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Ââåäåíèå

Äèñöèïëèíà ¾Ìàòåìàòèêà¿ äëÿ ñòóäåíòîâ çàî÷íîé ôîðìû îáó÷åíèÿ ÷è-
òàåòñÿ íà ïåðâîì è âòîðîì êóðñàõ. Âî âòîðîì ñåìåñòðå ñòóäåíòû âûïîëíÿ-
þò ÷åòûðå êîíòðîëüíûõ ðàáîòû (�� 5�8).

Êîíòðîëüíàÿ ðàáîòà ìîæåò áûòü íàïèñàíà îò ðóêè íà ëèñòàõ ôîðìàòà
À4 èëè ïðåäñòàâëåíà â ðàñïå÷àòàííîì âèäå. Ëèñòû äîëæíû áûòü ñêðåïëå-
íû ñòåïëåðîì, ïðè÷åì êàæäàÿ êîíòðîëüíàÿ ðàáîòà ñäàåòñÿ îòäåëüíî. Ðàáî-
òà ìîæåò áûòü íàïèñàíà îò ðóêè â òåòðàäè. Â ýòîì ñëó÷àå êàæäàÿ ðàáîòà
ñäàåòñÿ â îòäåëüíîé òåòðàäè.

Íà òèòóëüíîì ëèñòå óêàçûâàåòñÿ ïîëíîå íàçâàíèå óíèâåðñèòåòà, ôàêóëü-
òåò, êàôåäðà, ôàìèëèÿ, èìÿ, îò÷åñòâî ñòóäåíòà, íîìåð ó÷åáíîé ãðóïïû,
íîìåð êîíòðîëüíîé ðàáîòû, íîìåð âàðèàíòà, ôàìèëèÿ è èíèöèàëû ïðåïî-
äàâàòåëÿ, ïðîâåðÿþùåãî ðàáîòó, ãîä è ñòàâèòñÿ ëè÷íàÿ ïîäïèñü ñòóäåíòà.

Ðàáîòà çàñ÷èòûâàåòñÿ ïðåïîäàâàòåëåì, åñëè âñå çàäà÷è ðåøåíû âåðíî.
Åñëè â ðåøåíèè êàêîé-ëèáî çàäà÷è äîïóùåíà îøèáêà, òî ñòóäåíò äîëæåí
ñäåëàòü ðàáîòó íàä îøèáêàìè (çàíîâî ðåøèòü çàäà÷ó). Ðàáîòà íàä îøèá-
êàìè äîëæíà ðàñïîëàãàòüñÿ ïîñëå çàïèñè ðåøåíèÿ ïîñëåäíåé çàäà÷è êîí-
òðîëüíîé ðàáîòû.
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Ñòóäåíò ñàìîñòîÿòåëüíî âûáèðàåò âàðèàíò êîíòðîëüíîé ðàáîòû â ñîîò-
âåòñòâèè ñ íà÷àëüíîé áóêâîé ñâîåé ôàìèëèè.

Áóêâà Íîìåð âàðèàíòà

À 1

Á 2

Â 3

Ã 4

Ä 5

Å, � 6

Æ 7

Ç 8

È, É 9

Ê 10

Ë 11

Ì 12

Í 13

Î 14

Ï 15

Ð 16

Ñ 17

Ò 18

Ó 19

Ô 20

Õ 21

Ö, Þ 22

× 23

Ø,Ù 24

Ý, ß 25
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Êîíòðîëüíàÿ ðàáîòà � 5

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 5

Çàäàíèå � 1

Íàéäèòå ïîëíûé äèôôåðåíöèàë ôóíêöèè.

Çàäàíèå � 2

Íàéäèòå ïðîèçâîäíûå ñëîæíîé ôóíêöèè.

Çàäàíèå � 3

Èññëåäóéòå ôóíêöèþ íà ýêñòðåìóì.

Çàäàíèå � 4

Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèå ôóíêöèè â çàìêíóòîé îá-
ëàñòè D, îãðàíè÷åííîé çàäàííûìè ëèíèÿìè.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Äèôôåðåíöèàëüíîå èñ÷èñëåíèå ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ: ìå-
òîäè÷åñêèå óêàçàíèÿ � 924. Ñîñòàâèòåëè: Áåðåçíèêîâà Â.Â., Ïàóëü-
ñåí À.Í., Ðîìàíîâñêàÿ Ë.Í. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2002.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 5

Âàðèàíò � 1.

1. z = 2x3y − 4xy3.

2. z =
√
x2 + y2 + 3, x = ln t, y =

3
√
t.

3. z = y
√
x− 2y2 − x+ 14y.

4. z = 3x+ y − xy, D : y = x, y = 4, x = 0.
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Âàðèàíò � 2.

1. z = arctg x+
√
y.

2. z = x2e−y, x = cos(u− v), y = sin
u

v
.

3. z = x3 + 8y3 − 6xy + 5.

4. z = xy − x− 2y, D : x = 3, y = x, y = 0.

Âàðèàíò � 3.

1. z = x2y sinx− 3y.

2. z = ln
(
ex + e−y

)
, x = t3, y = t2.

3. z = 1 + 15x− 2x2 − xy − 2y2.

4. z = x2 + 2xy − 4x+ 8y, D : x = 0, y = 0, x = 1, y = 2.

Âàðèàíò � 4.

1. z = arcsinxy − 3xy2.

2. z = sinx cos y, x = ln
(
u+ v2

)
, y =

√
v − u2.

3. z = 1 + 6x− x2 − xy − y2.

4. z = 5x2 − 3xy + y2, D : x = 0, x = 1, y = 0, y = 1.

Âàðèàíò � 5.

1. z = 5xy4 + 2x2y7.

2. z =
x

x− y
, x = eu−v, y = sin(u+ v).

3. z = 2x3 + 2y3 − 6xy + 5.

4. z = x2 + 2xy − y2 − 4x, D : x− y + 1 = 0, x = 3, y = 0.

Âàðèàíò � 6.

1. cos
(
x2 − y2

)
+ x3.

2. z = xy, x = e
u
v , y = ln(v − u).

3. z = 3x3 + 3y3 − 9xy + 10.
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4. z = x2 + y2 − 2x− 2y + 8, D : x+ y = 1, y = 0, x = 0.

Âàðèàíò � 7.

1. z = ln
(
3x2 − 2y2

)
.

2. z = x2ey, x = sin(u− v), y = cosuv.

3. z = x2 + xy + y2 + x− y + 1.

4. z = 2x3 − xy2 + y2, D : x = 0, x = 1, y = 0, y = 6.

Âàðèàíò � 8.

1. z = 5xy2 − 3x3y4.

2. z = x sinxy, x = ln
(
u2 − 1

)
, y = −

√
1− v2.

3. z = 4(x− y)− x2 − y2.
4. z = 3x+ 6y − x2 − xy − y2, D : x = 0, x = 1, y = 0, y = 1.

Âàðèàíò � 9.

1. z = arcsin(x+ y).

2. z = xy, x = ln(u− v), y = e
u
v .

3. z = 6(x− y)− 3x2 − 3y2.

4. z = x2 − 2y2 + 4xy − 6x− 1, D : x = 0, y = 0, x+ y = 3.

Âàðèàíò � 10.

1. z = arctg(2x− y).

2. z = arcsin
x

y
, y =

√
x2 + 1.

3. z = x2 + xy + y2 − 6x− 9y.

4. z = x2 + 2xy − 10, D : y = 0, y = x2 − 4.

Âàðèàíò � 11.

1. z = 7x3y −√xy.

2. z = x2 ln y, x =
u

v
, y = 3u− 2v.
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3. z = (x− 2)2 + 2y2 − 10.

4. z = xy − 2x− y, D : x = 0, x = 3, y = 0, y = 4.

Âàðèàíò � 12.

1. z =
√
x2 + y2 + 2xy + 1.

2. z = ey−2x, x = u3, y = u sin v.

3. z = (x− 5)2 + y2 + 1.

4. z = 0, 5x2 − xy, D : y = 8, y = 2x2.

Âàðèàíò � 13.

1. z = ex+y−4.

2. z = arccos
2x

y
, x = sin t, y = cos2 t.

3. z = x3 + y3 − 3xy.

4. z = 3x2 + 3y2 − 2x− 2y + 2, D : x = 0, y = 0, x+ y = 1.

Âàðèàíò � 14.

1. z = cos(3x+ y)− x2.

2. z = arcsin
x

2y
, x = sin t, y = cos2 t.

3. z = 2xy − 2x2 − 4y2.

4. z = 2x2 + 3y2 + 1, D : y =

√
9− 9

4
x2, y = 0.

Âàðèàíò � 15.

1. z = tg
x+ y

x− y
.

2. z = ey−2x−1, x = cos t, y = sin t.

3. z = x
√
y − x2 − y + 6x+ 3.

4. z = x2 − 2xy − y2 + 4x+ 1, D : x = −3, y = 0, x+ y = −1.

7



Âàðèàíò � 16.

1. z = ctg
y

x
.

2. z = ln
(
e−x + ey

)
, x = t2, y = t3.

3. z = 2xy − 5x2 − 3y2 + 2.

4. z = 3x2 + 3y2 − x− y + 1, D : x = 5, y = 0, x− y = 1.

Âàðèàíò � 17.

1. z = xy4 − 3x2y + 1.

2. z = x2e−y, x = sin t, y = sin2 t.

3. z = xy (12− x− y) .
4. z = 2x2 + 2xy − 0, 5y2 − 4x, D : y = 2x, y = 2, x = 0.

Âàðèàíò � 18.

1. z = ln
(
x+ xy − y2

)
.

2. z = ey−2x, x = sin t, y = t3.

3. z = xy − x2 − y2 + 9.

4. z = x2 − 2xy +
5

2
y2 − 2x, D : x = 0, x = 2, y = 0, y = 2.

Âàðèàíò � 19.

1. z = 2x2y2 + x3 − y3.

2. z = xy, x = et, y = ln t.

3. z = 2xy − 3x2 − 2y2 + 10.

4. z = xy − 3x− 2y, D : x = 0, x = 4, y = 0, y = 4.

Âàðèàíò � 20.

1. z =
√

3x2 − 2y2 + 5 .

2. z = ln (ex + ey) , x = t2, y = t3.

3. z = x3 + 8y3 − 6xy + 1.

4. z = x2 + xy − 2, D : y = 4x2 − 4, y = 0.
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Âàðèàíò � 21.

1. z = arcsin
x+ y

x
.

2. z = x2ey, x = cos t, y = sin t.

3. z = y
√
x− y2 − x+ 6y.

4. z = x2y(4− x− y), D : x = 0, y = 0, y = 6− x.

Âàðèàíò � 22.

1. z = arctg(x− y).

2. z = ey−2x+2, x = sin t, y = cos t.

3. z = xy(6− x− y).
4. z = x3 + y3 − 3xy, D : x = 0, x = 2, y = −1, y = 4.

Âàðèàíò � 23.

1. z =
√

3x2 − y2 + x .

2. z = yx, x = ln(t− 1), y = e
t
2 .

3. z = x2 + y2 − xy + x+ y.

4. z = 4(x− y)− x2 − y2, D : x+ 2y = 4, x− 2y = 4, x = 0.

Âàðèàíò � 24.

1. z = y2 + 3xy − x4.

2. z = ln
(
e2x + e−y

)
, x = t4, y = t3.

3. z = 2x3 − xy2 + 5x2 + y2.

4. z = 6xy − 9x2 − 9y2 + 4x+ 4y, D : x = 0, y = 0, x = 1, y = 2.

Âàðèàíò � 25.

1. z = arcsin
(
x2 + y3

)
.

2. z = x2 + (x+ y)2, x = et, y = cos t.

3. z = 3x2 − x3 + 3y2 + 4y.

4. z = x4 − y4, D : x2 + y2 = 1.

9



Êîíòðîëüíàÿ ðàáîòà � 6

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 6

Çàäàíèå � 1

Èçìåíèòå ïîðÿäîê èíòåãðèðîâàíèÿ.

Çàäàíèå � 2

Âû÷èñëèòå äâîéíîé èíòåãðàë.

Çàäàíèå � 3

Âû÷èñëèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé çàäàííûìè ëèíèÿìè.

Çàäàíèå � 4

Âû÷èñëèòå îáú¼ì òåëà, îãðàíè÷åííîãî äàííûìè ïîâåðõíîñòÿìè.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Ãðóçäêîâ, À.À. Âû÷èñëåíèå è ïðèëîæåíèÿ äâîéíûõ èíòåãðàëîâ: ìå-
òîäè÷åñêèå óêàçàíèÿ / À. À. Ãðóçäêîâ, Ì. Á. Êóï÷èíåíêî. � ÑÏá.:
ÑÏáÃÒÈ(ÒÓ),- 2013.� 58 c.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 6

Âàðèàíò � 1.

1.

1∫
−1

dx

1−x2∫
−
√
1−x2

f(x, y) dy.

2.

∫∫
D

(
12x2y2 + 16x3y3

)
dxdy, D : x = 1, y = x2, y = −

√
x.

3. x = 4y − y2, x+ y = 6.

4. y = 16
√
2x, y =

√
2x, z = 0, x+ z = 2.
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Âàðèàíò � 2.

1.

2∫
1

dx

x∫
1
x

f(x, y) dy.

2.

∫∫
D

(
18x2y2 + 32x3y3

)
dxdy, D : x = 1, y = x3, y = − 3

√
x.

3. x = y2 − 2y, y = −x.

4. y = 5
√
x, y =

5x

3
, z = 0, z = 5 +

5
√
x

3
.

Âàðèàíò � 3.

1.

3
2∫

0

dy

y+3∫
2y2

f(x, y) dx.

2.

∫∫
D

(
12xy + 9x2y2

)
dxdy, D : x = 1, y =

√
x, y = −x2.

3. y2 = 4x+ 4, y = 2− x.
4. x2 + y2 = 2, y =

√
x, z = 0, y = 0, z = 15x.

Âàðèàíò � 4.

1.

4∫
0

dx

√
25−x2∫
3x
4

f(x, y) dy.

2.

∫∫
D

(
8xy + 9x2y2

)
dxdy, D : x = 1, y = −x2, y = 3

√
x.

3. 3y2 = 25x, 5x2 = 9y.

4. x+ y = 2, y =
√
x, z = 0, z = 12y.

Âàðèàíò � 5.

1.

1∫
0

dx

x+3∫
2x2

f(x, y) dy.
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2.

∫∫
D

(
18x2y2 + 32x3y3

)
dxdy, D : x = 1, y = −x2, y = 3

√
x.

3. y = x2, 4y = x2, y = 4.

4. x = 20
√
2y, x = 5

√
2y, z = 0, z + y =

1

2
.

Âàðèàíò � 6.

1.

0∫
−4

dy

5y
4∫

−
√

9+y2

f(x, y) dx.

2.

∫∫
D

(
27x2y2 + 48x3y3

)
dxdy, D : x = 1, y = −x3, y =

√
x.

3. xy = 4, y = x, x = 4.

4. y =
5
√
y

2
, x =

5y

6
, z = 0, z =

5

6
(3 +

√
y) .

Âàðèàíò � 7.

1.

0∫
−1

dx

x+3∫
2x2

f(x, y) dy.

2.

∫∫
D

(
4xy + 3x2y2

)
dxdy, D : x = 1, y = x2, y = −

√
x.

3. x = 4− y2, x+ 2y − 4 = 0.

4. x2 + y2 = 2, x =
√
y, x = 0, z = 0, z = 30y.

Âàðèàíò � 8.

1.

1∫
0

dx

x2+1∫
−1

f(x, y) dy.

2.

∫∫
D

(
8xy + 18x2y2

)
dxdy, D : x = 1, y = −x2, y = 3

√
x.
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3. y = x2, 4y = x2, x = 2, x = −2.

4. x+ y = 2, x =
√
y, z = 0, z =

12x

5
.

Âàðèàíò � 9.

1.

1∫
0

dy

3−y∫
2y2

f(x, y) dx.

2.

∫∫
D

(
4

5
xy + 9x2y2

)
dxdy, D : x = 1, y = −x3, y =

√
x.

3. x+ 4 = y2, x+ 3y = 0.

4. y = 17
√
2x, y = 2

√
2x, z = 0, x+ z =

1

2
.

Âàðèàíò � 10.

1.

4∫
0

dy

√
25−y2∫
3y
4

f(x, y) dx.

2.

∫∫
D

(
6xy + 24x3y3

)
dxdy, D : x = 1, y = −x2, y =

√
x.

3. y = x2, y = 6− x, y = 0.

4. y =
5
√
x

3
, y =

5x

9
, z = 0, z =

5 (3 +
√
x)

9
.

Âàðèàíò � 11.

1.

0∫
−3
2

dx

3−x∫
2x2

f(x, y) dy.

2.

∫∫
D

(
4xy + 16x3y3

)
dxdy, D : x = 1, y = x3, y = − 3

√
x.

3. y = 4− x2, y = x+ 2.
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4. x2 + y2 = 8, y =
√
2x, y = 0, z = 0, z =

15x

11
.

Âàðèàíò � 12.

1.

4∫
0

dy

√
9+y2∫

5y
4

f(x, y) dx.

2.

∫∫
D

(
6x2y2 +

25

3
x4y4

)
dxdy, D : x = 1, y = x2, y = −

√
x.

3. y = 6− x, y =
5

x
.

4. x+ y = 4, y =
√
2x, z = 0, z = 3y.

Âàðèàíò � 13.

1.

1∫
0

dx

2−x∫
x

f(x, y) dy.

2.

∫∫
D

(
xy − 4x3y3

)
dxdy, D : x = 1, y = x3, y = −

√
x.

3. y = x3, y = 4x.

4. x =
5
√
y

6
, x =

5y

18
, z = 0, z =

5
(
3 +
√
y
)

18
.

Âàðèàíò � 14.

1.

2∫
0

dx

x+2∫
x2

f(x, y) dy.

2.

∫∫
D

(
3x2y2 +

50

3
x4y4

)
dxdy, D : x = 1, y = −x3, y = 3

√
x.

3. y2 = 9x, y = x+ 2.

4. x = 19
√
2y, x = 4

√
2y, z = 0, y + z = 2.
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Âàðèàíò � 15.

1.

1∫
0

dx

x2∫
−x2

f(x, y) dy.

2.

∫∫
D

(
44xy + 16x3y3

)
dxdy, D : x = 1, y = x2, y = − 3

√
x.

3. y2 = x+ 1, y2 = 9− x.

4. x2 + y2 = 8, x =
√

2y, x = 0, z = 0, z =
30y

11
.

Âàðèàíò � 16.

1.

1∫
0

dx

4−x2∫
2x+1

f(x, y) dy.

2.

∫∫
D

y cosxy dxdy, D : x = 1, x = 2, y =
π

2
, y = π.

3. xy = 4, x+ y − 5 = 0.

4. x+ y = 4, x =
√
2y, z = 0, z =

3x

5
.

Âàðèàíò � 17.

1.

1∫
0

dx

x∫
−x

f(x, y) dy.

2.

∫∫
D

y2 sin
xy

2
dxdy, D : x = 0, y =

x

2
, y =

√
π.

3. x− y + 1 = 0, y = cosx, y = 0.

4. y = 6
√
3x, y =

√
3x, z = 0, x+ z = 3.

Âàðèàíò � 18.

1.

2∫
0

dx

2
√
x∫

x2

4

f(x, y) dy.
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2.

∫∫
D

y2e
−
xy
4 dxdy, D : x = 0, y = 2, y = x.

3. y = 2x− x2, y = x.

4. y =
5
√
x

6
, y =

5x

18
, z = 0, z =

5 (3 +
√
x)

18
.

Âàðèàíò � 19.

1.

3∫
0

dx

√
25−x2∫
0

f(x, y) dy.

2.

∫∫
D

4ye2xydxdy, D : x = 1, x =
1

2
, y = ln 3, y = ln 4.

3. y =
√
x, xy = 1, x = 2, y = 0.

4. x2 + y2 = 18, y =
√
3x, y = 0, z = 0, z =

5x

11
.

Âàðèàíò � 20.

1.

4∫
0

dx

√
25−x2∫
0

f(x, y) dy.

2.

∫∫
D

4y2 sinxy dxdy, D : x = 0, y = x, y =

√
π

2
.

3. y = −x2 + 4, 2x+ y − 4 = 0.

4. x+ y = 6, y =
√
3x, z = 0, z = 4y.

Âàðèàíò � 21.

1.

1∫
0

dy

2−y∫
0

f(x, y) dx.

2.

∫∫
D

y sinxy dxdy, D : x = 1, x = 2, y =
π

2
, y = π.

3. y = x2 + 2, x+ y = 4.
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4. x = 7
√

3y, x = 2
√
3y, z = 0, x+ z = 3.

Âàðèàíò � 22.

1.

4∫
1

dx

√
x∫

0

f(x, y) dy.

2.

∫∫
D

y2e
−
xy
2 dxdy, D : x = 0, y = x, y =

√
2.

3. y = −x2 + 8, y = x2.

4. z = x2 + y2, y = x2, z = 0, y = 1.

Âàðèàíò � 23.

1.

2∫
0

dx

3−x∫
0

f(x, y) dy.

2.

∫∫
D

2y cos 2xy dxdy, D : x = 1, x = 2, y =
π

4
, y = y =

π

2
.

3. y = 2
√
x+ 1, y =

√
4− 2x, y = 0.

4. y = x2, z + y = 2, x = 0, z = 0.

Âàðèàíò � 24.

1.

3
4∫

0

dx

x∫
x2

f(x, y) dy.

2.

∫∫
D

8ye4xydxdy, D : x =
1

4
, x =

1

2
, y = ln 3, y = ln 4.

3. y = (x+ 1)2, y2 = x+ 1.

4. y + z = 1, x = y2 + 1, x = 0, y = 0, z = 0.
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Âàðèàíò � 25.

1.

1
2∫

0

dx

√
y∫

y

f(x, y) dy.

2.

∫∫
D

3y2 sin
xy

2
dxdy, D : x = 0, y =

2x

3
, y =

√
4π

3
.

3. y = (x− 2)3, y = 4x− 8.

4. z =
√
1− y, x2 = y, z = 0.

18



Êîíòðîëüíàÿ ðàáîòà � 7

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 7

Çàäàíèå � 1

Âû÷èñëèòå êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà ïî äàííîé ëèíèè.

Çàäàíèå � 2

Âû÷èñëèòå ðàáîòó ñèëû ~F (x, y) ïðè ïåðåìåùåíèè âäîëü ëèíèè L îò òî÷-
êè A äî òî÷êè B.

Çàäàíèå � 3

Âû÷èñëèòå ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà ïî ïîâåðõíîñòè S, ãäå
S � ÷àñòü ïëîñêîñòè π, îòñå÷¼ííàÿ êîîðäèíàòíûìè ïëîñêîñòÿìè.

Çàäàíèå � 4

Âû÷èñëèòå ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà ïî ïîâåðõíîñòè S, ãäå
S � ÷àñòü ïëîñêîñòè π, îòñå÷¼ííàÿ êîîðäèíàòíûìè ïëîñêîñòÿìè, â íàïðàâ-
ëåíèè íîðìàëè, îáðàçóþùåé îñòðûé óãîë ñ îñüþ Oz. .

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Ôàòòàõîâà Ì.Â., Êóï÷èíåíêî Ì.Á. Êðèâîëèíåéíûå èíòåãðàëû. Ðåøå-
íèå òèïîâûõ çàäà÷: Ìåòîäè÷åñêèå óêàçàíèÿ. ÑÏá.: ÑÏáÃÒÈ(ÒÓ),- 2008.-
32 c.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 7

Âàðèàíò � 1.

1.

∫
L

√
2 + z2

(
2z −

√
x2 + y2

)
dl,

L : x = t cos t, y = t sin t, z = t, 0 6 t 6 2π.

2. ~F =
(
x2 − 2y

)
~ı+

(
y2 − 2x

)
~,

L� îòðåçîê ïðÿìîé AB, A(−4; 0), B(0; 2).
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3.

∫∫
S

(2x+ 3y + 2z)dS, π : x+ 3y + z = 3.

4.

∫∫
S

3xdydz + (y + z)dxdz + (x− z)dxdy, π : x+ 3y + z = 3.

Âàðèàíò � 2.

1.

∫
L

(
x2 + y2

)
dl, L : x2 + y2 = 4.

2. ~F =
(
x2 + 2y

)
~ı+

(
y2 + 2x

)
~,

L� îòðåçîê ïðÿìîé AB, A(−4; 0), B(0; 2).

3.

∫∫
S

(2 + y − 7x+ 9z)dS, π : 2x− y − 2z = −2.

4.

∫∫
S

(3x−1)dydz+(y−x+ z)dxdz+4zdxdy, π : 2x− y−2z = −2.

Âàðèàíò � 3.

1.

∫
L

dl√
8− x2 − y2

, L� îòðåçîê ïðÿìîé AB, A(0; 0), B(2; 2).

2. ~F =
(
x2 + 2y

)
~ı+

(
y2 + 2x

)
~, L : 2− x2

2
= y, A(−4; 0), B(0; 2).

3.

∫∫
S

(6x+ y + 4z)dS, π : 3x+ 3y + z = 3.

4.

∫∫
S

xdydz + (x+ z)dxdz + (y + z)dxdy, π : 3x+ 3y + z = 3.

Âàðèàíò � 4.

1.

∫
L

(
4 3
√
x− 3

√
y
)
dl,

L� îòðåçîê ïðÿìîé AB, A(−1; 0), B(0; 1).

2. ~F = (x+ y)~ı+ 2x~ı, L : x2 + y2 = 4 (y > 0) , A(2; 0), B(−2; 0).
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3.

∫∫
S

(x+ 2y + 3z)dS, π : x+ y + z = 2.

4.

∫∫
S

(x+ z)dydz + (z − x)dxdz + (x+ 2y + z)dxdy,

π : x+ y + z = 2.

Âàðèàíò � 5.

1.

∫
L

dl√
5(x− y)

, L� îòðåçîê ïðÿìîé AB, A(0; 4), B(4; 0).

2. ~F = x3~ı− y3~, L : x2 + y2 = 4 (x > 0, y > 0) , A(2; 0), B(0; 2).

3.

∫∫
S

(3x− 2y + 6z)dS, π : 2x+ y + 2z = 2.

4.

∫∫
S

(y + 2z)dydz + (x+ 2z)dxdz + (x− 2y)dxdy,

π : 2x+ y + 2z = 2.

Âàðèàíò � 6.

1.

∫
L

y√
x2 + y2

dl, L : x2 + y2 = 9 (y > 0) , A(3; 0), B(0; 3).

2. ~F = (x+ y)~ı+ (x− y)~, L : y = x2, A(−1; 1), B(1; 1).

3.

∫∫
S

(2x+ 5y − z)dS, π : x+ 2y + z = 2.

4.

∫∫
S

(x+ z)dydz + 2ydxdz + (x+ y − z)dxdy, π : x+ 2y + z = 2.

Âàðèàíò � 7.

1.

∫
L

ydl, L : x = cos3 t, y = sin3 t, A(1; 0), B(0; 1).

2. ~F = x2y~ı− y~, L� îòðåçîê ïðÿìîé AB, A(−1; 0), B(0; 1).
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3.

∫∫
S

(5x− 8y + z)dS, π : 2x− 3y + z = 6.

4.

∫∫
S

(3x−y)dydz+(2y+z)dxdz+(2z−x)dxdy, π : 2x−3y+z = 6.

Âàðèàíò � 8.

1.

∫
L

ydl, L : y2 =
2

3
x, A(0; 0), B

(
35
6 ,
√
35
3

)
.

2. ~F = (2xy − y)~ı+
(
x2 + x

)
~, L : x2 + y2 = 9, A(3; 0), B(−3; 0).

3.

∫∫
S

(3y − x− z)dS, π : x− y + z = 2.

4.

∫∫
S

(2y + z)dydz + (x− y)dxdz − 2zdxdy, π : x− y + z = 2.

Âàðèàíò � 9.

1.

∫
L

(
x2 + y2 + z2

)
dl, L : x = cos t, y = sin t, z =

√
3t, 0 6 t 6 π.

2. ~F = (x+ y)~ı+ (x− y)~,

L : x2 +
y2

9
= 1 (x > 0, y > 0) , A(1; 0), B(0; 3).

3.

∫∫
S

(3y − 2x− 2z)dS, π : 2x− y − 2z = −2.

4.

∫∫
S

(x+ y)dydz + 3ydxdz + (y − z)dxdy, π : 2x− y − 2z = −2.

Âàðèàíò � 10.

1.

∫
L

dl√
x2 + y2 + z2

, L� îòðåçîê ïðÿìîé AB, A(1; 1; 1), B(2; 2; 2).

2. ~F = y~ı− x~, L : x2 + y2 = 1 (y > 0) , A(1; 0), B(−1; 0).
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3.

∫∫
S

(2x− 3y + z)dS, π : x+ 2y + z = 2.

4.

∫∫
S

(x+ y − z)dydz − ydxdz + (x+ 2z)dxdy, π : x+ 2y + z = 2.

Âàðèàíò � 11.

1.

∫
L

√
2y dl, L : x = 2 (t− sin t) , y = 2 (1− cos t) , 0 6 t 6 2π.

2. ~F = y~ı− x~, L : x2 + y2 = 2 (y > 0) , A(
√
2; 0), B(−

√
2; 0).

3.

∫∫
S

(5x+ y − z)dS, π : x+ 2y + 2z = 2.

4.

∫∫
S

xdydz+(y− 2z)dxdz+(2x− y+2z)dxdy, π : x+2y+2z = 2.

Âàðèàíò � 12.

1.

∫
L

dl√
x2 + y2 + 4

, L� îòðåçîê ïðÿìîé AB, A(0; 0), B(1; 2).

2. ~F = xy~ı+ 2y~, L : x2 + y2 = 1 (x > 0, y > 0) , A(1; 0), B(0; 1).

3.

∫∫
S

(3x+ 2y + 2z)dS, π : 3x+ 2y + 2z = 6.

4.

∫∫
S

(x+ 2z)dydz + (y − 3z)dxdz + zdxdy, π : 3x+ 2y + 2z = 6.

Âàðèàíò � 13.

1.

∫
L

dl

x− y
, L� îòðåçîê ïðÿìîé AB, A(4; 0), B(6; 1).

2. ~F = y~ı− x~, L : 2x2 + y2 = 1 (y > 0) , A
(

1√
2
; 0
)
, B

(
− 1√

2
; 0
)
.

3.

∫∫
S

(2x+ 3y − z)dS, π : 2x+ y + z = 2.
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4.

∫∫
S

(y − z)dydz + (2x+ y)dxdz + zdxdy, π : 2x+ y + z = 2.

Âàðèàíò � 14.

1.

∫
L

xydl, L� îòðåçîê ïðÿìîé AB, A(4; 0), B(4; 2).

2. ~F =
(
x2 + y2

)
(~ı+ 2~) , L : x2+ y2 = 9 (y > 0) , A(3; 0), B(−3; 0).

3.

∫∫
S

(9x+ 2y + z)dS, π : 2x+ y + z = 4.

4.

∫∫
S

4xdydz+ (x− y− z)dxdz+ (3y+2z)dxdy, π : 2x+ y+ z = 4.

Âàðèàíò � 15.

1.

∫
L

(x+ y) dl, L� îòðåçîê ïðÿìîé AB, A(1; 0), B(0; 1).

2. ~F =
(
x+ y

√
x2 + y2

)
~ı+

(
y − x

√
x2 + y2

)
~,

L : � îòðåçîê ïðÿìîé AB, A(1; 0), B(−1; 0).

3.

∫∫
S

(3x+ 8y + 8z)dS, π : x+ 4y + 2z = 8.

4.

∫∫
S

(2z − x)dydz + (x+ 2y)dxdz + 3zdxdy, π : x+ 4y + 2z = 8.

Âàðèàíò � 16.

1.

∫
L

z2dl

x2 + y2
, L : x = 2 cos t, y = 2 sin t, z = 2t, 0 6 t 6 2π.

2. ~F = x2y~ı− xy2~, L : x2 + y2 = 4 (x > 0, y > 0) , A(2; 0), B(0; 2).

3.

∫∫
S

(4y − x+ 4z)dS, π : x− 2y + 2z = 2.
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4.

∫∫
S

4zdydz + (x− y − z)dxdz + (3y + z)dxdy, π : x− 2y + 2z = 2.

Âàðèàíò � 17.

1.

∫
L

(x+ y) dl, L� îòðåçîê ïðÿìîé AB, A(−1; 0), B(0; 1).

2. ~F =
(
x+ y

√
x2 + y2

)
~ı−

(
y − x

√
x2 + y2

)
~,

L : x2 + y2 = 16 (x > 0, y > 0) , A(4; 0), B(0; 4).

3.

∫∫
S

(7x+ y + 2z)dS, π : 3x− 2y + 2z = 6.

4.

∫∫
S

(x+ y)dydz + (y+ z)dxdz + 2(x+ z)dxdy, π : 3x− 2y+ 2z = 6.

Âàðèàíò � 18.

1.

∫
L

xdl, L : x = 5 cos t, y = 5 sin t, z = t, 0 6 t 6 2π.

2. ~F = y2~ı− x2~, L : x2 + y2 = 9 (x > 0, y > 0) , A(3; 0), B(0; 3).

3.

∫∫
S

(2x+ 3y + z)dS, π : 2x+ 3y + z = 6.

4.

∫∫
S

(x+ y + z)dydz + 2zdxdz + (y − 7z)dxdy, π : 2x+ 3y + z = 6.

Âàðèàíò � 19.

1.

∫
L

xydl, L� îòðåçîê ïðÿìîé AB, A(5; 0), B(0; 3).

2. ~F = (x− y)~ı+ ~, L : x2 + y2 = 4 (y > 0) , A(2; 0), B(−2; 0).

3.

∫∫
S

(4x− y + z)dS, π : x− y + z = 2.
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4.

∫∫
S

(2x− z)dydz + (y − x)dxdz + (x+ 2z)dxdy, π : x− y + z = 2.

Âàðèàíò � 20.

1.

∫
L

xdl, L : x = 3 cos t, y = 3 sin t, z = 2t, 0 6 t 6 2π.

2. ~F =
(
x2 + y2

)
~ı+ y2~, L� îòðåçîê ïðÿìîé AB, A(2; 0), B(0; 2).

3.

∫∫
S

(4x− 4y − z)dS, π : x+ 2y + 2z = 4.

4.

∫∫
S

(2y − z)dydz + (x+ y)dxdz + xdxdy, π : x+ 2y + 2z = 4.

Âàðèàíò � 21.

1.

∫
L

(
4 3
√
x− 3 3

√
y
)
dl, L : x = cos3 t, y = sin3 t, z = t, 0 6 t 6

π

2
.

2. ~F =
(
y2 − y

)
~ı+ (2xy + x)~,

L : x2 + y2 = 9 (y > 0) , A(3; 0), B(−3; 0).

3.

∫∫
S

(6x− y + 8z)dS, π : x+ y + 2z = 2.

4.

∫∫
S

(x+ z)dydz + (x+ 3y)dxdz + ydxdy, π : x+ y + 2z = 2.

Âàðèàíò � 22.

1.

∫
L

xydl, L� îòðåçîê ïðÿìîé AB, A(3; 0), B(0; 3).

2. ~F =
(
xy − y2

)
~ı+ x~, L : y = 2x2, A(0; 0), B(1; 2).

3.

∫∫
S

(2x+ 5y + z)dS, π : x+ y + 2z = 2.

4.

∫∫
S

(2z − x)dydz + (x− y)dxdz + (3x+ z)dxdy, π : x+ y + 2z = 2.
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Âàðèàíò � 23.

1.

∫
L

xdl, L : y = −x2 + 2x+ 3, A(−1; 0), B(1; 4).

2. ~F = x~ı+ y~, L : � îòðåçîê ïðÿìîé AB, A(1; 0), B(0; 3).

3.

∫∫
S

(4x− y + 4z)dS, π : 2x+ 2y + z = 4.

4.

∫∫
S

(x+ z)dydz + zdxdz + (2x− y)dxdy, π : 2x+ 2y + z = 4.

Âàðèàíò � 24.

1.

∫
L

y2dl, L : x = t− sin t, y = 1− cos t, 0 6 t 6 2π.

2. ~F = −y~ı+ x~, L : y = x3, A(0; 0), B(2; 8).

3.

∫∫
S

(5x+ 2y + 2z)dS, π : x+ 2y + z = 2.

4.

∫∫
S

(3x+ y)dydz + (x+ z)dxdz + ydxdy, π : x+ 2y + z = 2.

Âàðèàíò � 25.

1.

∫
L

ydl, L : y2 = 2x, A(0; 0), B(2; 2).

2. ~F = −x~ı+ y~, L : x2 +
y2

9
= 1 (x > 0, y > 0) , A(1; 0), B(0; 3).

3.

∫∫
S

(2x+ 5y + 10z)dS, π : 2x+ y + 3z = 6.

4.

∫∫
S

(y + z)dydz + (2x− z)dxdz + (y + 3z)dxdy, π : 2x+ y + 3z = 6.

27



Êîíòðîëüíàÿ ðàáîòà � 8

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 8

Çàäàíèå � 1

Âû÷èñëèòå ãðàäèåíò ñêàëÿðíîãî ïîëÿ â çàäàííîé òî÷êå M0.

Çàäàíèå � 2

Ïðîâåðüòå, áóäåò ëè ñîëåíîèäàëüíûì äàííîå âåêòîðíîå ïîëå ~F (M).

Çàäàíèå � 3

Ïðîâåðüòå, áóäåò ëè ïîòåíöèàëüíûì äàííîå âåêòîðíîå ïîëå ~F (M).

Çàäàíèå � 4

Âû÷èñëèòå öèðêóëÿöèþ ïëîñêîãî âåêòîðíîãî ïîëÿ

~F (x, y) = P (x, y)~ı+Q(x, y)~

âäîëü çàìêíóòîãî êîíòóðà L

1) îáõîäÿ åãî â ïîëîæèòåëüíîì íàïðàâëåíèè
2) èñïîëüçóÿ ôîðìóëó Ãðèíà.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Ãðóçäêîâ, À.À. Ôîðìóëà Ñòîêñà: ìåòîäè÷åñêèå óêàçàíèÿ / À. À. Ãðóçä-
êîâ, Ì. Á. Êóï÷èíåíêî. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ),- 2012.� 54 c.

2. Ãðóçäêîâ, À.À. Ôîðìóëà Îñòðîãðàäñêîãî-Ãàóññà: ìåòîäè÷åñêèå óêàçà-
íèÿ / À. À. Ãðóçäêîâ, Ì. Á. Êóï÷èíåíêî. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ),-
2014.� 26 c.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 8

Âàðèàíò � 1.

1. U(x, y, z) =
yz2

x2
, M0

(√
2;

1√
2
;
1√
3

)
.

2. ~F (x, y, z) =
(
x2y + y3

)
~ı+

(
zx3 − xy2

)
~+ (x− y)~k.
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3. ~F (x, y, z) = (2x+ yz)~ı+ (2y + xz)~+ (2z + xy)~k.

4. ~F (x, y) = (x+ 3y)~ı+ x2~, L : y = x2 + 5x+ 1, y = x+ 1.

Âàðèàíò � 2.

1. U(x, y, z) = x2yz3, M0

(
2;

1

3
;

√
3

2

)
.

2. ~F (x, y, z) = xy2~ı+ x2y~−
(
x2 + y2

)
z~k.

3. ~F (x, y, z) = (2x− yz)~ı+ (2y − xz)~+ (2z − xy)~k.

4. ~F (x, y) = 2y~ı+ (x+ 3y)~, L : y = −x2 + x+ 2, y = x+ 1.

Âàðèàíò � 3.

1. U(x, y, z) =
z3

xy2
, M0

(
1

3
; 2;

√
3

2

)
.

2. ~F (x, y, z) = y2~ı−
(
x2 + y3

)
~+ 3z

(
3y2 + 1

)
~k.

3. ~F (x, y, z) = (2x+ yz)~ı+ (2y + xz)~+ (2z + xy)~k.

4. ~F (x, y) = x~ı+ (2x+ y)~, L : y = −x2 + 2x+ 3, y = 2x+ 2.

Âàðèàíò � 4.

1. U(x, y, z) =
z

x3y2
, M0

(
1; 2;

1√
6

)
.

2. ~F (x, y, z) = x
(
z2 − y2

)
~ı+ y

(
x2 − z2

)
~+ z

(
y2 − x2

)
~k.

3. ~F (x, y, z) = (2x− 4yz)~ı+ (2y − 4xz)~+ (2z − 4xy)~k.

4. ~F (x, y) = (3x+ y)~ı+
(
x2 + 1

)
~, L : y = x2 + 3x− 2, y = −x+ 3.

Âàðèàíò � 5.

1. U(x, y, z) =
x2

yz2
, M0

(√
2;

1√
2
;
1√
3

)
.

2. ~F (x, y, z) = (1 + 2xy)~ı− y2z~+
(
z2y − 2zy + 1

)
~k.

3. ~F (x, y, z) = (2x− 3yz)~ı+ (2y − 3xz)~+ (2z − 3xy)~k.
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4. ~F (x, y) = (2x+ 3y)~ı+ (x− 3y)~, L : y = x2 +3x+2, y = 2x+2.

Âàðèàíò � 6.

1. U(x, y, z) =
z2

xy2
, M0

(
1

3
; 2;

√
2

3

)
.

2. ~F (x, y, z) =
x

yz
~ı+

y

xz
~− (x+ y) ln z

xy
~k.

3. ~F (x, y, z) = (−3x+ yz)~ı+ (−3y + xz)~+ (−3z + xy)~k.

4. ~F (x, y) = (x− 3y)~ı− x2~, L : y = 2x2 + 6x+ 1, y = x− 2.

Âàðèàíò � 7.

1. U(x, y, z) =
xz2

y
, M0

(
1√
6
;
1√
6
; 1

)
.

2. ~F (x, y, z) =
(
x2y − x2z

)
~ı+

(
z2 + 2xyz

)
~+

(
x2 − 2xyz

)
~k.

3. ~F (x, y, z) = (2x+ 2yz)~ı+ (2y + 2xz)~+ (2z + 2xy)~k.

4. ~F (x, y) = (y − 3x)~ı+
(
1− x2

)
~, L : y = 2x2 +6x+ 3, y = 3x+ 2.

Âàðèàíò � 8.

1. U(x, y, z) =
yz2

x
, M0

(
1√
2
;
1√
2
;
1√
3

)
.

2. ~F (x, y, z) =
(
x2(y − z) + yz

)
~ı+

(
2xyz +

x

z

)
~+

(y
x
− 2xyz

)
~k.

3. ~F (x, y, z) = (4x+ yz)~ı+ (4y + xz)~+ (4z + xy)~k.

4. ~F (x, y) = (2x− 3y)~ı+ (x+ y)~, L : y = −x2+3x+3, y = 2x+1.

Âàðèàíò � 9.

1. U(x, y, z) =
xy2

z2
, M0

(
1

3
; 2;

√
2

3

)
.

2. ~F (x, y, z) =
(
x2z − x2y + 1

)
~ı+

(
x2 − 2xyz

)
~+

(
y2 + 2xyz

)
~k.

3. ~F (x, y, z) = (2x+ 5yz)~ı+ (2y + 5xz)~+ (2z + 5xy)~k.

4. ~F (x, y) = (x+ y)~ı+
(
x2 − 2

)
~, L : y = x2 + 4x+ 3, y = 3x+ 3.
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Âàðèàíò � 10.

1. U(x, y, z) =
x3y2

z
, M0

(
1; 2;

1√
6

)
.

2. ~F (x, y, z) = x2 (z − y)~ı+
(
z2 − 2xyz

)
~+

(
x2 + 2xyz

)
~k.

3. ~F (x, y, z) = (2x+ 3yz)~ı+ (2y + 3xz)~+ (2z + 3xy)~k.

4. ~F (x, y) = (x+ 4y)~ı+ (2x− 5)~, L : y = x2 + 3x− 2, y = 5x+ 1.

Âàðèàíò � 11.

1. U(x, y, z) =
1

x2yz
, M0

(
2;

1

3
;
1√
6

)
.

2. ~F (x, y, z) =
(
zx2 + 2y

)
~ı+

(
zy2 + 2x

)
~− z2 (x+ y)~k.

3. ~F (x, y, z) = yz~ı+ xz~+ xy~k.

4. ~F (x, y) = (x− 4y)~ı+ (5x− 2)~, L : y = 2x2 + 4x− 3, y = −x+ 4.

Âàðèàíò � 12.

1. U(x, y, z) =
x2

y2z3
, M0

(
√
2;
√
2;

√
3

2

)
.

2. ~F (x, y, z) =
(
zx2 − 2y2

)
~ı+

(
zy2 − 2x2

)
~− z2 (x+ y)~k.

3. ~F (x, y, z) =
(
2xy + z2

)
~ı+

(
2yz + x2

)
~+

(
2xz + y2

)
~k.

4. ~F (x, y) = (2x+ 5y)~ı+ (3x+ 2)~, L : y = 3x2 + 4x+ 1, y = x+ 1.

Âàðèàíò � 13.

1. U(x, y, z) = xyz, M0

(
1;

1

3
;
1√
6

)
.

2. ~F (x, y, z) = 2xyz~ı+
(
x2 + z2

)
~− xyz2~k.

3. ~F (x, y, z) =
z4

4
~ı+

y3

3
~+ xz3~k.

4. ~F (x, y) = (2x− 5y)~ı+ (1− 3x)~, L : y = 2x2 + 5x+ 2, y = 2x+ 1.
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Âàðèàíò � 14.

1. U(x, y, z) =
y3

x2z
, M0

(√
2

3
;

√
3

2
;
1

2

)
.

2. ~F (x, y, z) =
(
x3 + y3

)
~ı+ 3

(
x2 + y2

)
~− 3z

(
x2 + 2y

)
~k.

3. ~F (x, y, z) = yz cosxy~ı+ xz cosxy ~+ sinxy ~k.

4. ~F (x, y) = (x+ 5y)~ı+ (2 + 4x)~, L : y = x2 + 5x+ 2, y = 2x.

Âàðèàíò � 15.

1. U(x, y, z) = xy2z, M0

(
1;

2

3
;
1√
6

)
.

2. ~F (x, y, z) =
(
x3 + y3

)
~ı+ 3

(
x2 + y2

)
~− 3z

(
x2 + 2y

)
~k.

3. ~F (x, y, z) = 2xy2z3~ı+ 3x2y2z2~+ 2x2y3z ~k.

4. ~F (x, y) = (x− 5y)~ı+ (1− 4x)~, L : y = 4x2 + 7x+ 2, y = 2x+ 1.

Âàðèàíò � 16.

1. U(x, y, z) =
x

yz2
, M0

(
1√
2
;
1√
2
;
1√
3

)
.

2. ~F (x, y, z) =
(
x3y + yz

)
~ı+ 3

(
y2 + xz

)
~− 3z

(
x2 + 2y

)
~k.

3. ~F (x, y, z) = (2y + z)~ı+ (2x− y)~+ (x− 2z)~k.

4. ~F (x, y) = (5x+ 2y)~ı+ x2~,

L : y = −2x2 + 2x+ 3, y = 2x+ 1.

Âàðèàíò � 17.

1. U(x, y, z) =
y2z3

x2
, M0

(
√
2;
√
2;

√
3

2

)
.

2. ~F (x, y, z) = x
(
z + y2

)
~ı− y (x+ z)~+ z

(
x− y2

)
~k.

3. ~F (x, y, z) = (x+ 2z)~ı+ (y + z)~+ (2x+ y)~k.

4. ~F (x, y) = (5x+ y)~ı+ (2x− 5)~,

L : y = 2x2 + x− 3, y = −2x+ 2.
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Âàðèàíò � 18.

1. U(x, y, z) =
y2z3

x
, M0

(
1√
2
;
√
2;

√
3

2

)
.

2. ~F (x, y, z) = (xy + xz)~ı− (xy + yz)~+ (xz − yz)~k.

3. ~F (x, y, z) = 2xy~ı+
(
x2 − 2yz

)
~− y2~k.

4. ~F (x, y) = y~ı+ y (2x− 1)~,

L : y = x2 + 3x− 3, y = −x+ 2.

Âàðèàíò � 19.

1. U(x, y, z) =
y

xz2
, M0

(
1√
6
;
1√
6
;
1√
6

)
.

2. ~F (x, y, z) = x (y + z)~ı+ y (x+ z)~− z (z + x+ y)~k.

3. ~F (x, y, z) = (2y + z)~ı+ (y + 2x)~+ (x+ 2z)~k.

4. ~F (x, y) = (x+ 2)~ı+
(
x2 − y

)
~, L : y = 2x2 + x− 2, y = −x+ 2.

Âàðèàíò � 20.

1. U(x, y, z) =
yz2

x
, M0

(
1√
2
;
1√
2
;
1√
3

)
.

2. ~F (x, y, z) = x (y − z)~ı+ y (x− z)~+ z (z − x− y)~k.

3. ~F (x, y, z) = −4z2~ı+ 2y ~− 8xz ~k.

4. ~F (x, y) = (2y − x)~ı+ (3x− 1)~, L : y = x2 + 4x− 3, y = −x+ 3.

Âàðèàíò � 21.

1. U(x, y, z) =
z2

x2y2
, M0

(
2

3
; 2;

√
2

3

)
.

2. ~F (x, y, z) =
(
xy2 + z

)
~ı− zy2~+

(
yz2 − zy2

)
~k.

3. ~F (x, y, z) =
(
z2 + 2xy

)
~ı+ x2~+ 2xz~k.

4. ~F (x, y) = (3y − x)~ı+ (2x+ 5)~, L : y = 2x2 + 4x− 2, y = x+ 3.
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Âàðèàíò � 22.

1. U(x, y, z) =
x2

y2z3
, M0

(
√
2;
√
2;

√
3

2

)
.

2. ~F (x, y, z) =
(
y2 + yz2

)
~ı+

(
z2 + zx2

)
~+

(
x2 + y2x

)
~k.

3. ~F (x, y, z) = 2xy2z2~ı+ 2yx2z2~+ 2y2zx2~k.

4. ~F (x, y) = (4y + x)~ı+ (5x− 1)~, L : y = 2x2 + 3x+ 1, y = 2x+ 2.

Âàðèàíò � 23.

1. U(x, y, z) = x2yz3, M0

(
2;

1

3
;

√
3

2

)
.

2. ~F (x, y, z) = x
(
z + 3z2

)
~ı− y (x+ z)~+ z

(
x− z2

)
~k.

3. ~F (x, y, z) = (ey + yex)~ı+ (xey + ex)~− 2z ~k.

4. ~F (x, y) = (4y − x)~ı+ (2x+ 5)~, L : y = x2 + 3x+ 2, y = 4x+ 2.

Âàðèàíò � 24.

1. U(x, y, z) =
xy2

z3
, M0

(
1

3
; 2;

√
3

2

)
.

2. ~F (x, y, z) =
(
x2z + 3

)
~ı+

(
y2 − 2yxz

)
~+ (x− 2yz)~k.

3. ~F (x, y, z) = (3x+ y)~ı+ (x− y)~+ (3x+ 3)~k.

4. ~F (x, y) = (x− y)~ı+ x2~, L : y = x2 + 6x+ 1, y = 3x+ 5.

Âàðèàíò � 25.

1. U(x, y, z) =
1

xy2z
, M0

(
1;

2

3
;
1√
6

)
.

2. ~F (x, y, z) = (x+ 1) ey~ı− (y + 1) ex~+ z (ex − ey)~k.
3. ~F (x, y, z) = 3z~ı+ y ~+ (3x− z)~k.
4. ~F (x, y) = (2x+ 2y)~ı+ (x− 1)~,

L : y = 2x2 + 4x+ 2, y = 3x+ 5.
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