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3adaya C.1. lNMpoekuusi cusibl Ha 0OCb U MOMEHM
cusibli oOmHocumersibHO ocu

Ha cxemax puc. 2 — 4 nokasaHbl CUCTEMbI CUJT {C_),(_Q',ISF} B NpsMO-

YronbHOW cucteme KoopauHat. FeomeTpuyeckue pasmepbl &, b n yrnbl
o, B — N3BECTHbI.

Bo Bcex BapuaHTax cxem TpebyeTcsa HanWTu NPOEKUUM BCEX CUM Ha
OCU KOOpAMHAT U MOMEHTbl 3TUX CUJT OTHOCUTENbLHO OCen KoopauHat
Oxyz pBymsi cnocobamu — aHanMTUYeCKUM 1 rpadpo-aHanuUTUYECKUM.

1. MomeHm cunbi

MoMeHT cunbl oTHocuTenbHo Toukn O (puc. 1) — ato Bektop M, (F),

KOTOpbIN Bceraa 6yaet nepneHankynapeH nnockocTtu (M), raoe nexuT cu-
na F.

+ My (F)

BekTtop — MOMEHT

a no moayrso
M,(F)=| T | -|F|-sin(F,F)=Frsina =Fh.
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MOMEHT cunbl OTHOCUTENBLHO TOYKU, 3TO anre6pamqe0|<aﬂ BEJINYNHA,

B3ATas CO 3HAKOM « + » UMM « — » N paBHa NPOM3BEOEHUIO cunbl F Ha
“nneyo” h.
h — nepneHanKynsp, onyweHHbI n3 Toukn O Ha NUHUIO OENCTBUA CU-

J'IbIIE.

Ecnu cuna F cTtpemutcsa Bpawate nnockocTs (1) npoTuB Xoda Yaco-
BOW CTPEenkKu, TO NpUHUMaeTCa 3HaK « + », B 06paTHOM HanpaBneHun —

3HAK « — ».

<

Pwuc. 5

Ons cxembl puc. 5: MA(IE)=+F-h1; MA(I3)=-P-h2; MA(6)=0.

Ecnn nuHmna oencremsa cunbl nepecekaeT 3adaHHY TOYKY, TO MOMEHT

9TOW CUNbl OTHOCUTESNLHO AaHHOM TOYKW Bcerga dyaeTt paBeH HYI0.

Tenepb paccMOTPUM aHanNUTUYECKUA cnocob BbIYMCIEHUST MOMEHTA
CUITbl OTHOCUTENBHO KOOPAMHATHBIX OCEW.

¥'=

Pwuc. 6
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Ha puc. 6 nokasaH Bektop-momeHT M, (F) cunbl F oTHocuTenbHo

Toukn O Havana KoopANHATHLIX OCEMN.
B npoekuunsix Ha ocu koopanHat xOyz

Mo (F)=M,i +M,j+M,k . (1)
C Opyron CTOPOHBI,
7
Mo (F)=F xF =

N X

j
y
Fy

X
FX
roe I, f,K — opTbl oceli koopauHar,

X, Y, Z— NpoeKunn paguyc-sekropa I Ha ocu KoopauHar,

Fx F,, F; —npoeKkuuun cunbl F Ha Te xe ocu koopauHar.
PackpbiBasi onpegenuTenb, MOXHO 3anmcaTb
Mo (F)= i(yF, - zF, )+ j(zF, - xF, )+ k(xF, - yF, ). (2)
CpasHuBas (1) n (2), okoH4YaTENbHO 3anuIeM aHanUTUYECKMIA cnocod
BblYMCNEHUS MOMEHTA CUibl OTHOCUTENBHO OCEn KOOpAUHAT.

M, =yF, -zF ,
M, = zF, - xF,,
M, = xFy - yF,.

3anuvwem onpegeneHve AN BblYMCIEHUS MOMeHTa cunbl F oTHocu-
TenbHO ocu rpado-aHanNnUTUYECKNUM crnocobom.

YTOoObl BbIYMCIIUTL MOMEHT CUMbl F OTHOCUTENBHO OCW, HYXXHO
(pnc.7) nposecTn nnockocTb (1) nepneHanKynapHyo 3TON OCU N Ha 3Ty

MNOCKOCTb CrnpoeLupoBaTh BEKTOP CUMbI ny =Fcosa; a 3atem B3ATb

MOMEHT 3TOW NPOEKLMn ny OTHOCUTENbHO ToYkM O nepeceyeHns ocu z

¢ nnockoctbto (7).
Toraa M, (F)=F,, -h=Fhcosa.
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Puc. 7
YacTHble cnyyau:
a) MZ(IE) =0; F#0; cosa#0; h=0 - nuuus geiicteus cunbl F
nepecekaet ocb Oz.
6) MZ(IE) =0:F20; h#0; cosa=0 - nuHna geicTeua cunbl F
napansesnibHa JaHHOM OCMW.

B aTtux ABYX CIitydadax MOMEHT CUJibl OTHOCUTEJIbHO OCK BCerga 6yﬂ,eT
paBeH HYIO.

Ecnu cMoTpeTb Ha oCcb CBEPXY U BUAETL, YTO NPOEKUUS ny CTPEeMUT-

cs BpawaTb nnockocTb (1) NpOoTUB XO4a YacoBOW CTPErKUM, TO MOMEHT
cunbl OyaeT MMeTb 3HaK « + », a B APYroM HanpaBneHun — 3HakK « — ».

2. MomeHm napsbi cun

[Mapon cun HasbiBaeTCsa cuctemMa ABYX paBHbIX MO MoAymnw naparn-
nesibHbIX CUJ1, HanpaBIiEHHbIX B MPOTUBOMOSOXHbIE CTOPOHbLI (puc. 8).

Mo onpepenennio Q =-Q. PacctosiHne d mexay cunammn HasbiBaeT-

cs nnedom napsbl. MNMnockoctb (1), B KOTOpOW NEXUT napa cun, HasblBa-
eTCs NINOCKOCTbI0 AencTBusi napbl cun. [lapy cun Hemnb3s nNpuMBeCTU K
pPaBHOLENCTBYIOWEN CUMNe, NO3TOMY OHa camMa ABMSIETCA MNPOCTENLLEN
CUCTEMOMW.

Henctere napbl cun ygobHo 3agaBaTh C MOMOLLbIO BEKTOPA MOMEHTa



Puc. 8
napbl cun. Beldmcnum cymmy MOMEHTOB CWA, COCTaBMSKOLWNX napy, OT-
HOCUTENbHO NPOM3BOSIbHOM To4kM O.

M, (Q)+M,(Q)=TzxQ+TyxQ =1z xQ-Ty,xQ=(rz -1, )xQ=ABx Q.
|/]3 I'IOJ'Iyl-IeHHOI'O peayanaTa BUOHO, 4YTO CyMMa MOMEeHTOB He 3aBUu-

CUT OT MNOSNOXEHNSA MOMEHTHOW TOYKWU, a onpegendeTca TOJIbKO Mapa-

MeTpamu napbi cun. Ota cymma oboaHadaetcss m uim M(Q,Q )u Ha-
3blBaeTCsl BEKTOPOM MOMEHTa napbl CUJ.

Takum o6pasom, mM(Q,Q )= I\7IO (Q)+ MO (Q)=ABxQ.
HanomHum, 4To A 1 B Npon3BOSibHbIE TOYKN Ha NIMHUM OEUCTBUSA CUST.

BekTop M MOMHOCTLIO XapakTepuayeT AencTBME napbl CUrl.

Mo moaynio oH paser M=|ABxQ|=Q-AB-sina=Q-d.

BekTop M nepneHauKynapeH nnockoctu aenctams napbl cun (M).

BekTop M no npasBuny BEKTOPHOro NPov3BeAeHUs Bceraa HarnpasneH
Tyda, OoTKyda NoBOPOT, KOTOPLIN CTPEMUTCHA Bbi3BaTb napa cwus, oyget
BUOEH NPOTMB X04a YacOBOW CTPesikM (MpaBusio NpaBoro BUHTA).

MoMeHTbI napbl CUT OTHOCUTENbHO KOOPAMHATHBIX OCEN MOXHO Bbl-
YUCNATb aHANUTUYECKUM U rpado-aHannTU4YeCKumM cnocobamw.

MoMeHT napbl CuMn NO CyLWecTBY SIBNSETCA MOMEHTOM OAHOW U3 Curl
OTHOCUTESTbHO MPOWU3BOJSIbHOM TOYKM Ha JIMHUN OENCTBUS OPYTrON CUIbl.
[MoaToMy Ans aHanMTUYEeCKoro pacdeTta MOMEHTOB MOXHO MCNOSb30BaThb
nofnyyeHHble paHee dopMynbl. MNMpUMEHUTENBHO ANA Napbl CUS, OHU
UMeKT cneayowmn Bua
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m, =(AB),Q,-(AB),Q,;
m, =(AB),Q, -(AB),Q;;
m, =(AB),Q, -(AB),Q,.
3necb (E)X (E)y (E)z - npoekuun Bektopa AB coeauHsio-
Lero nobble A4Be TOYKM Ha NIUHUM OeNCTBUS Cun.
Q,. Q,, Q, - npoekumn cunbl Q, K KOTOPOI! HANPABIIEH BekTop AB.

Mpw rpadpo-aHanMTUYECKoM pacyeTe Heobxoanmo:

- Ha cxeMme nokasaTb BEKTOp M, HanpasuB ero B NBOM MecTe
nepneHanKyNApHO MMOCKOCTU OeNCTBMSA napbl B Ty CTOPOHY, OTKyAa
BpallleHne napbl 6yaeT BUAHO NPOTUB XOZa YaCOBOWN CTPEIKY;

- BbIYMCINUTL MOAYIb MOMeHTa napbl M=Q-d;

- CrpoeumpoBaTh BEKTOP /M Ha OCU KOOPAWMHAT W B MOSyYeHHble
BbIpa)XXeHUs NoACTaBUTb MOAYb MOMEHTa Napbl CUI.

Mpumep peweHust 3adayvyu

Ans cuctembl cun Ha puc. 9 TpebyeTcs HanUTU NPOeKUMM BCEX CUIT Ha
OCW KOOpPAWHAT M MOMEHTbI 3TUX CUNT OTHOCUTESNbLHO OCen KoopauHat
Oxyz nBymsi cnocob6amm — aHanUTUYeCKUM 1 rpado-aHannTUYECKUM.

MomeHTbI cunbl P
AHanuTn4yecknumn crnocob

3anuwem d)OpmyJ'IbI OnAa aHarimTn4eckoro pac4eta MOMEHTOB CUTbI :5
Mx(ﬁ)=y'Dz -ZP, ,
M, (P)=zP, - xP,;
M,(P)=xP, - yP,.

BbibepeM Ha NUHUKN AeNCTBUA cunbl P NponsBOMbHYH TOYKY, Hanpu-
mep Touky K, u 3anuwiem ee koopauHatel. X =DA; y=0; z=DE.
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Puc. 9
Tak kak DA=EK =BK -tg8 =——-tg8 n DE =a-tga, 1o
cosa
X = 2 -tgB; y=0; z=a-tga.
cosa

Bbluncnum npoeKkunn Cusbl 5 Ha OCU KoopauHaT
P, =0; Py =-Pcosa; P,=Psina.

MoacTtaBuM HamgeHHble 3HaYeHus B opMyribl ANs aHanMTUYeCKOro
pacdyeTa MOMEHTOB U NOMNYy4YUM

M, (P)=0-a-tga-(-Pcosa)=a- SN pcosa=a- Psina;
cosa
M,(P)=a-tga-0- a -tgB - Psina =-a- P -tga - tg;
cosa

a

COSo
Takum obpasom,

M, (P)=

-tgB - (-Pcosa)-0=-a-P -tgp.

M, (P)=a-Psina;
M, (P)=-a-P-tga-tgp;
M,(P)=-a-P-tgp.
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["'padho-aHanUTU4EeCKnum cnocob

BbIYMCAMM MOMEHT cumibl P oTHocuTenbHO ocn Ox. Cuna P nexut B
nrockoctn ABK, KoTopasi nepneHankynsipHa ocu. M3 Toukn A nepeceve-
HUS OCU C 3TOM MIOCKOCTHLIO OMyCKaemM Ha NUHWUI0 OJEUCTBUSA CUbl nep-
neHaukynsap. M3 tpeyronbHuka ABK Havgem OnuHY 9TOro nepneHauky-
napa h=a-sina. CoctaBum npovssegeHne YMCeHHOro 3Ha4eHusa cu-
Nbl HA OJSIMHY nepneHaukynapa. Tak Kak ¢ NoNnoXMTENbHOro KoHua ocwu
Ox Mbl BUOMM BpalleHue, KOTOpoe CTPEMMUTCH Bbl3BaTb Cuila OTHOCK-
TEeNbHO OCU, NPOTUB XO4a 4YacoOBOW CTPESIKW, TO nepen nponssegeHnem

CTaBUM 3HaK « + ». Takum o6pasom M, (P)=+P-h=P-asina.

BbIUNCTIAM MOMEHT Cinbl P OTHOCUTENBHO OCH Oy. Cnpoeuupyem
cuny P B nnockoctb ADEK, xoTopas nepneHaukynspHa ocu Oy. Npoek-
ums cunbl BygeTt HanpaenieHa no npamon AK, a ee YNCNeHHOEe 3HavYeHne
P,, = Psina . N3 Toukn D nepeceyenust ocu ¢ nnockocteto ADEK onyc-
KaeM Ha NuHUI0 aencTeuns cunbl nepneHankynap DA. Kak 661510 HangeHo

a
cosa

HUA nNpoekunn Cunbl PXZ Ha OJMMHY neprneHankyndpa DA. Tak kak c rno-

paHee, DA = -tgB. CocTaBuM npon3BeaeHNe YNCNEHHOMO 3HaYe-

JTIOXUTENbHOIO KOHLa OCH Oy Mbl BU MM BpalleEHNE, KOTOpoOe CTPEMUTCA
Bbi3BaTb NMpoeKkuunsa Culibl OTHOCUTEITbHO OCU, MO XOo4Yy YyacoBou CTPEIJIKN,
TO nepeg npon3segeHnMemM CTaBUM 3HaAK « — ». Takum o6pa30M,

a tgB =-a-Ptga -tgp.
cosa

M, (P)=-P,,-DA=—Psina -

Bbluncnum momeHT cunbl P oTHocutensHo ocn Oz. Cnipoeuupyem
cuny P B nnockocte ABCD, koTopas nepneHavkynapHa ocu Oz. Mpoek-
ums cunbel Byget HanpaereHa no npamon BA, a ee YicreHHoe 3HavYeHne

ny =Pcosa. N3 Toukn D nepeceyeHnss ocu ¢ nnockocteto ABCD

ornyckaem Ha JIMHUIO AEeNcTBUSA CUnbl nepneHankynap DA. CocTtaBum
npon3segeHme 4YncrieHHoro 3Ha4eHun4 npoekummn Cunbl ny Ha OJNMNHY
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nepneHaukynspa DA. Tak Kak ¢ NOAoXUTENbHOro kKoHua ocn Oz Mbl BU-
AUM BpalleHne, KOTOpOoe CTPEMUTCS Bbi3BaTb NMPOEKUUS CUSbl OTHOCU-
TEenbHO OCK, MO XO4Yy YacOBOW CTPEenku, TO nepen Npou3BeaeHMEM CTa-
BUM 3HaK « — ». Takum obpasom,
a
cosa

M,(P)=-P,, -DA =—Pcosa- tgB=-a-P-tgB.

UTaK, M, (P)=a-Psina;
M,(P)=-a-P-tga-tgB;
M,(P)=-a-P-tgB.

O6a cnocoba galoT 0gMHaKOBbIN pe3ysbTar.

MoMeHTbI cunbl F

[ns obneryeHna BblYNCNEHUSA I'IpOGKLI,I/IVI N MOMEHTOB cunbl nepe-
HeceM ee BOOSIb JIMHUN OEeUCTBUS CUlbl B TOYKY En pa3noxumm no Asym

HanpaeneHnamMm Ha ABe CUIbl F1 n F2' |_|pl/l 3TOM o4eBUAHO, 4YTO

F,=FsinB, F,=FcosB, F=F +F,.

AHanNUTU4YeCcKun cnocob

3anuvwem (bOpMyJ'IbI anda aHannMTn4eckoro pac4eta MOMEHTOB CUTbI IE .
MX(IE)=sz - zF, ,
M, (F) = zF, - xF,;
M,(F)= xF, - yF,.

BbibepeM Ha NUHUKN OeNCTBUA cUMbl F NPON3BOMBLHYIO TOYKY, Hanpw-
Mep Touky E, u 3anuwem ee koopauHatel. X =0;, y=0; z=DE.

Takkak DE =a-tga, To
x=0; y=0, z=a-tga.
Bbluncnaem NpoeKunn Cusbl IE Ha OCu1 KoopauHaT
F,=F,+F, =F +0=Fsing;
F, =F,, +F,, =0+F,cosa = Fcosfcosa,
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F,=F,,+F,,=0-F,sina = Fcospsina.
[MooctaBuM HaneHHble 3HayYeHUs B POPMYSbl AS1 aHanMTUYEeCKoro
pacdeTa MOMEHTOB 1 NOJTy4YUM

M (F)=0-a-tga-FcosB-cosa =-a- ;’;r;‘; FoosB-cosa = -a-Fsina - cosp;
M, (F)=a-tga-FsinB-0=a-Ftga - sinp;
M, (F)=0-0.

NTaK,

M, (F)=-a-Fsina - cosp;
M, (F)=a-Ftga-sing;
M, (F)=0.

['padho-aHanuTU4eckn cnocod

Tak kak cuny F wbl pa3noxunn Ha gBe coctaBndwowmne, T0 MOMEHT

cunbl F BbyaeT paBeH CyMMe MOMEHTOB CUIbl IE1 n IEZ.

BbIUNCTIM MOMEHT cUnbl £ OTHOCUTENBHO ocu OX.

M, (F)=M,(F,)+M,(F,)=0-F, -h=-FcosB-asina.

MomeHtT M, (F,)=0, Tak kak cuna F, napannensHa ocu Ox, a pac-
CTOSIHME OT TOYkM D oo cunbl IE2 - h. Ecnn nocMoTpeTb C NONOXNUTENBHO-

ro HanpaBJiIEHUA OCU Ox, To cuna F2 CTpeMnTCA Bbi3BaTb BpaLleHune Mno

Xxoay ABUMXeHUsA YyacoBou CTpeJikKn. |_|03TOMy nepeg MOMEHTOM CTaBUM
3HAK « — ».

Bbluncrnmum MOMeEHT cunebl /E OTHOCUTEJIbHO OCU Oy.
M, (F)=M,(F,)+M,(F,)=F,-DE +0=FsinB-a-tga.

Mowment M (F,) =0, tak kak nunnsa peicteus cunbl F, nepecekaet

OCb Oy Cuna F1 nexuT B nnockoctn Oxz. Ecnun NMNOCMOTPETb C MNMOJIOXN-

TeJIbHOIro HarnpasJiIEHNA OCU Oy, TO 3Ta OCb 6y,1:|,eT BUOHA Kak Touvka D,
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pacCToAHMEe OT Hee OO0 CUsbl IE1 - DE. Tak kak cuna IE1 CTPEMUTCH Bbl-
3BaTb BpalleHne NPOTUB XO4a YaCoOBOW CTPESKN, TO 3HAK MOMEHTA « + ».
BbIYMCAMM MOMEHT curbl F oTHocHTenbHo ocn Oz.
M, (F) = M,(F,)+M,(F,)=0.
M, (IE) =0, TaK KaK NMHMUA OeNCTBUSA CUNbI F nepecekaet ocb Oz.

NTak, umeem
M, (F) = -a-Fsina - cosp;
M, (F)=a-Ftga -sing;
M, (F)=0.

O6a cnocoba gatoT oguH 1 TOT Xe pes3ynbTar.

MomeHTbI napbi cun (Q,Q’)

[ns NpoCTOTbI BbIYUCIIEHUI B KQ4eCTBE MPOU3BOSIbHbBIX TOYEK Ha Jn-
HUM OencTBus nap cun Bblbnpaem Toukn K n B. lNpoBeaem BEKTOp KB «
cune Q. Torna MOMeHT napbl ((.3,(.3’) 3anuweTcs B Buae

m=KBxQ'.

a
cosa

Mnevo napel d =KB =

AHanuTn4yecknum crnocob

3anuwem copmynbl AN aHaNMTUYECcKoro pacyeTa MOMEHTOB Napbl
cmn(@,é’).
m, =(KB),Q; - (KB),Q;
m, =(KB),Q -(KB),Q;;
m, = (KB),Q, - (KB), Q.
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Mpoekunm Bektopa KB Ha ocw: (@)X =0; (@)y =KB-cosa=a,

(KB), =-KB-sina = - sina = -a-tga.

cosa
Mpoekum cunbl Q' Haocn: QL =Q' =Q; Q, =0, Q;=0.
MoacTaByB 3HAUYEHNA NPOeKLMIA B (DOPMYIbI, NOMyHaem
m,=a-0-(-atga)-0=0;
m, =-atga-Q-0=-Q-atga;
m,=0-a-Q=-Q-a.

["'pado-aHanUTU4eCcKknumn cnocob

MocTponm BekTop napbl cun M. [ns atoro B nobom Touke, HanpuMep
K, NrocKoCcTn OencTBus napbl NPOBeAEM K HEN neprneHankynsap. Tak Kak
CBEPXY Mbl BUOMM BpalleHWe napbl NO XO4y 4YacoBOMW CTPESKW, TO MO
npaBuny NPaBoro BUHTa Hanpasnsem M BHu3. 1o Moaysio OH paBeH

m:Q.d:Q. a ]
cosa

Cnpoeuupyem BeKTop M Ha ocu, Toraa
m, =0,

m, = -m-sina =-Q

-Sina =-Q-atga;
cosa

m, =-m-cosda =-Q -cosa =-Q-a.

cosa
NTak, B 0bomnx cinyydadax Mbl NONy4HYUIin OMHaKOBbIN pes3ynbTaTt

m, =0;
m, =-Q-atga;
m,=-Q-a.



