 3a 71 IaroB
gyepe3

Pn)=P(Z,=j/Z,=i), nzl, i,j=0,12,...K—-m.

Havinem cranmmonapHoe pacrnpenenieHue pasmepa 3amaca. st mpocToTsl
OyIeM cunTaTh, YTO KOJMYECTBO BOJBI, PACXOAYEMON B MOMEHT ¢ =n + 1, paBHO
m=1.

O6o03HauMM MPOU3BOAANIYIO (YHKIMIO pacHpeiesieHUus] BEpOATHOCTEH
{8:} uepes

G(z) =Y g7, |zIl.
i=0
Torma cpequuii IPUTOK B IUHUITY BPEMEHH PaBEH
p GB Dis.
i=1

Martpuna nepexoqHsIX BEpOATHOCTEN Ui nenu Mapkosa {Z |} nMeeT BUA:

0 1 2 3 K-2 K-1
0 & T & &2 83 84 & | =8 +&.+t
1 80 81 &2 g3 o | M =8,+8g +-
2 0 80 81 &2 s | Moo=t t
3 0 0 80 81 a4 | M= 3+T&T
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K-=1| 0 | 0 | 0 | 0 | | g |h=g+g+g+..
Ecmu Bce g, >0, To mens HenpuBogumas U Henepuoandeckas. llosromy

CYLIECTBYET CTAlHOHAPHOE PACIPEEICHUE BEPOATHOCTEM
U=lmP&, i)=1i 123,...,

n—» ™

KOTOPBIC ABJIAIOTCA CAMHCTBCHHBIM PCHICHUEM ypaBHeHI/Iﬁ
k-1
U,=>UP, (4.7.1)
i=1

npu ycnosuu, yro U, +U, +U, +...+ U, | =1. [ln4 5TuX BEPOATHOCTEN UMEET
MECTO CIeqyronas TeopemMa.

Teopema Mopana (Moran P.). 1. Ecim U, (K), i=12,..,.K-1 —
CTallMOHAPHOE PACIpEEICHUE 3araca BOJAbl B XPAaHWIMIIE €MKOCTH K, TO
OTHOIIEHUS

V.=U(K)/Uy(K), i=12,...,.K -1 (4.7.2)
HE 3aBUCAT OT K.
2. 3HavyeHHs V; MOKHO HaWTH KaK KO3(D(PHUIMECHTHI MPH z' B Pa3I0KESHUU
Mo cTeneHsaM QyHKIUU
-z
V(Z) — gO( ) )
G(z)—z

Hoxazamenbcmeo.  JInd  NOKa3aTeNnbCTBA IEPBOM  YAaCTH  TEOPEMBI
JIOCTAaTOYHO 3aMUCcaTh ypaBHEHUS 17151 (DUHATBHBIX BEPOSTHOCTEN
Uy= (g + &)U, + g,

U =gU,+gU +gU,,

(4.7.3)

Ui,=gUg+g. U +...+gU,
U,,=hU,+h_U+...+hU,_,.
PeHJaSI IIOCJIICI0OBATCIBbHO 3TH ypaBHeHI/I}I, HOquI/IM n3 HepBOFO ypaBHeHI/IH:
l-g — l-g —
(]1 :MUO :>V1 :M. (474)
8o 8o
I3 BTOpOro YpaBHEHHUS TIOJTYYHM:

1- U, 1-g U
U,=—8y -y sy, 2 S8 S
&o &o U, g& U, &
HpOI[OH)KeHI/Ie 9TOI0 ImMpouccca 3aBCpHIacT J0KaA3aTCIIbCTBO HepBOﬁ qacCTu.

Jlnst mokaszaTenbCTBa BTOPOM YacTH paccMOTpuM (PyHKIUIO V(z) U MOKaxew,

qTO TIpH | z |< 1 OHa pazmaraeTcs B psif MO CTETICHIM Zz, KOG (OUIIUEHTH KOTOPOTO
coBnanatoT ¢ (4.7.4). ns atoro npeodpazyeM pynkuuto V(z):
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go(l-2) go(1-2) _ go(l-2)
G(iz)—-z 1-z+G(z2)-1 (A-2)[1-10-G(z))/(1-2)]
_ 8o .
I-(1-G(2))/(1-2)
Mo3xHO ITOKa3aTh, 4TO

1—(1—G(z))/(1—z):iz"igi.

n=0= i n+l

Viz)=

B camowm pee,

Zz"Zg,.=gl+g2+g3+g4+g5+...+
n=0= i n+l

+zg, + 28, + 28, + 28, +...+
+Z'g, +zg, +z g+
=(l-g)+z(l-g,—g)+z°(1-gy—g —g)+...=
=(+z+22+2+..)—g(+z+2+22+..)—zg(l+z+ 2"+ 2 +..) -
g (+z+z22+2+..)—... 1/(1-2)-g,/(1-2)—zg,/(E2z)—...
=(1-G(2))/(1-2).

Otcroma mipu | z [< 1

IG(Z) <Yy, g +28,+3g; +== Zlg p<I.

n=0i n+l
3/1ech BeIMYMHA P PaBHA CPEIHEMY MIPUTOKY.
Urak, V' (z) npencraBisieT U3 ce0s cyMMy O€CKOHEYHOUM T€OMETPUUECKOM

nporpeccun co 3HamenareneM (1—G(z))/(1—z), KOTOpBIH TOXKE PA3IOKUM IO
crerneHsm z. Paznoxum V(z) B cTeneHHOM psif:

V(z2)=g,(1=2)/(G(2)—2) vy+Vvz+vz" +....
Koaddunnentst v; onpenensitorcst U3 paBeHCTBa

g,(1-2)=(G(z)— Z)ivizi, (4.7.5)

€CJIM IPHUPABHATH KOA()(PHUIIMEHTHI PH OJMHAKOBBIX CTEIICHSIX z B €r0 IIPaBOi H
JeBOH YacTsaX. BemnuuHbl 3THX K03 (UIIMEHTOB COBIIAJIAIOT ¢ MX 3HAYCHUSIMHU
o ¢popmynam (4.7.4). DTUM U 3aBepIlIaeTCs 10KA3ATEINBCTBO TEOPEMBI.

IIpumep 4.36. [lycts B Xpanumnuie oobema K IOCTYIIJICHHE 3araca UMEeT
pacrpeneneHue

=P(Xz j)=pq’=j 0L12,.., 0<p<l g=1-p.
[Ipu nepenoHeHUH XPAHWINILA U3JIUIIKU TepsAroTcsa. Kaxayo eauHuiy
BPEMEHHM U3 XpaHWIHIIa NOTPeOsSIOT €IUHMIy 3amaca. Tpedyercss HalTu

BCPOATHOCTb TOT'O, YTO K MOMCHTY OYCPCAHOIO pacxoJia 3allaCa XpaHUJINIIC
OKaXXCTCs ITYyCThIM.
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Pewenue. Bocnonb3zyemca TteopemMord Mopana. [nga 3Toro cHavana
HalJleM TPOU3BOAILYI0 (YHKIMIO ISl pacHpelesieHUs] CIIydyalHOM BEITWYUHBI
X

Nmeem G(z):qu"z":% npu |gz|<l n V(z)z%z
z

i=0 -

l—qz_Z
_p-2)(-gz) p(A-z)(I-gz) 1-gqz q
= > = = Ipua p=—.
qz" —z+p (z=-1)(gz—p) 1-pz P

Ecnu ‘pz‘<1, To0 1/(1—pz) MOXHO CUHATATh CyMMOW OECKOHECYHOM

yObIBatoie nporpeccun. [loaromy
V(iz)=(1-gz)(1+pz+p° 2> +p'2 +...+p"2" +5.)
=1+(p—q)z+(p* —gp)z" +(p" —gp*)z" +...+(p" —gp" )z" +.....
W3 3T0M 3anucu cieayer, 4To

v=kv p=q,v, p(p—9). vy P (P-s..¥ P (P—...
O11 K03PULIMEHTHI MOXKHO TTPeoOpa3oBaTh K BUAY:

n— n— n— 1_ n
v, =p""(p—9) p l(i—q] p=lq[—p] p"q.
p p

Torna B cooTBeTcTBUM ¢ popmynamu (4.7.2) umeem
U =pgi,, U, PHUy, Uy PGUy,... U, P'qu,,... . (4.7.6)
Ecnm 00beM XpaHWIHIa HEOTPAHUYCH, TO U3 YCIOBUS HOPMHUPOBKH:
n 1 1-
u,(1+pg+p’q+p’g+...+p"qg+=.) uo(l +pq=1=_—p] uo[?plf] 1.
Torma u, =(1-p)/(1-pq) nu,=p"q(1-p)/(1-pgq), n=123,....
Ecnu xe oObeM xpanunumia paBeH K, TO corjiacHo Tteopeme Mopana

cooTHoueHus (4.7.6) octatoTcs B Cujie, HO YCJIOBUE HOPMUPOBKU UMEET BUJ]
k-1

Zui =1 ug(l+q§pi].
i=1

i=0

-1
k-1
[Hostomy u, = (1 + qz p’] — BEPOSITHOCTh TOTO, YTO K MOMEHTY OUYEPEAHOTO
i=1

-1
k-1
pacxola 3amaca XpaHWINIIE OKaXeTCs IIyCTbIM, a U, = p"q(l + qz p’] ,
i=1
n=12,....k—1.

-1

k—1
Omeem. u, = (1 + qZpi] .
i=1
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3amauya 4.36. Ha cxian ob6bemoMm K equHUIl NPOAYKUIUU (HAIPUMED,
KOHTEMHEPOB, aBTOQYProHOB M T.ld.) €XKEJHEBHO IMOCTyMAaeT MNPOIYKIHUS B
ciaydaiiHoM konudectBe X. BemnunHbl X HE3aBHUCUMBI JJISI Pa3HbIX JTHEU H
UMEIOT pacnpenenenue (¢ =1—-p):
X 0 1 2
P | ¢ |2pq]| p
(Hanpumep, mpoaykiusi IOCTaBiseTcss AByMsi aBTOQyproHamu, a p — A
KaXJI0ro aBTOQyproHa BEpPOSITHOCTh OJAromnojy4HO AOCTABUTH MPOIYKIHIO Ha
ckian.) [lponykuus, He npuHATas Ha ckiaia, Tepsercs. Co ckiana Kaxaoe yTpo
HEO0OXO0MMO MOCTABISATh B POZHUYHYIO CETh OJIUH aBTO(PYProH MPOIYKIIUH.

KakoBa BepOATHOCTb TOTO, 4YTO K MOMEHTY OYEPEAHOU OTIPy3KH
MPOAYKIUU CKIaJl okaxkercs: mycTbiM? (Cwm. mipumep 4.36, p=0,4+0,b, rne b —

HOMEDp BapHaHTA.)

Hpumep 4.37. XpaHwiniie HMEET €MKOCTh LIECTH €IWHULl XPAHCHUS
(Hampumep, 1ecTh KOHTEHHEPOB, 1IECTh BaroHOB U T.1.). B TedeHue kaxmoro
JHS B XPaHWIHIIE MOCTYIMAET CIIyYalHOE KOJIMYECTBO NMpoayKiuu X. BennunHbl
X HE3aBUCHMBI U OJITMHAKOBO PACTIPEAEIIEHBI:

X 0 1 2 3
P 0,1 0,1 0,5 | 0,3

[Ipu 3amojaHeHWH XpaHWIHIIA U30BITOK TOCTYNUBIIECH MPOIYKIIUU
TepseTcs. B KOHIle KaXKI0TO JHS U3 XPAHWIHINA OTITYCKAETCsl MOTPEOUTENIO IBE
€AVHUIBI TPOTYKIIMH (UK BECH 3aI1ac, €CJIM OH MEHBIIIE ABYX).

JIJist cTallMOHApHOTO pekuma TpeOyeTcs HAaWTU: BEPOATHOCTh TOTO, YTO
MocTaBiisieMasi NPOAyKUMs OyAeT TMOJHOCThI0 (0€3 mOoTepb) NpUHATA Ha
XpaHEHHE; BEPOATHOCTb TOT0, YTO OTIYCK MPOIYKIHMH OYJET MPOU3BOJUTHCS B
MIOJIHOM 00BEME.

Pewenue. bynem paccMmaTpuBaTh COCTOSHUS XPAaHWIIMILA MIHOBEHHUE
CIyCTs TOCJIe OYepeIHON OTTPy3KH. Toraa BO3MOXKHBIX COCTOSIHUM OYJET MSITh:
E,E,E, E, E,, TIe HOMEP COCTOSHHA COOTBETCTBYET YMCILy HAXOIALIMXCS HA

XpaHEHUU €IUHUL] TPOIYKIUH.
B wnamem mnpumepe g,=P&F € 0, g =P&X 4d) 01, g,=
=P&X 2) 0,5 g,=P& 3) 0,3. CocraBuM epexoIHYIO MATPUILLY:
Ey | EL | E | E | Ey
Ey 10,7103 0 0 0
E 102105]03] 0 0
E, 101]01/05[03] 0
Es1 0 1011011]05]0,3
Ey | O 0O [01]0,0]0,8
B cootBeTcTBUU € IEPEXOAHON MATPULIEH 3alIUIIIEM CUCTEMY YPaBHEHUN
(4.7.1) nnst BBIYUCIIEHUS CTAIIMOHAPHBIX BEPOATHOCTEH:
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u,=0,7u, +0,2u, +0,1u,,
u, =0,3u, +0,5u, +0,1u, +0,1u,,
u, =0,3u, +0,5u, +0,1u, +0,1u,,
u, =0,3u, +0,5u, +0,1u,,
u, =0,3u, +0,8u,.
Bmecto nro0oro W3 ypaBHEHHMM MOXHO B3SITh YCIOBHE HOPMHUPOBKH
u, +u, +u, +u, +u, =1. tak, MeeM CUCTEMy ypaBHECHUU
—3u, +2u, +u, =0,
3uy, —Su, +u, +u, =0,
3u, —Su, +u, +u, =0,
3u, —Su; +u, =0,
3u, —2u, =0.
CrpykTypa ypaBHEHHI CUCTEMBI TaKOBa, YTO IIO3BOJISET JIETKO BBIPA3UTh

BCC HCHU3BCCTHBLIC BCJIIMYMHBI YCPC3 OJHY M3 HHUX. HaHpHMep, U3 MOCICOHETO

YpaBHCHHA NMCEM

2
Uy =—1Uu,. 4.7.7)
3
[ToncraBnsas HaliICHHOE BBIpAXKEHUE IS Uz B TPEABIAYIIEE ypaBHECHHE,

nojy4yaem

7
u, =§u4. (4.7.8)
C yuetom (4.7.7) u (4.7.8) u3 TpeThero ypaBHEHHs] HAXOIUM, UTO
8
u =—1u,. 4.7.9
1= (4.7.9)
N3 nepBoro ypaBHeHus u cooTHouienuit (4.7.7) — (4.7.9) cnenyer, uto
37
Uy =—1u,. 4.7.10
0 =gt ( )
Bocnonb3yeMcs Terneps ycIoBUEM HOPMUPOBKH
8
Uy +U +U, TU;, + U, =—1M4 +2—7M4 +§M4 +§u4 +u, =
(37 8 7 2 j 259
=u)| —+—+—+—+1l|mu~—— 1,
81 27 9 3 81

81 .
oTtkyna u, =——. lloxcraBisis HalijeHHOE 3HaUeHUe 14 B paBeHcTBa (4.7.7) —
4

(4.7.10), nonnyyaem
37 24 63 54
O: 9”1:_9 u2:— 3:—.
259 259 259 259
[locTaBnsiemass mpoAykius OyJeT MONMHOCThIO (0€3 MoTephb) MpPUHATA HA
XpaHEHHE, €ClM B XpaHWIIUILE, MIOCIIE OYEPEAHOM OTTPY3KU, OCTAHETCS HE OoJiee

b
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TpPEeX €IMHULl NPOAYKUHU (BEPOSTHOCTh YEro paBHA U, +u, +u, +u,), WA B

XpAaHWIUIIE OCTAHETCS YEThIPE EOUHUIBI MNPOAYKIMH, HO [0 OYEpPEAHOMN
OTTPY3KH MOCTYNHUT HEe Oojee ABYX EIUHHI] MPOAYKIUU (BEPOATHOCTH YEro
paBHa g, + g, + g,). Ilo3TOMy BEpOSITHOCTB ITOJIHOTO NpUEMa MPOAYKLIUU PaBHA

P=u,+u +u,+u,+u,(g,+g, +g,)~=0,906.
MaremaTnueckoe OXHJaHHE KOJMYECTBA TepseMOl NPOAYKIMH IpH

KaXJIOM €€ MOCTYIUIEHUU PAaBHO
81

l-u,- g, :2—59-0,3 ~ 0,09 exn. mpox.
BeposiTHOCT, TOro, YTO OTIYCK HPOIYKIMH OYJET MPOU3BOAMUTHCS B
MOJIHOM 00heMe (B KOJIMUECTBE ABYX €AUHUIL), paBHA
u, +uy +u, +u (g +g,+g;) +uy(g, +g;)~0,962.
3ametum, uto M(X)=1-0,1+2-0,5+3-0,3=2. B cpennem moctymnaet
CTOJIBKO, CKOJIBKO JIOJDKHO TpaTUThCS 3a JeHb. Ho 3a cueT HepaBHOMEPHOCTH
MOCTYIUICHUS] TIPOAYKIMU B XPAHWUJIUIIE BO3HUKAIOT U HEMOJIHbIE MOCTABKHU U

MOTEPH MPOIYKIIUU U3-3a MEPETOTHEHUS CKIIaa.
Omeem. 0, 906; 0,962.

3apaua 4.37. Xpanwiuiine uMeeT e€MKOCTh K eIuHUIl XpaHeHus (aJis
HEUYETHBIX BapuaHTOB K =35, B ueTHbIX BapuaHTax K =6). B TeueHne kaxmaoro
IHS B XPaHWIMIIE MTOCTYIAET CIAy4aluHOE KOJIMYECTBO NMpoAyKUuu X. BennunHsl
X He3aBUCHMBI U OJIMHAKOBO pactpeneneHbl. [lpu 3anmonHeHun XpaHuIuIa
M30bITOK TMOCTYMUBILIEH NPOAYKUUHU TepseTrcs. B koHIE Kaxaoro AHS U3
XpaHUWIINILA OTIYCKAETCs MOTPEOUTEIIO M €UHUIl TPOYKIMH (WM BeCh 3amac,
€CJIM OH HE MPEBOCXOUT /1).

JUis  cTalMoHapHOTO  peXUMa HaWAWTe: BEPOSITHOCTH  TOTO, 4YTO
noctapisieMasi NOPOJAYKUUsS OyJeT TMOJHOCThI0 (0€e3 MoTeph) MpUHSTA Ha
XpaHEHHE; BEPOATHOCTb TOT0, YTO OTIYCK MPOIYKIHMH OYyJET MPOU3BOJUTHCS B
noaHoM obObeme. (Cm. mpumep 4.37 W HUCXOIHBIE JaHHBIE; B HEUETHBIX
BapuUaHTax m =1, B UETHBIX BapHaHTax m =2.)

Hcxoounvie oannvie k 3a0aue 4.37. B Tabnuue ykaszansl g, = P(X =1i).

N g g |2 g | N |g g | o]g | N|lg|lg | o|g
1 (04/03(02|0,1| 11 [4/9|2/92/9|1/9}21]0,5|0,1|0,3]|0,1
2 |1/ 1/8 [ 1/211/4 )12 | 1/7 | 1/7|3/7|2/7]22 |1/8|2/8|2/8]|3/8
3 (12|1/61/6|1/6|13 [0,5(0,2]0,1]0,2| 23 |5/12|1/4|1/4|1/12
4 1010106021} 14 0,1[0,1]05(03]24 |1/8|1/3|3/8]3/8
5 |3/813/8|1/81/8 15 |3/72/7|1/7|1/7) 25 |5/12|1/3 |1/12| 1/6
6 1010205102} 16 0,1 020,610,126 |1/9]|1/9|4/9|3/9
7 103(05(0,1(0,1 )17 [1/221/8|1/4]1/8] 27 [0,2]0,6|0,1]0,1
8 |[19]19|59]129,18 0,1 02[04|03]|28 |1/6|1/6|1/6]|1/2
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9 104/04/0,1]0,1)19|1/3]|5/12|1/6|1/12]29 [0,2]0,6]0,1]0,1

10 | 1/6 | 1/6 1 1/3]1/3]20(0,1]03]0,2]04]30 |1/7|1/7]2/7]3/7

Hpumep 4.38. XpaHwinine UMEET €MKOCTh ISATh €AUHUIl XpaHeHusd. B
TEUCHUE KAXJOTro JHS B XPAHWIMIIE MOCTYNAET CIYyYahHOE KOJIUYECTBO X
€OUHULl NpPOAYyKUMH. BenuuumHbl X HE3aBUCUMBI M HUMEIOT OJIMHAKOBOE
pacrpeneneHue

X 1 2 3

P g,=051]g,=031] g,=0,2
[Ip 3amomHEHWW XpaHWIWIA W30BITOK TOCTYMHUBIICH MPOTYKIIUU

TepsieTcs. B KOHIlE KaXJ0ro IHS W3 XPaHWIHUIIA OTIYCKAETCS IMOTPEOUTEIIO

CIIy4aifHOe YHCJIO m EeAWHUI] TPOAYKIMH (MU BECh 3amac, €cld OH He

npesocxoaut m). M3sectHo, uto P(m=1» mn, =0,3, a P(m=2» m,=0,7.

JIng  crauMOHAapHOro peXuMa HaWIUTe: BEPOSTHOCTH TOrO, UTO
MoCTaBiiieMasi NPOAyKUMs OyAeT TMOJHOCThI0 (0€e3 moTepb) NpHUHATA Ha
XpaHEHHE; BEPOATHOCTb TOT0, YTO OTIYCK MPOIYKIIHMH OYyJET MPOU3BOJUTHCS B
MIOJIHOM 00BEME.

Pewenue. Ecnu paccMatpuBaTh COCTOSHUE XPAHWINIA B MOMEHTHI Cpa3y
MOCJIE OYEPEOHOM OTrPY3KH MNPOIYKIIMU, TO HMMEETCS IATh BO3MOKHBIX
cocrosuuu: FE,E,E, E,,E,, TA€ HOMEP COCTOSHHUSA COOTBETCTBYET YHCILY

HaXO[AIIUXCA Ha XpaHEHUU eAuHUI NpoaykKuud. COoCTOSHMS XpaHWINIIA B
MOMEHTBI TIOCJIE€ OYEepPEeIHOW OTrpy3kH 00pa3yroT nenb MapkoBa. Haiinem ee
IIEPEXOJHBIE BEPOSATHOCTH.
Ilepexon E, — E, mpou3ouner, €Caud B IyCTOE XPAHUJIUINE MOCTYIIHT
OJlHa €IMHUIA MPOAYKIUU U OHA JOCTOBEPHO OyAET OTrpy’KEHa, MU MOCTYISAT
IBE €IMHULBI IPOAYKIMH U 00€ OyayT oTrpyxeHsl. [loatomy
Do =P(E, > E)=g 1+g,m, 065+0,3-0,7=0,71.

Ilepexonwl E, — E,, E, — E,, E, — E, IPOUCXOIAT, €CIIA B XpPaHWINIIE
MOCTYMAET Ha €IMHUILy IPOAYKIHHU OOJIbILE, YEM 3aTeM OTrpyxaercs. [loatomy
Do =Pn=Pn=8m+gn, 03-0,3+0,2-0,7=0,23.

Ilepexonwl E, — E,, £, > E,, E,— E, IpOUCXOIAT, €CIU IOCTYNAET
OJIHA €JMHUIA XPAHEHUs, a OTTPYKAITCA ABE. BeposTHOCTB 3TOrO0
P =Py =Pyp=8M, 055-0,7=0,35.
XpaHWIMIIE COXPAaHUT CBOE COCTOsSIHME F, wiu FE;, €Clii TOCTYIIUT
CTOJIBKO €JUHMII XPaHEHUs, CKOJIBKO U OyneT oTrpyxkeHo. [loatomy
Pu=Ppr=gm +gmn 05:0,3+0,3-0,7=0,38.
Ilepexonwl £, > E,, E, — E,, E, - E, IpOUCXOIAT, €CIU IOCTYIIUT TPU
€IMHULBl XpaHEHUs, a OyeT OTrpyKeHa ToIbKO oaHa. [loatomy
Po = DPi3 = Poy= &T 052:0,3=0,06.
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Hus nepexoga E; — E; HE0OX0AMMO, YTOOBI MOCTYNMWIIA OJHA €IMHUIA

XpaHEHUs] U OHa OblIa OTTPY>KEHA WM TMOCTYNWIM JBE WM TPU €IUHUIIBI
XpaHEHUS U ObUIA OTIPYKEHBI IBE. BEeposTHOCTH 3TOTO
Pn=gm +(g +g)n, 0,5-6;3+(0,3+0,2)0,7=0,5.
ITepexon E3 — E4 IpOU30MIET, €CIU B XPAaHWUJIUILE MTOCTYIUT JIBE WU TPH
€IUHUIIBI TPOAYKIMU, a OyAeT OTrpy:KeHa TOJIbKO OJHAa, BEPOATHOCTH YEro

paBHa
Py, =(g,+gym,  (0,3+0,2)0,3=0,15.

Ecnim B xpaHunuiie deTbipe €IUHUIBI MPOAYKIUH, TO MpPHU JIFOOOM
MOCTYTUIEHUH HOBOM MPOAYKIIMU XpaHWIHILE OyIeT 3aroiaHeHo 1eaukoM. Toraa
w1 nepexona £, — E, HeoOxoguma OTIrpy3Ka JABYX €IVHHIl IPOAYKIHU.
BepostHOCTB 3TOTO

Pu=(g+g +g)n, 1=0,7=0,7.

XpaHWIMIIE COXPAaHUT CBOE COCTOSIHME F4, €Cau Npu INOCTYIUICHUH
m000ro KOJIMYECTBA €UHUIl XpaHEHUs (XpaHWIMIIE Torja OyJleT 3aloJIHEHO)
OyJzleT OTrpy>KeHa OJIHAa e€IMHUIIA XpaHEeHUs. BeposTHOCTb 3TOTO

Py=(g +g& +g)m 1=0,3=0,3.
Wtak, nepexoaHasi MaTpULIA UMEET BHI:
Ey E, E, E; E,
Ey | 0,71 | 0,23 | 0,06 0 0
E, | 035036 | 0,23 | 0,06 0
E, 0 0,35 | 0,36 | 0,23 | 0,06
E; 0 0 0,35 | 0,5 | 0,15
Ey4 0 0 0 0,7 0,3
B cooTBeTCTBUM C NEPEXOJHONM MATPHIIEH 3alUIIEeM CUCTEMY YpaBHEHUU
(4.7.1) nnst BBIYUCIIEHUS CTAIIMOHAPHBIX BEPOATHOCTEM:
u,=0,71u, +0,35u,,
u, =0,23u, +0,36u, +0,35u,,
u, =0,06u,+0,23u, +0,36u, +0,35u,,
u, =0,06u, +0,23u, +0,5u, +0,7u,,
u, =0,06u, +0,15u, +0,3u,.
OTo cucTeMa JMHEHHBIX OJHOPOAHBIX ypaBHeHUH. Bmecro mroboro w3
YPaBHEHUI MOXHO B35Th YCIOBUE€ HOPMUPOBKH U, + u, +u, +u, +u, =1. Torna

MOJIYYUTCS CUCTEMA JIMHEHHBIX HEOJHOPOIHBIX ypaBHEHUHU. Pemas 3Ty cucremy
mo0bIM criocobom (o popmynam Kpamepa, mo metony ['aycca u T.71.) monydum,

qTo
U, =0,242; u, =0,200; u, =0,207; u, =0,206; u, =0,145.
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BeposTHOCTE MOTEpH MOCTYMAOIIEH MPOAYKIIMHA W3-3a TEPETIOTHEHUS
ckiraza pasHa u,(g,+g,)=0,0725, T1.e. morepu cocraBiaT oOkono 7%.
BepostHocTh monHoro nprema Ha xpaHenue paBaa 1—0,0725=0,9275.

BeposiTHOCTE OTTpy3KH B TpeOyeMoM 00beMe paBHA

u +u, +u, +u, +u,(gm +g,+g,)=0,9153.

Omeem. 0,9275; 0,9153.

3amaua 4.38. Xpanwnuile HMeeT €MKOCTb K eauHul] XpaHeHus (B
HEUYeTHbIX BapuaHTax K =4, B 4eTHbIX Bapuantax K =35). B Teduenue kaxmaoro
JIHA B XPaHWJIUILE IMOCTYNAeT CIYyYalHOE KOJIMYECTBO X E€IWHHI] MPOTYKIIUU.
Bennunnael X He3aBUCUMBI U UMEIOT OJJMHAKOBOE paclpeeiieHUue
X 0 1 2 3
P 80 81 82 83

[Ipu 3amojgHeHWH XpaHWIHIIA W30BITOK TOCTYNUBIIECH MPOIYKIIUU
TepseTcs. B KOHIlE Kaxaoro AHS U3 XPaHWIHILA OTIHYCKAETCA MOTPEOUTENIO
Clly4yallHO€ 4YHUCJIO m €AWHUIl NPOAYKIMU (WIM Bech 3amac, €clii OH He
npeBocxoaut m). 3BectHo, uto P(m=H mn, a P(m=2) mn,.

JIns  CcTallMOHApHOTO peXMMa HaWIWTE: BEPOSTHOCTH TOTO, YTO
MocTaBiiieMasi NPOIyKUMs OyAeT TMOJHOCThIO (0€3 mOoTepb) NpHUHATA Ha
XpaHEHHE; BEPOATHOCTb TOT0, YTO OTIYCK MPOIYKIIHMH OYyJET MPOU3BOJUTHCS B
MOJTHOM O0BEME.

Benuuunst g;, i =0,1,2,3, Bo3pbMHUTE U3 UCXOJIHBIX IaHHBIX 3a/1aun 4.46. B
HEe4eTHBIX BapuanTax P(m=1¢ =n,=0,9, a P(m=2F m,=0,1. B 9eTHbIX
Bapuantax P(m=1» mn,=0,1,a P(m=2% =n,=0,9. (Cm. npumep 4.38.)

4.8. MoAymapkoBCKHE npouecchl

CiyyaliHbIi MPOLIECC KOHEYHBIM YHUCIOM COCTOSIHUMA HAa3bIBACTCS
nonymapkosckum npoyeccom (IIMII), ecnum Bpems mnpeObIBaHUS TMpoliecca B
KaXJOM U3 COCTOSHHUM CIYyYallHO U 3aBUCHUT TOJBKO OT 3TOTO COCTOSIHUS U OT
TOTr0, B KAKOE COCTOSIHUE 3aTE€M NEPEUIET MPOLIECC.

Ilycts E,E,,...,E, — BO3MOXKHBIE COCTOAHUSA mpouecca. YToObl 3a1aTh

[IMII HeoOxo1MMO yKa3aTh:

1) marpuiy BepositHocTel nepexonos || B, ||, i, 7 =12,3,...,n;

2) marpuny Gynkumid pacnpenenenus || F;(x)[[, roe F;(x) — GyHkuus
pacmipeneneHus BpeMeH! TPeObIBaHUS MPoIiecca B COCTOSHUU E; TIpU yCIIOBUH,
4TO CJIEAYIOIIUM COCTOSHUEM OyneT Ej;

3) nauvansHOe pacupenenenue {F(0)} (manpumep, P (0)=1, P(0)=0
npu i #1 — 3TO 03HAYaeT, YTO MPOLIECC HAUMHAETCS U3 COCTOSAHUS E)).
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3aMeTuM, 4YTO MAapKOBCKHM TMPOLECC C HENPEPBIBHBIM BPEMEHEM U
KOHEYHBIM YHMCJIOM COCTOSSHUM MOHO cuutarh [IMII, y koroporo Bpems
NnpeObIBaHUSA B KAXKJIOM COCTOSIHMM paclpe/ieNieH0 MoKa3aTeabHO. MapKOBCKYIO
Lenb MOYXHO paccMarpuBaTh B HenpepblBHOM BpeMmeHu Kak [IMII, y koToporo
BpeMsl MpeObIBAHUS B KaXJIOM COCTOSIHUM PaBHO 1.

[IpakTuecKuii HHTEPEC MPEACTABISAIOT MHOTHE XapakTtepuctuku [IMII:

1) cpennee Bpemst JOCTHXKEHUSI COCTOSIHUS E; 13 HAYaIbHOT'O COCTOSHUS;

2) cpelHee 4yMcIio monajgaHui B cocTosiHue £, 3a Bpems f;

3) cTalMOHApHBIE BEPOATHOCTH TOTO, YTO TMPOLECC HAXOAUTCS B
cocTosiHuM E;.

PaccMoTpum crocoObl BBIYHMCICHHSI HEKOTOPBIX XapaKTEPUCTUK IMpoIiecca.
Ecnu 0603HaunTh (QYHKIMIO pacrpeieiieHus BpeMEHU MPeObIBaHUS B COCTOSIHUN

E;aepe3 F(t) = ZPij (t), T0

J=1

m=[tdF(0) Y B[t dF @) Y Brmy, (48.1)
0 J=l 0 J=1
rae m; — CcpeaHee BpeMs TMpeOblBaHWS B COCTOSHMM FE;, a mg; —

MaTeMaTH4eCKOe 0XKUIAHHE, COOTBETCTBYIOIIEE paclpeieieHuto F (7).

OOo3Haunm uepe3 L; — cpeaHee BpeMs IO IEPBOrO IMONANaHUS U3

cocrostHus £; B cocrosaue L. JIerko BUIETh, 4TO
Ly =Fymy+ 3 By (my + L)
k#j
WITH
Ly =2 Pl + D Pumy+ Bmy.
k#j k#j
Otkyza B cuity (4.8.1) nmomy4aeM cucTeMy ypaBHEHHI A7 ONpeAesIeHus L;;
L, =Y PL, +m,. (4.8.2)
k#j

AHaAJOTMYHO MOKHO TIPOBECTH PACCYKIEHUS O CpPEIHEM BpPEMEHH

npebbIBaHusl Mpolecca B MHOXKeCTBEe cocTostuid M. O0o3Hauum uepes m (M)

cpeaHee Bpems MpeObIBaHUS IMPOIECCa B MHOXKECTBE COCTOSIHHUN M, €Ciu 3To
npebbIBaHKe HAYaI0Ch U3 COCTOsIHUA £, € M. MOXHO 10Ka3aTh, 4TO

m,(M)=>Y Pm,(M)+m,. (4.8.3)
jeM
B 3akitoueHne npuBeeM 4acTUYHYIO (POPMYJIHPOBKY OJHOM M3 Ba’KHBIX
teopeM o [IMIL.

Teopema Ilaiika (Pyke). CranuoHapHble BEPOATHOCTH MpeObIBaAaHUS
npolecca B COCTosHUAX £, j=1,2,...,k paBHBI
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p =t (4.8.4)

rie u; — (UHUTHBIC BEPOSTHOCTHU 6/100/CeHHOL MAPKOBCKOH LIEIH, 71; — CPEIAHEe
BpeMs NpeOBIBaHUSA B COCTOSHMM F;, a P, — CTalMOHapHBIE BEPOATHOCTH
COCTOSIHUN.

Hpumep 4.39. Ilycth yCTPOHMCTBO COCTOMT U3 TPEX OJHOTHUITHBIX
npubopoB. B MomeHT Bpemenu ¢ =0 HaumHaeT paboTy mpubop Ne 1, koTOpbIi
crycTsi ciaydaiiHoe Bpemsi 7| BBIXOIUT M3 CTposi. B 3TOT MOMEHT HauMHaeT
paboty npubop Ne 2, miUTeNbHOCTh OE€30TKa3HON pabOThl KOTOPOTO paBHa 13, U
HayuMHaeTcsl peMOHT mpubopa Ne 1, mpuuem Bpemsi peMoHTa paBHO 1. Eciu
T, 2m,, To B MOMEHT BpeMmeHnu [ + T, HaunHaeT padoty mpubop Ne 1, a mpubdop

Ne 2 mocrynaer Ha peMoHT. Ecin ke T, <1, TO HAaUMHAET padoOTaTh IeMeHT Ne
3, a BBINIEIINE U3 CTOS MPUOOPHI MPOIOJDKAIOT PEMOHTHPOBATHCS B TIOPSIKE
oueper C TOW K€ WHTEHCHUBHOCTBIO, U T.A. Y CTPOMCTBO OTKA3bIBAET, €CIIH BCE
TpU npubopa BHIXOAAT 3 CTpos. llpeamonoxum, uyro BenuuuHbl 1; U M,
HE3aBUCHMBI U UMEIOT COOTBETCTBEHHO (PYyHKIMU pacnpenenenus F(x) u G(x).

BeluucauMm cpeAHIO IMTENBHOCTh O€30TKa3HOW paboThl CUCTeMbl (WU
«HapaOOTKy Ha OTKa3»).
Ilycts g(f) — xoam4yecTBO pPabOTOCIOCOOHBIX MPUOOPOB B MOMEHT

BpeMeHH f. CucteMa HauMHaeT paboTy MpHU TpeX paboTOCMOCOOHBIX MPUOOpax,
nodtomy npu ¢ =0 umeem g(¢)=3, a B MoMeHT, korga g(¢)=0, ycTpoicTBO
BBIXOJUT U3 cTpos. OmHa H3 BO3MOXKHBIX peanu3auuii mporecca g(¢)

n3o0paxeHa Ha puc. 4.8.1.
g(0) A

21 | — i i :
s e e

S R IS

r N )( N N >t
0 — v V/ Vv

351



Puc. 4.8.1

[Ipouiecc g(¢#) He MapkoBCKUW. BIoXuM B 3TOT MPOIECC MapKOBCKYIO
1IeTb, @ BMECTE C HEI0 U MOTyMapKOBCKUH mpolece (), clienyoimum o0pa3om:
c(t)=3 npu 0<¢<T, a manee ¢(f) paBHO COCTOSHHUIO mpouecca g(t) mocie

MOCJIETHETO MEpeJ] ¢ BBIX0/1a U3 CTPOs Mpudopa.
Jlnst mporiecca ¢(f) B MOMEHTBI MEPEXOJOB U3 COCTOSHHUS B COCTOSIHHE

HUMEEM BepO}ITHOCTI/I HepeXOI[OB
E)():l» 3%1 E)z %3 0,

By=P(T<n)y= [[1-6®dF(t) a, B,=1-B, 4—a, B 0, B O,
0

Py=0, B, F5 a, b, 3-P, l-& P; O,
Py=0, B=0, F=1 PF=0.

Ocraercst BBIYUCIUTH CPEAHION JUITUTEIBHOCTh MPEOBIBAaHUS CUCTEMBI B
MHOXXecTBe cocTtosHuid M ={3,2;1} mpu yciaoBHHM, 4YTO (PYHKIIMOHHPOBAHHE
cucteMbl HaunHaeTcs: U3 coctostHust g(0)=3, T.e. HapaOOTKa Ha OTKa3 paBHa
m,(M). IlocnenHIOO BEIMYUHY MOKHO HAWTU U3 CUCTEMBI YPaBHEHUN, KOTOpasl
cornacHo (4.8.2) uMeeT BUI:

my (M) = Pymy (M) + Bym, (M) + Bymy (M) + m,
m,(M) = Pym;,(M )+ Pym, (M) + B ym (M) + m,,
m (M) = Bymy (M) + Bymy (M) + P ym (M) + m,.

C y4eToM 3HaYEeHHH BEPOSATHOCTEH NEPEXON0B P; U TOro, YTO MaTeMaTu-

4EeCKUE 0XKUIAHUS M, = M, = M, = M , I0JIy4aeM

2 2
ml(M)zpﬂ, m(M)="2, m(M)=m+—% m+—

10 10 PIO J[l _ G(t)]dF(t)

2m

2
Omeem. my(M)=m+— 7

[i1-G1ar

3agaua 4.39. IlycTe yCTpOWCTBO COCTOMT U3 JBYX OJHOTHUITHBIX
npubopoB. B MmomeHT Bpemenu ¢ =0 HaumHaeT paboTy mpubop Ne 1, koTOpbIi
crycTsl ciaydaiiHoe Bpemsi 7| BBIXOIUT M3 CTposi. B 3TOT MOMEHT HauMHAeT
paboty npubop Ne 2, mIUTENbHOCTh OE€30TKa3HON pabOThl KOTOPOTO paBHa 13, U
HayuMHaeTcs peMOHT mpubopa Ne 1, mpuuem Bpemsi peMoHTa paBHO 1. Eciu
T, 2m,, To B MOMEHT BpeMeHnu [ + T, HaunHaeT padoty rmpubop Ne 1, a mpubdop

Ne 2 mocrymaer nHa pemont. Ecnu xe 7T, <m,, T.e. 00a nmpubopa BBIIUIM U3

CTpPOSL, TO YCTPOMCTBO OTKA3bIBAET, & BBILIEIINE U3 CTOSI MPUOOPHI MPOAOJIKAIOT
PEMOHTUPOBATHCSI B MOPSAKE OUYEPEAN C TOW K€ WHTEHCHUBHOCTBIO, W T.I.
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HpeI[HOJ'IO)KI/IM, 4TO BCIMYHNHBI Tl u T]j HE3aBUCHUMBI 1 UMCIOT COOTBCTCTBCHHO

(byHKIMM pacnpeieNIeHus!

0 mpu x<0,
F(x)= 2
() l—a—2 npu x>0
(x+a)
u
0 mpm x<l1,

G(x)=<4(x-1)*/a> mpu 1<x<(a+2)/2,
1 npu (a+2)/2<x.

Brluuciaute cpeiHIo JIUTENbHOCTh 0€30TKa3HON pabOThl CUCTEMBI (MU
«HapaboTKy Ha 0TKa3»). (Cm. mpumep 4.39, a — HOMEp BapuUaHTa.)

Ilpumep 4.40. B ONHOKAHAIBHYIO CHCTEMY C TOTEPSMH TMOCTYNAET
MPOCTEUIIMI MOTOK TpeOOBaHMII WHTEHCUBHOCTH A. BpemeHa o0cCiTy:KuBaHUs
HE3aBUCUMBI U KaXXJI0€ UMEET HEKOTOpoe pactpeaenenue B(x). B moboi MoMeHT

BPEMEHH OOCITY>KMBAIOIIUNA MPUOOP MOXKET oTKazaTh. Eciu npubop cBoOOJEH, TO
BpeMs ero O€30TKa3HOM pabOThl B OSTOM COCTOSSHHMM HMeEeT ToKa3aTeabHOe
pacmnpeneneHue ¢ mapaMmeTpom Ag. Bpems 6e30Tka3HoM paOOThl MprUOOpa, 3aHSITOrO
OOCITy>)KUBaHHEM, TOKE MMEET IMOKa3aTeIbHOE PaCIpe/esieHre, HO C IMapaMeTpoM
Ai.  OrkazaBmmii  mpuOOp TOTYAC HAYMHAIOT PEMOHTHPOBATH U BPEMs
BOCCTAaHOBJICHHS uMeeT pacmpenenenue R(x). Ilpm ortkaze mpubdopa

o0cCy>kuBaeMoe TpeOOBaHUE TEPSETCS, a HOBbIC TPEOOBAHUS HE MPUHUMAIOTCS 10
OKOHYAHHUS peMOHTA. Bce Ha3BaHHBIC BEIMYMHBI CTOXACTHUECKH HE3aBUCHUMBIL.
HeoOxomuMo HalTh cpegHee BpeMs TNpeObIBAaHUS CHCTEMBI B OTKAa3HOM
COCTOSIHHH.

Pewienue. bynem paznuuath cocTosinue £, B KOTOPOM 0OCITY>KUBAOUTUN
puOOp UCIpaBeH U CBOOOJICH, COCTOsIHUE £}, B KOTOpPOM IpUOOp 0OCTYKUBAET
TpeboBaHme, COCTOSIHUE E,, B KOTOPOM MPUOOP HEUCTIPABEH M PEMOHTUPYETCS.
[lyctb ¢q(t) — cocTtostHue cuctemMbl B MOMEHT Bpemenu f. IIpomecc ¢(¢)

ABJISIETCS MOTyMapKOBCKUM. Ha30BeM ero XxapakTepuCTHKHU.
1. IlepexonHble BEPOSATHOCTH:

Poo =0
Do, = P (Toro, 4ro TpeboBaHnE NOCTYNUT B CBOOOJHYIO CUCTEMY paHee,
YeM MpUOOp BBIUJIET U3 CTPOS) = J(l —e M)\ edt = L,
0 A+,
A
= 1 — = 0 ,
Po Por Y

Do, = P (Toro, 4ro Bpems 00CIIyKMBaHHSA MEHbBIIE BpDEMEHH O€30TKa3HOM
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paboThI 3aHATOTO MpHOOpa)= JB(x)?»lz;_Mdt B;
0

=0 p, ¥p, 1-B px L=p,=p, O
I/ITaK, HepeXOI[HaSI ManI/H_Ia HUMECT BU.

0 A/(A+h,)) Ay/(A+h,)

B 0 1-p
1 0 0
3anuiieM ypaBHEHUS 171 PUHUTHBIX BEPOATHOCTEH BIOKEHHOM 1ETIH:

A Ao
= Uy, U,
A+A, A+A,

u, =Pu, +u,; =y, uy + (1 —PBu,.

W3 mepBOro 1 BTOPOro ypaBHEHUU CIEHYET, YTO U, = U, (1 -B ] [ToaTromy n3

A+,

7\‘ ]
x =1 nmomy4aem, 4yTO

YCIIOBUSL HOPMHUPOBKH 1, + %uo +u, (1 -B
+ 0

0

4 1 _ At A

AN/ (AR F1=BA/ (A +A,)  3h+2A4, —BA

L A+ L) _ A

DA (R H[T=BA/ (L + )] A 24, —BA
1-BA/ (A +4,) A+ —BA

o T Ot A A =PBh S (At Ag)] 3%+ 20 —PA

2. Bwmuucnaum Temepb cpemHee BpeMsl TpPeObIBaHUS B KAKIOM W3
coctossHUNA. Bpems mpeObiBaHWsl B COCTOSHUM E; paBHO MUHUMAJIBLHOMY W3
BPEMEHHM Tay3bl U BpeMeHU 0e30TKa3HOW paboThl cBOOOMHOrO mpudopa. IlycTh
X — Bpems nipeObiBaHusl B cocTosinuu £y, Xy — BpeMs 0e30TKa3HOU padoThI B
HEHArpy)KCHHOM COCTOSIHMH, a X; — BpeMms J0 mpuxoda Omwmxaimiero
TpeboBanus. Torma X umeeT QyHKIUIO pacripeeiacHus

F(x)=P(X <x)=Pmin(X,,X,) <x]=1-P[min( X, X,) > x]=
=1-P[X,>x,X,>xF E-e ™™ e Mo,
OTO TNOKa3aTENIbHBIM 3aKOH pacHpeleNeHus C MapaMeTpoM A, +A,.

-1
[TosTOoMy cpennee Bpems npeObIBaHMSA B COCTOSHUM Ej paBHO m,=(A,+A,) .

Bpewms npeObiBaHus B COCTOSHUU £ paBHO MUHUMYMY BPEMEHU 00CITY>KHMBAHUS
Y BPEMEHU BbIXOJA U3 CTPOs 3aHATOro npuodopa. [Toaromy

[e'e]

m, = j[l — B(t)] e Mdt.

0
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DTO paBEHCTBO MOJIydaeTcss U3 cileAyrommux cooOpaxenuil. Ecmu X —
HEOTpUIATEIbHAS  ClydailHass BelWuuMHa ¢  (QYHKIUEH pacnpeneneHust
F(x)=P(X <x), TO

M(X)= jP(X > x) dk j[1 — F(x)]dx, (4.8.5)
0 0
B 3TOM MOXHO YO€IUTHCS, B3SIB IO YACTSIM MHTETpas B IPaBOM 4acTH paBEHCTBRA.

Ilyctes T — Bpems npeObIBaHUS CUCTEMBI B COCTOSIHUM Ei, V' — Bpems
oOcmyxuBanusi, W — BpeMs 0e30TKa3HOM paboThl mpubopa B 3aHITOM
cocrosstauu. Torma T =min{l/ ,W}. Tak kak P(V >x)=1-B(x), a PW >x)=

= exp(—A,Xx), TO

m =M(T) TP(T>x)dx=

[e'e]

Bpems npeObiBaHus B COCTOSSHMM E3 paBHO BpeMeHH peMoHTa. [loatomy

m, =m, = [tdR ()
0

Jlonst BpeMeHu IpeObIBaHUS B OTKA3HOM COCTOSTHUU paBHA CTAllMOHAPHOU
BeposiTHOCTU coctosiHust  FE,. Ilo dopmyne (4.8.4) »sta cranuonapHas
BEPOSITHOCTh PaBHA

p =Ml _ m,(h+ A, —PA)
? Zzlm” A+r)/ (A+A)+mA+m,(A+A,—PA)
i=0

my,(A+X, —PBAr)

Omeem. .
A+2X)/ (A+A)+mA+m,(A+A, —BA)

3agaya 4.40. B OgHOKAHAIBHYIO CHCTEMY C IIOTEPSMH IOCTYNAET
MPOCTEHIINIT MOTOK TpeOOBaHUI MHTEHCUBHOCTH A . Bpemena oOciyxuBaHUs
HE3aBHUCHUMBI U KaXJ0€ UMEET MOKa3aTeIbHOE paclpe/ie]ieHue ¢ MapaMeTpoM V.
B 11060t MOMEHT BpeMeHH OOCTYyKHUBAIOIIUA MpUOOp MOKeT OTKazaTh. Ecim
npubop cBOOOJIEH, TO BpeMs ero 0€30TKa3HOM padOThl B ’TOM COCTOSIHUU UMEET
MoKa3aTeIbHOE paclpeesieHue ¢ mapaMeTpoM Ay. Bpems 0e30TkazHOM pabOTHI
npubopa,  3aHATOrO  OOCIY>KHMBAaHMEM, TOXE  HMMEET  IOKa3aTeIbHOE
pacmpenaeneHye, HO ¢ mapamMeTpoM A;. OTkazaBmmuii mpuOOp TOTYAC HAYWHAIOT
PEMOHTHPOBATh, U BPEMSI BOCCTAHOBJICHUSI UMEET paclpeiesieHHe

0 mpu x<1,

R(x)=<Inx mpm 1<x<e,

I mpu 1<x
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IIpu otkaze mpubopa oOcyxkuBaeMoe TpeOOBaHUE TEPSETCA, a HOBBIC
TpeOOBaHMsSI HE NPHHUMAIOTCS 1O OKOHYaHWS peMOHTAa. Bce Ha3BaHHbBIE
BEITMYMHBI CTOXACTUICCKN HE3aBUCUMBI.

HeoOxonmuMo HaliTh cpemHee BpeMs MPeObIBAaHUS CHUCTEMBI B OTKA3HOM
coctossauu. (Cm. mpumep 4.40, ecniu N — Homep BapuaHTa, TO A =N /15,
v=N/10, A, =N /100, A, =N /50.)
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5. HEKOTOPbBIE UHTEPECHDbIE 3AAA4U

[ToTox TpebGoBaHU HA3bIBAETCS MPOCTEUIIINM, €CJIM UHTEPBAJIBI BPEMEHU
MEXy MOCIeA0BaTEIbHBIMU MOMEHTAMU NpHUXoJa TpeOOBaHUM HE3aBUCHUMBI U
HMMEIOT MOKA3aTEIbHBIN 3aKOH PACIpPEICIICHUS.

3amMeTuM, 4YTO B TIOKa3aTEJIbHOM 3aKOHE paclpeeieHus Haubolee
BEPOSITHBI MaJIbl€ 3HAYEHHS CIIyYaWHOW BEJIMYMHBI. DTO O3HAYAET, YTO YaCTO
OyIlyT peasn30BbIBATHCS MaJIble UHTEPBAJIBI MEXAY TPEOOBAHUSIMU U PEIKO —
oonbinue. s HaOmogaTens 3To0 OyJeT BBITJSAAETh KaK JIOKAJIbHBIE CTYILICHUS
TpeOOBaHUI U JIOKaJbHbIE paspsbkeHus. Tem caMbiM TOATBEPXKIACTCS
OBITYIOILIEE TPEACTABICHUE O «IOJOCE BE3CHUS» U «IIOJIOCE HEBE3CHUSY.
JleHCcTBUTENbHO, ClydailHble COOBITHS, Nake OyAydd HE3aBUCHUMBIMHU, UMEIOT
CBOWCTBO TPYIIHUPOBATHCS BO BPEMEHMU.

3apaua 5.1 (o epemenu oorcuoanus). OTMETUM OJHY OCOOEHHOCTH
MPOCTEHIIEr0 TMOTOKA, CBSI3aHHYIO C «IapaJloOKCOM BpPEMEHU OXKUIAHU.
[IpeamnonoxuM cHayana, YTO K OCTAHOBKE C PAaBHBIMH MHTEpBajJaMU MOAXOMST
aBTOOYyCHI (IMOTOK aBTOOYCOB JAeTepMUHUpOBaHHBIN). [laccaxkup B ciydailHbIi
MOMEHT BPEMEHU MPUXOJIUT HA OCTAHOBKY U OKHUAACT ONMKAMIIETro 1Mo BpeMeHH
aBToOyca. KakoBo cpenHee Bpemsi 0KUAaHuUs maccaxupa?

Pewenue. Ilycts wuHTEpBan Mexay aBToOycamMu paBeH T. Tak Kak
PaBHOBO3MOHO J11000€ 3HaUY€HHE BpeMeHU oxkujaanus X B mpeaenax ot 0 1o T,
TO CpeJHEE BPEMsI OKUIaHUSI PABHO

T 2|7
1 1 x T
M(X):jx—dx: S - (5.1)
y T T2 2
0
[lycTe Temepb MOMEHTHI MPHUOBITHS aBTOOYCOB Ha OCTAaHOBKY OOpa3yroT
NPOCTEHIINN TMOTOK HWHTEHCUBHOCTH A. Tak Kak HHTEpBaIbl  MEXAY
MOCJEI0BATENIEHO MPUXOAAIIMMH aBTOOycaMH HMEIOT IOKAa3aTebHbIM 3aKOH
pacripesieNieHusl, TO CpPeIHUM HHTEpBal MEXIy NPHOBITUAMHU aBTOOYCOB OyIeT

paBeH
M(X)= jxx exp(—Ax)dx.
0

HNuTerpan MOKHO B34TH 110 yacTsaM. [loaTtomy

0
e _ I 0 1
M(X)=-xe “‘ +Je Mdy=——e™| =—. (5.2)
LS A o A
[L1IOTHOCTP BEPOSTHOCTA TOTO, YTO MOMEHT MPUXOJa Maccaxkupa
MPUIETCSA Ha UHTEPBAJI MEXIYy aBTOOycamMu JJIMHBI X, UMEET BU]T

357



—Ax —Ax

— xhe = xif x e ™.
—Ax _

Jx?»e dx N

0
CornacHo (5.1) mpu uHTepBajie MeXay aBTOoOycamu JJIMHON X cpeaHee
BpeMsi oxupaHus paBHO x/2. [loaToMy cpemHee BpeMs OXHIaHHS B CiIydac
MPOCTEUIIIETO MOTOKA PABHO

®
M(X)= fokze_“dx = 1
02 A
(mocnenHuit WHTETpan JBaxabl Oepercst mo 4dactsaMm). Urtak, npu peryisipHOM
MOTOKE CpeHee BpeMsl OXUJAHHUS PABHO TMOJOBHHE WHTEpPBAJla MEXIY
npuObITUsIMUA aBTOOYycOB. [Ipu 4mcTO CiaydyallHOM TMOTOKE aBTOOYCOB CpelHEe
BpeMsl OKUJIaHHS COBIAJIAET CO CPEHUM UHTEPBAIOM MEXK]y aBTOOycamu.
3aMeTuM, YTO CpeaHee BpeMs OXKHUJIAHUSA IacCaXupa MOXKET OBbITh
3HAUYUTENIbHO OOJIbIlle CPEAHEro HHTEpBalla MeXIy aBToOycamu. Hampumep,
MyCTh aBTOOYCHI MPUXOIAT MO PaCIHUCaHUIO0, HO TAKOMY, UTO CHavaJsia MOAps C
WHTEpBaJlaMU B JIB€ MUHYTHI MPOXOJAT MITh aBTOOYCOB, a MIECTON MPUXOIUT

yepes3 50  MuHYyT. Tornma  cpenuuili  uHTepBan  OyneT  paBeH
(2-5+50)/6=10 mu=.

[laccaxxup MOXKET C BEpOATHOCTHIO 1/5 momacth Ha Yepeay KOPOTKUX
MHTEPBAJIOB MEXIy aBTOOyCaMU U CpeJHee BpeMs OXKUAaHus sl Hero OyaeT
paBHo | muH. Ha OonbII0if MHTEpBA MOXKHO TOMNACTh C BEPOSITHOCTHIO 5/6 U
TOrga cpenHee Bpems oxunaHus Oyaer 25 muH. IlosTomy cpenHee Bpemst
oxuaaHusa paBHo 1-1/6+25-5/6 126/6 2H muH. MUHHMaNbHBIM CpeHEE
BpeMsl OXuaaHusi OyJeT MpU peryJspHOM IOTOKE aBTOOYCOB MPU PaBHBIX
MHTEpBaJlax MEXIy HUMHU.

[IpoBenem paccmorpeHue B oOwmeM ciydae. MoOMEHT, HauuHas C
KOTOPOrO Mbl HauMHAeM HaOJoAaTh IMOTOK COOBITHI, MOXHO CYHUTaTh
ClIy4yallHOM TOYKON T Ha ocu BpeMmeHH f. IlycTb B MOTOKE COOBITHII MHTEPBAJIBI
MEXy COCEIHUMU COOBITUSMH HE3aBUCHUMBI U HUMEIOT OJIMHAKOBBIC (DYHKIIMHU
TJIOTHOCTH BEPOSTHOCTH f(¢) (Takue MOTOKH Ha3bIBAIOT MoTOKamu [lambma).

o £ K
Haiinem mioTHOCTH BEpOATHOCTH [ (¢) IIWMHBI TOTO WHTepBana 1 , Ha

KOTOPBIM Tomana ciryyaiiHas Toyka t. [IoHATHO, YTO MIaHCHI TOYKOM MONAcCTh B
JUIMHHBIN WHTEpBal OoJibllie, 4eM B KOpOTKuid. [loaTroMy cam ¢akT monagaHus
CIIy4ailHOM TOYKHM T Ha MHTEPBAIl MEHSIET €r0 pacnpeaenenue. Paccmorpum

P{T" e[t,t+dt)} = £ (¢)dt. (5.3)
UTOOBbl BBIYUCIUTH 3Ty BEPOSTHOCTh, MPEAMNOJIOKUM, UYTO HMEEM JeJI0 C
Oonbioi cepuedt U3 n uMHTEpBaOB. CpellHEe YUCIO MHTEPBAJIOB, MUMEIOLIUX
JUIMHY B TIpefienax OT ¢ 1m0 ¢ +dt, paBHO nf(¢)dt, a cpemHsisl AJIMHA CYMMBI
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TaKuX WHTEPBAJIOB paBHa tn f(t)dt. CpenHss xKe NIWHA BCEX 1 WHTEPBAIOB

0

paBHa nm, = n_[t f(t)dt . IlloaTomy

0

Fod MO _ 1@

nm, m,

[Ipu n — o0 mosydaercs TOUHOE PaBEHCTBO, U3 KOTOPOTO CIIETYET:

* ty(t
=20 (54)
mt
Cpennsiga LJIMHA MHTEpPBaa, B KOTOPBIN MMOMaIa TOUYKa, paBHA
o 2
M(T") = LJttf(t)alt _Ma)
mt 0 mt

Tak xax D(T) =M (T*)—(m,)*, To
DD)+(m) . DT)

t

m, m,

M(T) =

Hampumep, 1js mMoka3aTeNbHOTO 3aKOHA pacHpeiesieHUs] WHTEpPBAIOB (AJis
IPOCTEHMIIEr0 MOTOKAa COOBITMH HWHTEHCUBHOCTH A) m,=ME) 1/A,

-\t
D(T)=1/)\*, nosromy f*(t)z%/ex Mte ™ u M(TH)=2/\ .

o £
I'padux 3TOM GYHKIIMK TUIOTHOCTH BeposSTHOCTH f (f) M300pakeH Ha

puc. 5.1. Ecnu 1715 moka3aTeabHOro 3aKOHa pacipeiesieHus Hanboaee BepOITHbI
£

Majble 3HA4eHUs, TO JIsi f (/) BEPOATHOCTH CMEIICHBI B CTOPOHY OOJIBIINX

3HA4YCHUMN.

1o,
ied-=-=-=<

0 1/ 277,
Puc. 5.1

[

[Iycte F(x) m f(x) COOTBETCTBEHHO (QYHKITUS paclpeaeieHus |
(yHKIMS TUIOTHOCTH BEPOSITHOCTH MHTEpBaia X MEXJy MOMEHTAMHU MOSIBICHUS
coceHUX coObITui. [IpeAamnonoxkuM, 4TO ¢ MOMEHTa MOSIBJIEHUS IMOCIEIHETO
coObITHS YK€ mponuio BpeMs tT. HalimeM pacnpenesieHHsi OCTaBILIEHCS 4YacTH
WHTEpBajia, KOTOPYI0 0003HaUUM uepes R:
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P(X<t+r X 21) P(1:<X<7:+r)

P(R<r) F(rl/t) F(=/X?31)

P(X > 1T) P(X > 1)
_F(r+t)-F(7)
- 1-F(v)
otkyma f(r/t)= ch(Z:, 9 {EFI;L(g :

3anaua 5.2 (0 Haunyuwem evibope). IMeeTcs n OTHOPOIHBIX MPEIMETOB
pPa3IMYHOIO KauecTBa, MPUYEM 3apaHee O MpeaMeTax HHUYEero HE H3BECTHO.
[IpeameTs MOKHO BBIOMpPATH HAYTa] 0 OAHOMY M o0clienoBaTh. Eciiu kauecTBo
mpeaMeTa Hac HE YCTpauBaeT, TO BHIOMpPAeM OYEPENHOU MpEeIMET, HO K
OTBEPrHYTOMY TMpEIMETY BEpHYThCS Henb3s. Kakol cTpaTeruum clienoBarh,
YTOOBI BEPOATHOCTh BHIOpATh HAWIY4IIWi npeamer Obuia Haubomibiien? (Oty
3a/lady Ha3bIBAIOT e€Ille 3aJadyel o pa3dbopuuBoi HeBecte. K HeBecTe
MOCJICIOBATENILHO CBATAlOTCSI 7 KEHUXOB. JKEHHX, NONYYHMBIIMKM OTKAa3,
MOBTOPHO HE CBATAETCA. )

Pewienue. T1ockoabKy Ka4eCTBO 3TUX MPEIMETOB HAM HEU3BECTHO, TO IS
Hayajga HeOOXOIUMO TOJIYYUTh MPEACTABICHUE O TOM, YETrO CIIEIYET OXKUIATh.
PaccmoTpum crnenyromuii  mopsgok  AedctBuid:  IIpocMotpum m (m<n)
MPEAMETOB U OTBEPTHEM HUX, HE B3HMpasi HA KAYECTBO. 3aT€M OCTAHOBHUM CBOU
BHIOOp Ha TIEPBOM TMpPEIMETE, KOTOPHIM OKaXeTcs Jydllle BCEX paHee
MPOCMOTPEHHBIX.

BeiuuciauM BepoOsSITHOCTh BBIOpaTh HAWIYYIIMI MpeaMeT OpU TaKoM
o0Opase eNCTBHI, a 3aTEM OIPEICINM ONTUMAIBHOE 3HAUCHUE 1.

O6o03HauuM uyepe3 Ay — COOBITHE, COCTOSIIIEE B TOM, UYTO HAWITYUIIUM
aisiercs (k +1)-i1 mpeaMeT W mpu ATOM HAUIYUIIUNA U3 MEPBBIX kK MPEAMETOB

HaXOJIUTCSI CPEU MEPBBIX M MPEAMETOB (MTOCIEAHEE YCIOBUE FapaHTUPYET HaM,
YTO JEJ0 AoUAeT a0 Beibopa (k +1)-ro mpeamerta.). Toraa
n—1
P(BbI0paTh HAMITYYIIHIA IPEIMET) = ZP(Ak) =
k=m

TOT0, YTO HAWJIYUILIUWA CpEar
2! (TOro, 9TO HAMITYYIIINM OKQKETCS
= >»P - P| mepBbIX k mpeaMeTroB HAXOIUTCA | =
o \(k —1)-i1 mo cuery nmpeamer
cpe/:u/l NEPBBIX 71 MPEAMETOB

BribepeM uucno s Mencz[y O u 1 u mycte m =[ns] — HauOboJIbIIIEE 1IETI0E

4KiCIIO, MeHbluee, yeM ns. Omnpenenaum Opu n —> o0 HaWIydllee 3HAYEHUE S
(Hamy4Iee B CMbICIIE MaKCUMU3ALIUH UCCIIEIYEMON BEPOSTHOCTH). 3aMETUM:
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n—1

Haiinem wmakcumanbHOoe 3HaueHue ¢yHKiuu P(s)=-slns. TIlo

1 1
— S:J—dx —slns.
kX

=[ns

HEOOXOAMMOMY  yCIOBHIO 3kcTpemyma P'(s)=-Iss—-1 0=>Ins -1=
= s=1/e — xputnuyeckas Touka. B 3T0il Touke (QyHKIUS UMEET MAaKCUMyM
TaK Kak B 3toit Touke P'(s)|, ,, =—15&s|,_,, —-e<O0.

Wrak, ontumanbHasi CTpaTrerds PEKOMEHAYET MPOCMOTPETh MPUMEPHO
TPETh MpEeAMETOB (TOUHEe, |7/ e]) U 3aTeM OCTaHOBHTH CBOI BHIOOp Ha MEPBOM

MpeIMETEe JIy4ylIeM, YE€M BCE paHee NPOCMOTpeHHble. He wuckimoueHo, 4ro
Ay4lIUA TpeaMeT yxe ObUT MPOCMOTPEH B MEPBOM TPETU MPEAMETOB, U
OTBEpruHyT. Torga nmpuaeTcs OCTAHOBUTHCS HA MOCIEAHEM U3 MpeaMeToB. Eie
pa3 MOAYEpKHEM, UTO TMpejjaraemas CTpaTerusi He TrapaHTUPYeT BBIOOP
HaWJTy4Ilero NpeMeTa, HO JIeJlaeT ero BbIOOp Haubosiee BEPOSITHHIM.

3agaua 5.3. Bel npuHumaere ywyactue B Teleurpe, 1 Bam mpemnararor
BBIOpaTh OJHY W3 TPEX ILIKATYJIOK, B OJHOM W3 KOTOPBIX JieXkaT AEHbIH. Bbl
BBIOpaJIM HEKOTOPYIO MIKATYJKY (Hampumep, mkarynky Ne 1). Bemymwuii mocne
ATOTO0 OTKPBIBAECT OJHY W3 JIBYX JPYTUX IIKATYJIOK (Hampumep, mkaryiaky Ne 3),
ITIOKA3bIBAET, YTO OHA IIYCTa, U CHPAIIMBACT: HE JKEJAaeTe I BBl N3BMEHUTH CBOE
peuienue U BbIOpaTh mkatynky Ne 2? Crnenyer nu Bam MeHSTH CBOe pellieHUE
WJIV HET?

Pewenue. bynem monarath, 4TO BEOYIIMH 3HAET, TJ€ JICHBIH JIEXKAT, U
MIO3TOMY OTKpPBIBAET UMEHHO IYCTYIO IIKATyJIKy. HacueT mkatynku ¢ AeHbramu
€CTh TPU OJMHAKOBO BEPOSTHBIX MPEAIOI0XKEHUS: B; — JIEHBI'M HAXOAATCS B i-
mkatynke, P(B,)=1/3, (i=1,2,3).

CoObiTuEe A cocTouT B TOM, 4TO BbI BeIOpanu mkatynky Ne 1, a Begyuiuit
oTkpbll KaTynaky Ne 3. Ilpm mycTod TpeTbel WIKaTyJIKE B CHIIy CUMMETPHH
Bamu maHchl Ha BRIMTPBII paBHBL 1/2.

Ecnu nenpru 1eMCTBUTENBHO HAXOAATCS B IIEPBOM IIKATYJIKE, TO BEYIIUI
C BEpOATHOCTHIO 1/2  oTkpoer wuMmeHHO mKaryaky Ne 3. Iloatomy
P(A4/B)=1/2.

Ecomm nmeHprm HaxomaTcs BO BTOPOM IIKAaTyJKe, TO BEAYLIUMH C

BEPOSATHOCTBIO 1 0TKpoeT uMeHHO mKatyinky Ne 3 (P(A/ B,) =1).

Ecnu nenbru B TpeThbed NHIKATYNKE, TO BEPOATHOCTh BHIOOpA BEIYIIUM
TpeTbell MKaTyNKu HyseBas (P(A4/ B;)=0).

[To dopmynam Baiieca
P(B)P(A/B

P(B)P(AIB,)+ P(B,)P(A/ B,) + P(B,)P(A/ B,)
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1/3-1/2

= =1/3,
1/3-1/2+1/3-1+1/3-0
P(B2 /A): P(BZ)P(A/BZ) —
P(B,)P(A/ B))+ P(B,)P(A/ B,) + P(B,)P(A/ B,)
_ 1/3-1 _2/3,
1/3-1/2+1/3-1+1/3-0
P(B,/ A)=0.

Ecin Benymuii He 3HaeT rae AeHbIu Jexat, T0 P(B,/ A)=1/2 wu torna
P(B,/ A)=P(B,/ A)=1/2.

Utak, urpoky npeaBapuTeIbHO CIETYET OCBEAOMUTLCS Y BEAYIIET0, 3HACT
T OH TJI€ JIeHbI'U Jiexkat. [Ipu monoXXuTeIbHOM OTBETE ClIelyeT U3MEHUTh CBOM

BbIOOp. Ecnu Benymuii He 3HaeT, B KaKOW IIKATYJIKE JAEHBI'H, TO MEHATH BHIOOD
CMBICJIA HET.

3agaua 5.4. [IponsBoauTelb HEKOTOPOU MPOAYKIHUH 3aTEST PEKIAMHYIO
akiuio. OOBSABICHO, YTO B KaXAbld MakeT MPOAYKTa 3aJ0KEH OJIMH U3
pPa3IUYHBIX TUIOB XeTOHOB. llokymaTenb, coOpaBiIUii BCE 7 TUIIOB >KETOHOB,
MOJIY4YaeT JIUCKOHTHYK KapTy JUIsl JUIMTENBHBIX CKUJAOK HA 3TOT IPOMYKT.
CKoOJIbKO B CpeJIHEM IMAaKETOB MPOJYKTa MPUAETCA KYIUTb, YTOOBI COOpATH
MIOJIHBINA KOMIUIEKT U3 71 PA3JIMYHBIX )KETOHOB?

Pewenue. [ToHsATHO, 4TO MO MEpe HAKOIUICHUS KETOHOB, IIAHCHI HAWUTH
HOBBIM JKCTOH B OYEPENHOM INakeTe yObiBaroT. O003Ha4YMM 4epes3 X; — 4YHuCIIo
MAaKETOB, KOTOpbIE MPHUIETCA KyNuTh mociie obperenus (j—1)-ro xeroHa,

4YTOOBI HAWTH j-H keTOoH. Toraa obmiee Ynciao KyIIeHHbIX TaKeTOB
N=1+X,+X,+...+ X,
A MaTeMaTH4eCcKoe OXKHUJaHHUEC 3TOI0 4YHUCJia paBHO
MN)=1+M(X,))+ M(X,))+...+ M(X,).
BepOSITHOCTI) TOI'0, 4TO IJIS IMOKMCKA BTOPOI'O XKETOHA IIPUACTCA BCKPBITh k
[IaKE€TOB, paBHA

n—1 (1)
P(X,=k) ; (7) . k=123....

(umeercsa B BuAy, uto (k—1) pa3 momagyTcs MakeTbl C YK€ OOpETeHHBIM
KETOHOM H k- TIO CUETY JKETOH C BEPOATHOCTBIO (7 —1)/n OymeT comepkaTh
#eTOH HOBOro TuMa). COOTBETCTBEHHO

k-1
P(X,=k) ”;2%] , k=1,2,3,..;

...........................
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...........................

n
N3BecTHO, YTO 3TO TEOMETPUUYECKUU 3aKOH pacrpenencHus. Ho s
reOMETPUUECKOTO 3akoHa pachpenenenus: P(X =k)=pq"', k=1,2,3,...,

n

q =1— p, cpenHee 3HaYEHHUE PABHO

M(X)= ikpq"‘1 =

k=1
=p+2pq+3pq° +4pg’ +5pq” +... p(1+2q+3q" +4q+5¢" +..)
=p(l+q+q+qg’+q"* +...
+g+q +q +qt +...
+qg +q +qt +...

+q +qt +...
+q' +..)=
1 2 3
=p( +-4 4 9 +] =L G+g+q+qg+..) =2 = L
I-q 1-q 1-q I-¢ I-¢ -9 p
n—r+1 n
B Hamewm ciyqae uist X, BEpOATHOCTD p = . Hoatomy M (X,) = .
n n—r+
B urore
n n n

MN)=1+M(X,))+M(X,))+...+ M{(X)) 1+ + + +...+n
n—-1 n-2 n-3

01051

n—1 1
M(N)=n) —.
j=0n—]
Hampumep, ipu n=>5 umeem M (N)=137/12 =11,4.
B 3akirodeHne MOXHO 3aMETHTh, YTO TpH OONBIIMX 7 MOXKHO
BOCIIOJIB30BAThCS ACHMIITOTUIECKOHN (PopMyIIoit

n—1
M(N)znz ! -~ nlnn.

~on—=J
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NMPUANOXEHUA
Taomauna I1.1

2

Ta6AuMLLa 3HaOYeHUH PYHKUMK O(X) = \/;_n e_?, o(—a) o(x)

0 1 2 3 4 5 6 7 8 9

0,3989 13989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973

3970 3965 | 3961 | 3956 | 3951 | 3945 | 3939 | 3932 | 3925 | 3918

3910 [3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825

3814 | 3802 | 3790 | 3778 | 3765 | 3752 | 3739 | 3726 |3712 | 3797

3683 | 3668 | 3653 | 3637 | 3621 | 3605 | 3589 | 3572 | 2555 | 2538

3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3410 | 3391 | 3372 | 3352

3332 3312 3292 | 3271 | 3251 | 3230 | 3209 | 3187 | 3166 | 3144

3123 | 3101 | 3079 | 3056 | 3034 | 3011 | 2989 | 2966 | 2943 | 2920

2897 2874 | 2850 | 2827 | 2803 | 2780 | 2756 | 2732 | 2709 | 2685

2661 2637 | 2613 | 2589 | 2565 | 2541 | 2526 | 2492 | 2468 | 2444

o

0,2420 | 2396 | 2371 | 2347 | 2323 | 2299 | 2275 | 2251 | 2227 | 2203

>

2179 12155 | 2131 |2107 | 2083 | 2059 | 2036 | 2012 | 1989 | 1965

3

1942 | 1919 | 1895 | 1872 | 1849 | 1826 | 1804 | 1781 | 1758 | 1768

o

1714 | 1691 | 1669 | 1647 | 1626 | 1604 | 1582 | 1561 | 1539 | 1518

>

1497 | 1476 | 1456 | 1435 | 1415 | 1394 | 1374 | 1454 | 1334 | 1315

o

1295 | 1276 | 1257 | 1238 | 1219 | 1200 | 1182 | 1163 | 1145 | 1127

o

1108 | 1092 | 1074 | 1057 | 1040 | 1023 | 1006 | 0989 | 0973 | 0957

>

0940 |0925 | 0909 | 0893 | 0878 | 0863 | 0848 | 0833 | 0818 | 0804

o

0790 0775 [0761 0748 | 0734 | 0721 | 0707 | 0694 | 0671 | 0669

[UY (VY [N [ U W [ U— W— U —

>

0656 | 0644 | 0632 | 0620 | 0608 | 0596 | 0584 | 0573 | 0562 | 0551

[\

0,0540 | 0529 | 0519 | 0508 | 0498 | 0488 | 0478 | 0468 | 0659 | 0449

o

0440 | 0431 | 0422 | 0413 | 0404 | 0396 | 0387 | 0379 | 0371 | 0363

o

0283 | 0277 0270 | 0264 | 0258 | 0252 | 0246 | 2041 | 0235 | 2029

>

0224 10219 0213 | 0208 | 0203 | 0198 | 0194 | 0189 | 0184 | 0180

o

0175 |0171 | 0167 | 0163 | 0158 | 0154 | 0151 | 1047 | 0143 | 0139

[\

0136 | 0132 | 0129 | 0126 | 0122 | 0119 [0116 | 0113 | 0110 | 0107

o

0104 | 0101 | 0099 | 0096 | 0093 | 0091 | 0088 | 0086 | 0084 | 0081

o

0079 10077 0075 | 0073 | 0071 | 0069 | 0067 | 0065 | 0063 | 0061

o

0060 | 0058 | 0056 | 0055 | 0053 | 0051 | 0050 | 0048 | 0047 | 0046

o

0,0044 | 0043 | 0042 | 0040 | 0039 | 0038 | 0037 | 0036 | 0035 | 0034

o

0033 | 0032 | 0031 | 0030 | 0029 | 0028 | 0027 | 0026 | 0025 | 0025

o

0024 |0023 | 0022 | 0022 | 0021 | 0020 | 0020 | 0019 | 0018 | 0018

o

0017 {0017 | 0016 | 0016 | 0015 | 0015 | 0014 | 0014 | 0013 | 0013

>

0012 | 0012 | 0012 | 0011 | 0011 | 0010 | 0010 | 0010 | 0009 | 0009

o

0009 | 0008 | 0008 | 0008 | 0008 | 0007 | 0007 | 0007 | 0007 | 0006

o

0006 | 0006 | 0006 | 0005 | 0005 | 0005 | 0005 | 0005 | 0005 | 0004

o

0004 | 0004 | 0004 | 0004 | 0004 | 0004 | 0003 | 0003 | 0003 | 0003

o

0003 | 0003 | 0003 | 0003 | 0003 | 0002 | 0002 | 0002 | 0002 | 0002

O (0| NN | (WIN—|O ORI NN | R|W|—|O O[O0 NN | (WIN—O O

(OSSO ILUSTRUS I (USTHUS I LUS TR US LS DN NN NN

o

0002 {0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0001 | 0001
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Taoauma I12

2

X t
Ta6AnLa 3Ha4YeHun pyHKkumn O(x) = \/;_J.e 2dt, O(—xFE —D(x)
o

=

0 1 2 3 4 5 6 7 8 9

) - ) ) ) ) ) ) )

SO OO OO ODOoOOO

)

- - - - - - » - -

ok ko ko ko ek

-

» - » - - - ) - »

-

0,0000 | 0040 | 0080 | 0120 | 0160 | 0199 | 0239 | 0279 | 0320 | 0359
0398 | 0438 | 0478 | 0517 | 0557 | 0596 | 0636 | 0675 | 0714 | 0754
0793 | 0832 | 0971 | 0910 | 0948 | 0987 | 1026 | 1064 | 1103 | 1141
1179 | 1217 | 1255 | 1293 | 1331 | 1368 | 1406 | 1443 | 1480 | 1517
1554 | 1591 | 1628 | 1664 | 1700 | 1736 | 1772 | 1808 | 1844 | 1879
1915 | 1950 | 1985 | 2019 | 1054 | 1088 | 2123 | 2157 | 2190 | 2224
2258 | 2291 | 2324 | 2357 | 2389 | 2422 | 2454 | 2486 | 2518 | 2549
2580 | 2612 | 2642 | 2673 | 2704 | 2734 | 2764 | 2794 | 2823 | 2852
2881 | 2910 | 1939 | 2967 | 2996 | 3023 | 3051 | 3079 | 3106 | 3133
3159 | 3186 | 3212 | 3238 | 3264 | 3289 | 3315 | 3340 | 3365 | 3389

3413 | 3438 | 3461 | 3485 | 3508 | 3531 | 3554 | 3577 | 3599 | 3621
3643 | 3665 | 3686 | 3708 | 3729 | 3749 | 3770 | 3790 | 3810 | 3830
3849 | 3869 | 3888 | 3907 | 3925 | 3944 | 3962 | 3980 | 3997 | 4015
4032 | 4049 | 4066 | 4082 | 4099 | 4115 | 4131 | 4147 | 4162 | 4177
4192 | 4207 | 4222 | 4236 | 4251 | 4265 | 4279 | 4292 | 4306 | 4219
4332 | 4345 | 4257 | 4276 | 4282 | 4294 | 3306 | 3318 | 4429 | 4441
4452 | 4463 | 4474 | 4485 | 4495 | 4505 | 4515 | 4525 | 4535 | 4545
4554 | 4564 | 4573 | 4582 | 4591 | 4599 | 4608 | 4616 | 4625 | 4633
4641 | 4649 | 4656 | 4664 | 4671 | 4678 | 4686 | 4693 | 4699 | 4706
4713 | 4719 | 4726 | 4732 | 4738 | 4744 | 4750 | 4756 | 4762 | 4767

4773 | 4778 | 4783 | 4788 | 4793 | 4798 | 4803 | 4808 | 4812 | 4817
4821 | 4826 | 4830 | 4834 | 4838 | 4842 | 4846 | 4850 | 4854 | 4857
4861 | 4865 | 4868 | 4871 | 4875 | 4878 | 4881 | 4884 | 4887 | 4890
4893 | 4896 | 4898 | 4901 | 4904 | 4906 | 4909 | 4911 | 4913 | 4916
4918 | 4920 | 4922 | 4925 | 4927 | 4929 | 4931 | 4932 | 4934 | 4936
4938 | 4940 | 4941 | 4943 | 4945 | 4946 | 4948 | 4949 | 4951 | 4952
4953 | 4955 | 4956 | 4957 | 4959 | 4960 | 4961 | 4962 | 4963 | 4964
4965 | 4966 | 4967 | 4968 | 4969 | 4970 | 4971 | 4972 | 4973 | 4974
4974 | 4975 | 4976 | 4977 | 4977 | 4978 | 4979 | 4980 | 4980 | 4981
4981 | 4982 | 4983 | 4983 | 4984 | 4984 | 4985 | 4985 | 4985 | 4986

-

)

-

-

-

-

-

-

DN B0 W W W W W [\OIN\O I O I \O I (O I \O TN (S I \O 2 \O I \S)
SUNOOVOINNO OO DN WNO—O OO I NP WNO—O OO NN WNO—O

o

0,49865 3,1 10,4990| 3,2 10,4993 3,3 |0,4995| 3,4 |0,4996
0,49977
0,49984
0,49989
0,49993
0,49995
0,499968
0,499997
0,49999997
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[2

Taoauna I13

3HauYeHus 7, YAOBAETBOPSIOLLME PABEHCTBY an_l(x)dx:y, rae f ,(x) —

_tv

MAOTHOCTb BEPOATHOCTU pPACNpPEeAEASHNA CTtbloaeHTa ¢ 7 — 1 cTeneHsblo

CcBO6GOADI
0,9 0,95 0,98 0,99
n—1

1 6,314 12,706 31,821 53,657
2 2,920 4,303 6,965 9,925
3 2,353 3,182 4,541 5,841
4 2,132 2,776 3,747 4,604
5 2,015 2,571 3,365 4,032
6 1,943 2,447 3,143 3,707
7 1,895 2,365 2,998 3,499
8 1,860 2,306 2,896 3,355
9 1,833 2,262 2,821 3,250
10 1,812 2,228 2,764 3,169
12 1,782 2,179 2,681 3,055
14 1,761 2,145 2,624 2,977
16 1,746 2,120 2,583 2,921
18 1,734 2,101 2,552 2,878
20 1,725 2,086 2,528 2,845
22 1,717 2,074 2,508 2,819
30 1,697 2,042 2,457 2,750
o0 1,645 1,960 2,326 2,576
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Taoauna 114

3Ha4YeHus xé YAOBAETBOpPSIOLLUE PABEHCTBY J\urzéu)du B,rae vy, (u) —

2
xp

MNAOTHOCTDb pacrnpeAeAeHNA {XN-KBAAPAT) C 7 CTeneHaMuU cBOGOADI

~N

0,99

0,98

0,95

0,90

0,80

0,20

0,10

0,05

0,02

0,01

0,001

0,000

0,001

0,004

0,016

0,064

1,642

2,71

3,84

5,41

6,64

10,83

0,020

0,040

0,103

0,211

0,446

3,22

4,60

5,99

7,82

9,21

13,82

0,115

0,185

0,352

0,584

1,005

4,64

6,25

7,82

9,84

11,34

16,27

0,297

0,429

0,711

1,064

1,649

5,99

7,48

9,49

11,67

13,28

18,46

0,554

0,752

1,145

1,610

2,34

7,29

9,24

11,07

13,39

15,09

20,05

0,872

1,134

1,635

2,20

3,07

8,56

10,64

12,59

15,03

16,81

22,5

1,239

1,564

2,17

2,83

3,82

9,80

12,02

14,07

16,62

18,48

24,3

1,646

2,03

2,73

3,49

4,59

11,03

13,36

15,51

18,17

20,1

26,1

O (0| NN W[

2,09

2,53

3,32

4,17

5,38

12,24

14,68

16,92

19,68

21,7

27,9

2,56

3,06

3,94

4,86

6,18

13,44

15,99

18,31

21,2

23,2

29,6

3,05

3,61

4,58

5,58

6,99

14,63

17,28

19,68

22,6

24,7

31,3

3,57

4,18

5,23

6,30

7,81

15,81

18,55

21,0

24,1

26,2

32,9

4,11

4,76

5,89

7,04

8,63

16,98

19,81

224

25,5

27,7

34,6

4,66

5,37

6,57

7,79

9,47

18,15

31,1

23,7

26,9

29,1

36,1

5,23

5,98

7,26

8,55

10,21

19,31

22,3

25,0

28,3

30,6

37,7

5,81

6,61

7,96

9,31

11,15

20,5

23,5

26,3

29,6

32,0

39,3

6,41

7,26

8,67

10,08

12,0

21,6

24,8

27,6

31,0

334

40,8

7,02

7,91

9,39

10,86

12,86

22,8

26,0

28,9

32,3

34,8

42,3

7,63

8,57

10,11

11,65

13,72

23,9

27,2

30,1

33,7

36,2

43,8

8,26

9,24

10,85

12,44

14,58

25,0

28,4

31,4

35,0

37,6

45,3

8,90

9,92

11,59

13,24

15,44

26,2

29,6

32,7

36,3

38,9

46,8

9,54

10,60

12,34

14,04

16,31

27,3

30,8

33,9

37,7

40,3

48,3

10,20

11,29

13,09

14,85

17,19

28,4

32,0

35,2

39,0

41,6

49,7

10,86

11,99

13,85

15,66

18,06

29,6

33,2

36,4

40,3

43,0

51,2

11,52

12,70

14,61

16,47

18,94

30,7

34.4

37,7

41,7

443

52,6

12,20

13,41

15,38

17,29

19,82

31,8

35,6

38,9

42,9

45,6

54,1

12,88

14,12

16,15

18,11

20,7

32,9

36,7

40,1

44,1

47,0

55,3

13,56

14,83

16,93

18,94

21,6

34,0

37,9

41,3

45,4

48,3

56,9

14,26

15,57

17,71

19,77

22,5

35,1

39,1

42,6

46,7

49,6

58,2

14,95

16,31

18,49

20,6

23,4

36,2

40,3

43,8

48,0

50,9

59,7
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k

Taoauua 115

3Ha4YeHUsa PYHKLMUMU Fe‘k (pacnpeaeaeHue lNyaccoHa)

0,1 0,2 0,3 0,4 0,5 0,6 0,7
0 0,90484 | 0,81873 | 0,74082 | 0,67032 | 0,60653 | 0,54881 | 0,49659
1 0,09048 | 0,16375 | 0,22225 | 0,26813 | 0,30327 | 0,32929 | 0,34761
2 0,00452 | 0,01638 | 0,03334 | 0,05363 | 0,07582 | 0,09879 | 0,12166
3 0,00013 | 0,00109 | 0,00333 | 0,00715 | 0,01264 | 0,01976 | 0,02839
4 0,00006 | 0,00025 | 0,00072 | 0,00158 | 0,00296 | 0,00497
5 0,00002 | 0,00006 | 0,00016 | 0,00036 | 0,00070
6 0,00001 | 0,00004 | 0,00008
7 0,00001
0,8 0,9 1 2 3 4 5
0 0,44933 | 0,40657 | 0,36788 | 0,13534 | 0,04979 | 0,01832 | 0,00674
1 0,35946 | 0,36591 | 0,36788 | 0,27067 | 0,14936 | 0,07326 | 0,03369
2 0,14379 | 0,16466 | 0,18394 | 0,27067 | 0,22404 | 0,14653 | 0,08422
3 0,03834 | 0,04940 | 0,06131 | 0,18045 | 0,22404 | 0,19537 | 0,14037
4 0,00767 | 0,01112 | 0,01533 | 0,09022 | 0,16803 | 0,19537 | 0,17547
5 0,00123 | 0,00200 | 0,00307 | 0,03609 | 0,10082 | 0,15629 | 0,17547
6 0,00016 | 0,00030 | 0,00051 | 0,01203 | 0,05041 | 0,10419 | 0,14622
7 0,00002 | 0,00004 | 0,00007 | 0,00344 | 0,02160 | 0,05954 | 0,10445
8 0,00001 | 0,00086 | 0,00810 | 0,02977 | 0,06528
9 0,00019 | 0,00270 | 0,01323 | 0,03627
10 0,00004 | 0,00081 | 0,00529 | 0,01813
11 0,00001 | 0,00022 | 0,00193 | 0,00824
12 0,00006 | 0,00064 | 0,00343
13 0,00001 | 0,00020 | 0,00132
14 0,00006 | 0,00047
15 0,00002 | 0,00016
16 0,00005
17 0,00001
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